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One-dimensional foliations on
topological manifolds

S. Maksymenko, E. Polulyakh

Abstract. Let X be an (n + 1)-dimensional manifold, A be a one-dimensio-
nal foliation on X, and p : X — X /A be a quotient map. We will say that a
leaf w of A is special whenever the space of leaves X /A is not Hausdorfl at
w. We present necessary and sufficient conditions for the map p: X — X /A
to be a locally trivial fibration under assumptions that all leaves of A are
non-compact and the family of all special leaves of A is locally finite.

1. INTRODUCTION

Study of the topological structure of flow lines foliations has a long
history and leads back to H. Poincaré. The question when a partition
into curves is a foliation was considered by H. Whitney [46], [47]. In
two-dimensional case one-dimensional foliations appeared as level-sets of
pseudo-harmonic functions in W. Kaplan [21], [22].

Let A be a one-dimensional foliation on R?, and R?/A be the space of
leaves endowed with the quotient topology. Notice that R?/A is usually
non-Hausdorff. W. Kaplan [21] showed that

(1) the quotient mapping p : R? — R2/A is a locally trivial fibration with
fiber R;
(2) there exists at most countably many leaves {w;}ica of A such that
the complement R? \ {w; };c4 is a disjoint union ELIB S;, where each S
j

is homeomorphic with (0,1) x R so that the lines t x R, ¢t € (0,1),
correspond to the leaves of A;
(3) there exists a pseudoharmonic function f : R? — R having no singulari-

ties and whose foliation by connected components of level-sets coincides
with A.

2010 Mathematics Subject Classification: 57R30, 55R10
Keywords: foliation, non-compact surface, fiber bundle, selection
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See also W. Boothby [5], [6], M. Morse and J. Jenkins [17], [18], [19], [20]
and M. Morse [33], [32] for extensions of Kaplan’s results to foliations with
singularities.

A. Haefliger and G. Reeb [14] studied general one-dimensional non-
Hausdorff manifolds and showed, in particular, that the above result (3) of
W. Kaplan can be deduced from Poincaré-Bendixon theorem, see also [13],
[37].

Later C. Godbillon and G. Reeb [10] classified locally trivial fibrations
over a non-Hausdorff letter Y. Though they considered a very special case
their methods clarify the general situation.

The question when for an arbitrary k-dimensional foliation A on X the
quotient map p : X — X /A has homotopy lifting properties was considered
in C. Godbillon [11], see also G. Meigniez [29] and [30] for the criterion
when p is a Serre fibration or a locally trivial fibration but mostly in smooth
category. J. Harrison [15] studied similar problem concerning geodesic flows
without compact orbits. Also foliations by flow lines on 3-manifolds are
classified by S. Matsumoto [27].

In recent years a progress in the theory of Hamiltonial dynamical sys-
tems of small degrees of freedom increased an interest to the structure of
level-sets functions on surfaces, see e.g. A. Fomenko and A. Bolsinov [4],
A. Oshemkov [34], V. Sharko [41], [42], V. Sharko and Yu. Soroka [43],
E. Polulyakh and I. Yurchuk [36], E. Polulyakh [35].

Homotopy properties of foliations on surfaces glued from strips similarly
to (2) are studied in S. Maksymenko and E. Polulyakh [25] and [26] and
Yu. Soroka [44].

In [26] the authors extended Kaplan’s result (2) to foliations on arbitrary
non-compact surfaces X. Namely, under certain assumptions including (1),
i.e. that p: X — X /A is alocally trivial fibration, the topological structure
of the closures E of strips S; was described.

In the present paper we consider an arbitrary one-dimensional foliation A
with all non-compact leaves on a topological manifold X. Our main result
gives necessary and sufficient conditions for the quotient map p : X — X /A
to be a locally trivial fibration, see Theorem 2.8.

As mentioned above such types of questions were extensively studied.
However, the essentially new features of Theorem 2.8 in comparison e.g.
with [11], [30] and others, is that we work in C category only and give a
characterization in terms of topology of the quotient space X /A.

2. ONE-DIMENSIONAL FOLIATIONS

Let R} = {(z1,...,2n) | 2, > 0} be the closed half-space in R™.
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Definition 2.1 (cf. [8]). Let X be an (n+ 1)-dimensional topological man-
ifold, n > 1. A foliated chart on X of codimension n is a pair (U, ),
where U C X is open and ¢ : U — (a,b) x B™ is a homeomorphism
with B™ being an open subset of R} and a < b € RU {£oo}. The set
P,=p! ((a, b) x {y}), y € B", is called a plaque of this foliated chart.

Definition 2.2 (cf. [8], [45]). Let A = {ws|a € A} be a partition of
X into pathconnected subsets w, of X. Suppose that X admits an atlas
{Ui, pi}tien of foliated charts of codimension n such that, for each o € A
and each ¢ € A, every pathcomponent of a set w, N U; is a plaque. Then
A is said to be a foliation of X of dimension 1 (and codimension n) and
{Ui, pitien is called a foliated atlas associated to A. Each w, is called a
leaf of the foliation and the pair (X, A) is called a foliated manifold.

Remark 2.3. In [21] one-dimensional foliations on the plane were also
called regular families of curves.

In what follows we will assume that X is endowed with some one-
dimensional foliation A. We will also consider only foliated charts included
into some (maximal) foliated atlas associated to A.

Let w be a leaf of A. If w is compact, then it is homeomorphic with the
circle. Otherwise, there exists a continuous bijection ¢ : R — w. Moreover,
if » : R — w is another continuous bijection, then ¢~ o ¢ : R — R is a
homeomorphism, c.f. [11, Proposition 6].

Recall that a continuous map f : A — B is called proper whenever for
each compact K C B its inverse image f~!(K) is compact. The following
lemma is easy and we leave it for the reader.

Lemma 2.4. Consider the following conditions on w € A:

(e) there exists an embedding ¢ : R — X with ¢(R) = w;

(p) there exists a proper injective continuous map ¢ : R — X with
P(R) = w;

(p) any injective continuous map ¢ : R — X with (R) = w is proper;

(¢) w is a closed subset of X.

Then the following equivalences hold true:

(e) & (c) & (p) & (P).

A leaf w satisfying condition (p) of Lemma 2.4 will be said to be properly
embedded .

! In the book [45, §16] a leaf is called proper if it satisfies condition (e).
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The union of all leaves of A intersecting a subset U C X is called the
saturation of U and denoted by S(U). The following lemma is easy to
prove.

Lemma 2.5. [12, Proposition 1.5|, [45, Theorem 4.10| If U C X is open,
then S(U) is open as well. O

If Y is a manifold, then a trivial 1-dimensional foliation A on the product
R x Y is a partition of R x Y into the lines R x y, y € Y.

Let A; be a 1-foliation on X;, i = 1,2. Then an embedding ¢ : X1 — X5
will be called foliated whenever 1(w) is contained in some leaf of Ay for
each leaf w € Aj.

In particular, if ¢ : U — (a, b) x B" is a foliated chart as in Definition 2.1,
then its inverse ¢ = ¢! : (a,b) x B® — X is an open foliated embedding.
In this case the set P, = v((a,b) x {u}) is a plaque for each u € B".

Space of leaves. Let Y = X /A be the space of leaves and p: X — Y be
the corresponding quotient map. Endow Y with the quotient topology with
respect to p. Thus a subset V C Y is open if and only if its inverse p—1(V)
is open in X.

Notice that for a subset U C X its saturation is S(U) = p~!(p(U)). In
particular, Lemma 2.5 means that p is an open map.

Evidently, Y is a Ti-space if and only if each leaf of A is a closed subset
of X. However, in general, Y is not a Hausdorff space.

Special points. Let v € Y be a point and 5, be a base of neighborhoods
of u. Then the following set

hel(u) == NV
VeBu

will be called the Hausdorff closure of u. A point u will be called special? if
u # hel(u). Notice that w € hel(v) if and only if any two neighborhoods of
u and v intersect. The latter statement is symmetric with respect to u and
v, and so it is equivalent to the assumption v € hel(u). However, one easily
checks that the property “belong to Hausdorff closure” is not transitive.

Evidently, Y is Hausdorff if and only if u = hel(u) for all u € Y, that
is when Y has no special points. The set of all special points of Y will be
denoted by V.

We will say that a leaf w of A is special if p(w) is a special point of Y.
In particular, ¥ := p~1(V) is the set of all special leaves of A.

The following lemma gives a characterization of special leaves and ex-
tends [10, Proposition 4].

% In [14, Definition 3] such a point is called a branch point. See also [10].
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Lemma 2.6. Let w € A be a leaf and uw = p(w) be the corresponding point
m Y. Then the following conditions equivalent:

(1) u is a special point of Y, and so w is a special leaf of A;
(2) there exists a point v € hel(u) distinct from w and a sequence {w;}ien
converging to both points u and v;
(3) there exist two sequences {z;}ien and {y;}tien in X such that z; and
y; belong to the same leaf for all i € N, that is p(z;) = p(y;), and
lim z; =2 € w, lim y; =y ¢ w. (2.1)
71— 00 71— 00
Proof. Equivalence (1)<(2) is well known and easy.

(3)=(2). Denote w; = p(z;) = p(y;i), ¢ € N and v = p(y). Then, by
continuity of p, the sequence {w;};en converges to distinct points u and v.
In particular, v € hel(u).

(2)=(3). Choose any points z € w and y € ' := p~1(v), and let {U; };en
and {V;};en be countable bases of topology on X at x and y respectively.
Since p is open, p(U;) and p(V;) are open neighborhoods of u and v respec-
tively. But these points are special and u € hcl(v), whence p(U;)Np(V;) # @
for all i € N. Hence there exist z; € U; and y; € V; such that p(z;) = p(y;).
Then {z;};eny and {y; }ien converge to x and y respectively. O

Definition 2.7. Let V be an open subset of R, where n = dim X — 1 is
the codimension of the foliation A. A continuous map v : V — X is called
a cross section of A if

e y(VNORY) C 0X;

e the composition poy : V — Y is an injective map, that is u #v € V
implies that the images v(u) and 7(v) of these points belong to distinct
leaves of A.

If z € (V) and w is a leaf of A containing x, then we will also say that -
passes through x as well as through w.

The aim of this paper is to present necessary and sufficient conditions for
the map p to be a locally trivial fibration under assumption that all leaves
of A are non-compact.

Theorem 2.8. Let X be an (n+ 1)-dimensional manifold and A be a one-
dimensional foliation on X. Suppose that all leaves of A are non-compact
and the family of all special leaves of A is locally finite. Then the following
conditions are equivalent.

(1) The quotient map p : X — X /A is a locally trivial fibration with fiber R
and X /A is locally homeomorphic with R (though it is not necessary
a Hausdorff space).
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(2) For each leaf w there exists an open saturated neighborhood foliated
homeomorphic with R x V', where V' is an open subset of RY}.
(3) For each leaf w of A there exists a cross section passing through w.

Remark 2.9. It is proved in [11, Chapter III, Propostion 4 and Corollary|
that for arbitrary p-dimensional foliation A then the quotient map

p: X = X/A

is a Serre fibration whenever it satisfies a certain variant of homotopy ex-
tension property and either has a local section at each point or the quotient
X /A is a (possibly non-Hausdorff manifold). See also [29] and [30] for
extensions.

Our Theorem 2.8 claims that for one-dimensional foliations A with lo-
cally finite family of special leaves existence of cross sections with open
subsets of R, implies that p is even a locally trivial fibration and X /A is
a possibly non-Hausdorff manifold.

Remark 2.10. Equivalence between (1) and (2) for dim X = 2 is proved
in [26] without assumption that Y is locally homeomorphic with R. Also
in (14, §2.2, Proposition 1] it is show that X /A is a 1-manifold for one-
dimensional foliation on R2.

Remark 2.11. R. H. Bing [2], [3] constructed a non-manifold B C R* such
that R x B is homeomorphic with R%. In other words, R* admits a trivial
partition into open arcs (being not a foliation) such that the quotient space

B is not a 3-manifold. That example was improved by many authors, see
e.g R. Rosen 38|, J. Kim [23], J. Bailey [1], L. Rubin [39].

Remark 2.12. E. Dyer and M. Hamstrom [9] studied so called completely
reqular mappings p : X — Y between metric spaces such that the inverse
images of all points are in a certain sense “uniformly homeomorphic”, and
get sufficient conditions when such a map is equivalent to a trivial fibration,
see [9, Theorem 7], and also [28], [40] for generalizations. We consider here
a similar problem, but now the space Y is not even Hausdorff, and we gave
conditions when p is a locally trivial fibration.

The following statement is proved in [43, Theorem 1| for continuous
functions f : R? — R, and in [30, item 3 at the end of page 3778| for
smooth case.

Theorem 2.13. Let M and N be two manifolds with dim M = dim N + 1
and f: M — N be a surjective continuous map such that

o f(Int M)=1IntN and f(OM) = ON;
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e the partition A = {f71(c) | ¢ € N} of M constitutes a one-
dimensional foliation with all non-compact leaves.

Then f is a locally trivial fibration with fiber R. In particular, if N is
contractible, then f is a trivial fibration.

Proof. We claim that A contains no special leaves and each leaf admits
a cross section. Then it will follow from Theorem 2.8 that f is a locally
trivial fibration with fiber R.

Absence of special leaves. Let Y = M /A be the space of leaves en-
dowed with the corresponding factor topology. Then f can be written as a
composition of the following maps

f=0op: M Ly 24N,

where 6 is the induced continuous bijection. Since N is Hausdorff, it follows
that so is Y, and therefore Y contains no special points. Hence A contains
no special leaves.

Ezistence of cross sections. Let € M and ¢ : U — (—1,1) x B" be a
foliated chart at x as in Definition 2.2 such that p(z) = (0,0) € (—=1,1)xB",
where n = dim N. Then the map v : B® — M defined by v(y) = ¢~ 1(0,v)
is a cross section of A. O

In fact, Theorem 2.8 is an easy consequence of the following statements:
Lemma 4.6. Let wg be a leaf of A. Suppose that for each leaf w of A
contained in S(wy) there exists a cross section 7y passing through w. Then
wo s properly embedded.

Theorem 2.14. Let v :V — X be a cross section intersecting only leaves
being simultaneously mon-compact, properly embedded, and non-special.
Then the saturation S(y(V')) is open and foliated homeomorphic with R x V.

The proof of Theorem 2.8 will be given in §3. In §4 we will prove some
general preliminary results concerning one-dimensional C? foliations being
well known for smooth case. In particular we will prove Lemma 4.6. §5 is
devoted to the proof of Theorem 2.14 using E. Michael’s theorems about
selections of multivalued maps.

3. PROOF OF THEOREM 2.8

(1)=(2), (3). Suppose the quotient map p : X — Y is a locally trivial
fibration with fiber R and Y is locally homeomorphic with R’!. This means
that for each w € A there exist

e an open neighborhood V' C Y of its image u = p(w) homeomorphic
with an open subset of R} and
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e a foliated homeomorphism 9 : R x V — p~ (V).

Then p~!(V) is an open and saturated neighborhood of w and % is a foliated
homeomorphism required by (2).

Moreover, the map v : V' — X defined by v(v) = (0, v) is a cross section
passing through w. This proves (3).

(3)=-(2). Suppose each leaf of A admits a local cross section. Then it
follows from Lemma 4.6 that all leaves of A are properly embedded. Let 3
be a family of all special leaves and o € ¥ be a special leaf.

Since each leaf is closed and X is a locally finite family, it follows that
¥\ o is a closed set, whence X’ = (X \ ¥) U o is open and saturated and
contains no special leaves. Moreover, since each leaf in X’ admits a local
cross section, it follows from Theorem 2.14 that each leaf w C X’ has an
open saturated neighborhood W foliated homeomorphic with R x V', where
V' is an open subset of R’}. Then W is also open in X. This proves (2).

(2)=(1). Let u € Y and w = p~!(u) be the corresponding leaf of A.
Suppose there exist an open subset V' C Rl and a foliated homeomorphism
P RxV — W, onto some open and saturated neighborhood W, of w.
Since p is an open map, so is the composition pot). Hence U, := p(w(Ww))
is an open neighborhood of u in Y. Moreover, the restriction

poloxrn : 0 XV — Uy,

is a continuous and open bijection, and so it is a homeomorphism. Thus
Y is locally homeomorphic with R’} and the map pot : RxV — U, is
a trivialization of p over Uy, so p is a locally trivial fibration with fiber R.
Theorem 2.8 is completed.

4. PRELIMINARIES

In this section we will assume that X is an (n + 1)-dimensional manifold
with X = @ and A is a one-dimensional foliation on X.

Some statements in this section are well known for C! foliations e.g. [30],
and some of them are proved for C? case but for the foliations on R?, see e.g.
W. Kaplan [21]. However we did not find good exposition in the literature
for general CY foliations needed in our case and therefore short proofs will
be presented. This will also make the paper self-contained.

It will be convenient to regard the graph of a function f : X — R as the
following subset

Ip={(f(z),z) |z € X}

of R x X. Thus we switch the coordinates.
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Lemma 4.1. Let Z be a topological space, fi,...,fr : Z — (a,b) be con-
tinuous functions such that f;i(z) < fj(z) for alli < j and z € Z, and

Ui ={(fi(z),2) | z€ Z} C [a,b] xZ

be the graph of f;. Let also ¢y < cg < -+ < ¢k € (a,b) be any increasing
k-tuple of numbers. Then there ezists a self-homeomorphism h of [a,b] X Z
such that

(a) h is fired on a x Z and b x Z;

(b) h([a,b] x z) = [a,b] x z for all z € Z;

(¢) h(T) = ci x Z;

(d) if fi(z) = ¢ for some z € Z and all i = 1,...,k, then h is fized on
[a,b] x z.

Proof. The proof follows from [24, Lemma 6.1.1], see also [26, Lemma
5.2.1]. Let us just mention that the situation can be reduced to the case
[a,b] = [0,1], and that for k¥ = 1 the desired self-homeomorphism h of
[0,1] X Z can be defined e.g. by

_[e2) P,
h(S,Z) B {(Slogfl(z) CI;Z)7 s € (0’ 1)

We leave the details for the reader, see Figure 4.1. O
N/ U h
J | ) | —>
Z C N /
fi f2 f3 acy o c3b
FIGURE 4.1.

Lemma 4.2. Let W be an open neighborhood of 0 in R™ and
v: W — (a,b) x R"
be a cross section of the trivial one-dimensional foliation with
7(0) € (a,b) x 0.
Then for each ¢ € (a,b) there exists an open embedding

Y (a,b) x W C (a,b) x R"

such that
(i) ¢(( ) X x) = v(z) for all x € W;
(ii) ¥(c,x) = ’y(x)forall:vGW pe. pTHY(W)) =ex W;

(iii) szy( ) = (¢,0), then ¥(t,0) = (¢,0) for all t € (a,b).
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Proof. Let 7 : (a,b) x R — R™ be the standard projection. Then the
assumption that ~ is a cross section means that the composition

Toy: W —— (a,b) x R" —— R"

is an injective map between open subsets of R". Hence by Brouwer’s theo-
rem on domain invariance, e.g. [16], o (W) is an open neighborhood of
0 in R™. Therefore we get an open embedding

¥ (a,b) x W — (a,b) x R, Y(t,z) = (t,movy(x))

satisfying (i) and (iii). Then ¥ ~1(y(W)) C (a,b) x W can be regarded as
a graph of certain continuous function W — (a,b). Hence we get from
Lemma 4.1 that @ can be composed with a foliated homeomorphism of
(a,b) x W to satisfy (ii), that is to make 1)1 (y(W)) being the graph of the
constant function W — ¢. Moreover, statements (b) and (d) of Lemma 4.1
allow to preserve properties (i) and (iii) respectively. (]

Lemma 4.3. Let w be a leaf of A, J1,Jo C w be two compact segments

such that J1 N Jo is a point, V' be an open n-disk, € > 0, and
P1:(a—eb+e)xV = X, Yo:(b—e,c+e)xV = X

be two open foliated embeddings such that

Y1 ([a,b] x 0) = J1,  a([b,c] x 0) = Ja,  91(b,0) = tha(b,0) = Jy N J,

and the union of the images of Y1 and Yo does not contain compact leaves
of A. Then there exists an open neighborhood W of 0 in V' and an open
foliated embedding
Yi(a—e,ct+e)x W =X
such that w([a, c] x 0) = J1 U Jo, see Figure 4.2.
Proof. Notice that the assumption that the union of the images of

and 1o does not contain compact leaves of A implies that for any u,v € V
the union of the arcs

Y1((a—e,b+e) xu), Ya((b—e,c+e) xv)

does not contain a non-trivial loop, so the intersection of these arcs is
connected (though possibly empty).

Since ¥1 and 9 are open embeddings, there exist 9 > 0 and a small open
neighborhood W of 0 in V' such that

Ya((b—6,b+6) x W) C image(v1).

Then we have an embedding v : W — V defined by ~(u) = wl_l (¢2(b, u)),
u € W. Hence by Lemma 4.2 one can find an open foliated embedding

Yr:(a—eb+e)xW =X
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FIGURE 4.2.

such that
o P1(t,0) = 1(t,0) for all t € (a —e,b+¢);
e image(y1) = U1 ((a —e,b+e)x W);
e mo () = moahy H(z) for all x € image(sh1) N image(1s);
o 1(b,u) = 12(b,u) for all u € W.
Now define the map ¢ : (a —e,c+¢) x V — X by

Jditw), te(a—eb]
Yt u) = {wg(t,u), telbc+e).

One easily checks that v is an open foliated embedding which coincides
with ¢ on (a — &,b] x 0 and with 2 on [b,c + &) x 0. In particular,
w([a,c] XO) = J1 U Js. ]

Corollary 4.4. c.f. [30, Lemma 22| Let B" be an open n-disk, w be a leaf
of A, and J C w be a compact segment. Then there exists an open foliated

embedding 1 : (0,3) x B" — X such that 1([1,2] x 0) = J.

Proof. Let us show that there exists an open set W such that J C W
and W does not contain compact leaves of A. Indeed, since w is either
non-compact or is an embedded circle, it follows that J # w. Fix a point
x € w\J. As X is a regular space, there exist a pair of disjoint open
neighborhoods U; 3 = and Uy D J. Denote W = U N S(U1). Then by
Lemma 2.5 W is open. Moreover, J C w = S(z) C S(U;), so J C W.
Finally, since W C S(U;), we see that S(y) NU; # 0 for each y € W, that is
S(y) ¢ W. In other words, W does not contain any leaf of A. In particular,
W can not contain compact leaves.

Notice that J can be covered by finitely many foliated charts contained
in W. Lemma 4.3 allows to replace two consecutive foliated charts with
one. Hence the proof follows from that lemma by induction on the number
of foliated charts covering J. O
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Cross sections. The following two lemmas describe general properties of
cross sections.

Lemma 4.5. Let ¢ : (a,b) x B" — X be an open foliated embedding. Let
also U = ¢((a,b) X Bn), P, = ¢((a,b) X u), u € B™, be a plaque of ¥, and
v:V — X be a cross section. Then the following statements hold true.

(1) Suppose P,N~(V) # @ for each u € B™. Then then for each s € (a,b)
the restriction map

w‘{s}xB" : {8} x B" - X (42)

is a cross section of A.
(2) Suppose y(v) € P, for some u € B" and v € V. Then there exists an
open neighborhood V,, of v in V and an open neighborhood W, of v in
B"™ such that
e 1(Va) C o((a,b) x W)
e P,N~(Vy) # @ for each w € W,,.
In particular, the restriction ¥|sxw, : § X Wy, — X is a cross sections
of A.
(3) For every x € S(y(V)) there exist an open subset W of R" and a
cross-section 1, : W — X such that x € o(W) C S(y(V)).

Proof. (1) Suppose P, N~(V) # @ for all u € B™. Since (V') intersects
each leaf of A in at most one point, it follows that distinct plaques P, and
P, for u # v € B™ belong to distinct leaves of A. As B™ is an open subset
of R™, the map (4.2) is a cross section for each s € (a,b).

(2) Consider the following composition map:

Y (a,b)x B" —"— B, (4.3)

£ =mopoylyqy iy (U) ——= U

where 7 is the standard projection to the second coordinate.

Then the assumption y(v) € P, for some u € B™ and v € V implies that
ve~"HU) and £(v) = w.

Since the images of distinct points of V under  are contained in distinct
leaves of A, they also belong to distinct plaques of 1, whence £ is an
injective continuous map between open subsets of R™. Hence, by Brouwer
theorem on domain invariance ¢ is an open map, [7|. In particular, & yields
a homeomorphism of some open neighborhood V,, of v onto some open
neighborhood W, of w in B™. This implies that v(V,) C ¥((a,b) x Wy,)
and P, N~vy(V,) # @ for each w € W,,.

(3) Let w be the leaf containing x and y = y(v) = wNy(V). If z =y,
then one can put W, =V and ~, = v.
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Therefore suppose  # y. Let J C w be a closed segment with ends
x and y. Then by Corollary 4.4 there exists an open foliated embedding
¥ :(0,3) x B" = X such that ¢([1,2] x0) = J, ¢(1,0) = z and ¢(2,0) = y.

Thus y = y(v) = 1¥(2,0) € Py =((0,3) x 0), and so by (2) there exists
a neighborhood W of 0 in B™ such that the map ¢, : W — X defined by
Pz(w) = P(1,w) is a cross section with ¥, (W) C S(v(V)). It remains to
note that ¢, (0) = ¢(1,0) = x. O

Lemma 4.6. Let wg be a leaf of A. Suppose that for each leaf w of A
contained in S(wy) there exists a cross section 7y passing through w. Then wy
is properly embedded, i.e. it satisfyies conditions (e) and (c) of Lemma 2.4.

Proof. If wg is compact, then it is necessarily properly embedded. There-
fore assume that wg is non-compact.

(e) Let w C S(wp) be a leaf of A. By (3) of Lemma 4.5 for each z € w
there exists an open foliated embedding ¢ : (—=1,1) x B"™ — X such that
¥(0,0) = z and different plaques of ¢ are contained in different leaves
of A. In particular, ¢» homeomorphically maps (—1,1) x {0} onto an open
neighbourhood of x in w. This implies that w is an embedded 1-submanifold
of X.

(c) Let x € S(wp) \ wo. Then decreasing B™ one can assume that the
image of 1 does not intersect wy, whence = ¢ wg. From arbitrariness of
x € S(wp) we conclude that wy is closed in X. O

Parallel cross sections. Let v : V — X be a cross section and W C V
be an open subset. Then a cross section d : W — X parametrically agrees
with v, whenever for each u € W the points d(u) and y(u) belong to the
same leaf. Also § is parallel to ~y if it parametrically agrees with v and
IW)Ny(W) =w.

Let 9,71 : V — X be two parallel cross sections intersecting only non-
compact leaves. For each u € V let w, be the leaf containing ~o(u) and
7 (u), Iy C w, be the compact segment with ends yo(u) and ;i (u), and
Int I,, be the interior of I,,. In this situation we will put:

L(yo,m) == ug\/ Int I, K(v,m) = ugV I,. (4.4)

Lemma 4.7. There exists a homeomorphism ¢ : [0,1] x V' — K(v9,71)
such that

1/]([0’ 1] X u) = Iy, ¢(0,U) = ’70(“)7 1/}(1,11) = 'Yl(u)

for every uw € V, see Figure 4.8. In particular, 1/1((0, 1) x V) = L(v0,71)-
Moreover, L(yo,v1) is open in X.
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u —»w 70 =71
0 1 I,
FIGURE 4.3.

Proof. Fix some ¢ > 0 and denote J = (—&,1 + ¢). Then it follows
from Corollary 4.4 and Lemma 4.2 that for each u € V there exists a
neighborhood W, in V' and an open foliated embedding ¥, : J x W,, = X
having the following properties:

(a) %([07 1] X u) = I, ¢u(07u) = 70(“)7 and %(LU) = 71(“);

(b) ¥ (J x v), y0(v), and therefore ~;(v), are contained in the same leaf

of A for each v € Wy;

(C) 70(Wu) =0x W, and ’Yl(Wu) =1xWy.

In particular, this implies that the set
L(yo,m) = xgv Y ((0,1) x W)

is open in X.

As V is paracompact, there is a locally finite cover {W;};ep of V' and
for each ¢ € A an open foliated embedding v; : J x W; — X such that
¥i([0,1] x w) = I, for all u € W;. Denote U; = ¢;(J x W;) and U = ig/\ U;.
Then U is an open neighborhood of K (v, v1) and {U; };ea is a locally finite
cover of U.

Let {\; : V' — [0, 1] }iea be a partition of unity subordinated to the cover
{Wi}iea. Thus supp();) C Wi and Y. .) Ai(u) = 1. Let also

pi s x W; = J, q:J xW; = W;
be the standard projections, and

-1
,U«z:)\zo%oi/ll_l U ¢1—> J x W; L) W, % [0,1]
Then supp(u;) = J x supp()\;), whence p; extends by zero to a continuous
function on all of U.
Let f: U — J be the function defined by the following rule:

F@) =Y pilz) - piovi(z).
zeU;

Since for each u € W; the function p; o4b; ! : I, — [0, 1] is homeomorphism
which maps yo(u) and v1(u) to 0 and 1 respectively, and .\ p; =1, we
see that the restriction f|7, is a convex linear combination of orientation
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preserving homeomorphisms. Therefore f|7, : I, — [0,1] is a homeomor-
phism as well.

Let also g : U — V be the map defined by g(z) = g;(z) whenever x € U.
Due to (b) this definition does not depend on a particular U; containing .
Hence g is a well-defined continuous map.

Then the mapping

¢ = (f?g) : K(W/Oale) - [07 1] xV
is a continuous bijection being also a local homeomorphism, and so it is

a homeomorphism. Moreover, ¢(I,) = [0,1] x u for all w € V. Therefore
Y = ¢! is the required homeomorphism. O

Lemma 4.8. Let; : V — X, i € Z, be a family of pairwise parallel cross
sections intersecting only non-compact leaves and U = S(v;(V))) be the
common saturation of their images. Suppose also that the following two
conditions hold:

(1) L(vi,vi+1) N L(vj, V1) = D for i # j;
oo
(2) U K(y,7i+1)=U.
1=—0C
Then U is open in X and foliated homeomorphic with R x V.
Proof. By Lemma 4.7 for each ¢ € Z there exists a homeomorphism
Wi [i,i + 1] xV — K(’Yi,')/i+1)
such that for each u € V

e ¢;([i,i4 1] x u) is a segment of the leaf of A between the points 7;(u)
and ;41 (u);
L4 %‘—1(@'7 U) = 1/}1(7’7 U) = ’Y’L<u)

Therefore we have a homeomorphism
o0
piRXV — U K(%,7+1) =U

defined by 9 (t,u) = v;(t,u) whenever ¢ € [i,i + 1] and u € V. Moreover,
U = Ai’jl L(y—,~:) is open in X. O
1=

5. PROOF OF THEOREM 2.14

Let v : V — X be a cross section intersecting only leaves being simul-
taneously non-compact, properly embedded, and non-special. We have to
prove that its saturation S(y(V')) is open and foliated homeomorphic with
R x V.

First we will assume that 0X = &. The proof of the case X # @
will follow from the case 0X = @& by passing to the double 2X of X and
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considering the one-dimensional foliation on 2X induced by A. It will be
given at the end op this section.
Our proof is based on the following statement which will be proved below.

Proposition 5.1. Let K C X be a compact subset. Then one can find
two parallel cross sections o, B : V — X parametrically agreeing with v and
satisfying

SHy(V))NK C L(a,p).

Moreover, if A,B : V — X are two parallel cross sections parametrically
agreeing with vy, then one can assume that

(SY(V)NK) | ) K(A,B) C L(a,B).

Before proving Theorem 2.14 let us deduce it from Proposition 5.1.
Fix any increasing sequence K1 C Ko C --- of compact subsets of X
such that X = 'UN K;. Using Proposition 5.1 one constructs a family of
(S

parallel cross sections oy, 5; : V' — X, ¢ € N, parametrically agreeing with
~ and such that

(1) S(y(V)NK; C L(ew, Bi);

(2) K(ai_l,ﬁi_l) C L(Ozi, BZ) for all ¢ > 2.

Hence

S(v(V)) = igNS(’Y(V)) nK = igNL(aiaBi)~

Exchanging «; and fB; if necessary and re-denoting them as follows:
v_i = a4, and ;1 = B; for i € N, one can assume that the sequence
of cross sections {7; }iez satisfies assumptions of Lemma 4.8, see Figure 5.4.
Hence S(y(V)) is open and foliated homeomorphic with R x V. This proves
Theorem 2.14 modulo Proposition 5.1.

V-3 V-2 -1 Y0 M1 2

az G2 Q1 51 52 63

FIGURE 5.4.

The following lemma guarantees existence of local cross sections in Propo-
sition 5.1.
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Lemma 5.2. Let K C X be a compact subset. Then for each u € V
one can find an open neighborhood W in V' and two parallel cross sections
o, B : W — X parametrically agreeing with v and such that

Sy(W))NK C L(a,pB).

Proof. Suppose that lemma fails, so there exists u € V' belonging to some
leaf w such that for

e any decreasing sequence W; of neighborhoods of u in V satisfying
iQN Wi = {u},
e and any family of pairs of parallel cross sections «;, 5; : W; — X, i € N,
parametrically agreeing with
the set
S(yv(Wi)) \ L(es, Bi)
contains some point x; € K. Denote

= L iy M)
U= gL )

Then one can assume, in addition, that the following properties hold:
(a) the sequence {z;};en converges to some point z € K;
(b) w C U;
(¢) z; € U for all i € N, whence = ¢ U as well, and so =z ¢ w.
Indeed, (a) follows from compactness of K.
To prove (b) fix any continuous bijection ¢ : R — w. By assumption ¢
is proper, so one can find A > 0 such that wN K C ¢(—A, A). Choose «;
and 3; so that al(WZ) NK = 51(1/1/1) NK =g,

< ari(u) <ai(u) < <ap(u) < A<
<A< Bi(u) < < Bi(u) < Bipa(u) <---
lim o;(u) = —o0, and lim f;(u) = +oo. Then we will have that w C U.
1——+00 1—~+00

Finally, to satisfy (c) choose W41 so small that x; & S(y(Wj41)) for all
1 € N.

Now let w; be the leaf of A containing x;, and y; = w; Ny(W7). Then the
sequence {y; }ien converges to y = y(u) € w. Hence p(z) # p(y) = p(w),
while p(z;) = p(y;) = p(w;) for all i € N. Therefore by Lemma 2.6 w is a
special leaf which contradicts to the assumption. ]

The rest of the proof of Theorem 2.14 is based on E. Michael’s result
about selections, [31].

Let 2% be the set of all subsets of X and £(X) C 2% be the set of all
closed subsets of X. Let also A C V be a subset and ¢ : V = X be
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a multivalued map, i.e. a map ¢ : V — 2%X. Then a selection for the
restriction ¢|4 is a continuous map ¢ : A — X such that ¢(z) € g(z) for all
x € A.

A multivalued map ¢ : V = X is called lower semi-continuous whenever
for each open U C X the set

Ty :={z eV |qx)NU # &}

is open in V.

A family Z C 2% is called equi-LC*, k > 0, if for every P € Z, z € P,
and a neighborhood U, of x in X, there exists a neighborhood O, of x in
X such that for every @) € Z every continuous map f : 5™ — QN O, of an
m-sphere (m < k) is homotopic to a constant map in Q N U,.

A topological space Z is called C*, or k-connected, k > 0, if every contin-
uous map f : S™ — Z of an m-sphere (m < k) is homotopic to a constant
map.

Theorem 5.3. [31, Theorem 1.2| Let V' be a separable metric space, A C'V
be a closed subset with dim(V \ A) < k+ 1, X a complete metric space,
Z C &(X) be equi-LC* and q : V — Z be a lower semi-continuous map.
Then every selection for q|a can be extended to a selection for q|y for some
open U D A. If also every S C Z is C*, then one can take U = X.

We will use the following particular case of Theorem 5.3.

Corollary 5.4. Let V be a separable metric space, dimV = n, X be a
complete metric space, and Z C E(X) be an equi-LC™L family such that
each Q € Z is contractible. Then every lower semi-continuous multivalued
map q : V — Z has a continuous selection.

Proof of Proposition 5.1. Since V is paracompact, it follows from
Lemma 5.2 that there exist

e a locally finite open cover W = {W; };en of V with compact closures W,
e and a family of pairs of parallel cross sections oy, 8; : W; — X, i € N,
parametrically agreeing with ~

such that
S(v(W;)) N K; C L(ay, Bs),

where K; := K U A(W;) U B(W;) if the cross sections A,B : V — X are
given, and K; := K otherwise.

Then it follows from Lemmas 4.7 and 4.1 that for each ¢ € N one can
find an embedding t; : [—1, 1] x W; — X such that for each u € V
(1) ¢([~1,1] x u) is contained in the leaf of A;
(2) wi(_Lu) - O‘i(u)? 1/}2(07“) = 7(“)7 1/11(1#) = Bl(u)a
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(3) S(Y(Wy) N K; C i((—1,1) x Wy);
(4) «;(W;) are contained in the same path component of S(v(V')) \ v(V)
for all 7 € N.

Let w € V, w, be the leaf of A containing ~y(u), and ¢, : R — w,
be any bijection satisfying ¢, (a;(u)) < 0, and ¢,(0) = y(u). Therefore
¢ 1(Bi(z)) > 0 for all i such that u € W;. Then there are two numbers
Qq, by such that

u L iy K1)
w\ | 0 L)

ue

consists of two half closed intervals
Au = (bu(_ooa au]7 Bu - (bu[buv +OO)'

Since wy, is a properly embedded leaf, it follows that A, and B, are closed
in X. Moreover, by (3) they do not intersect K.

Define the following two maps a,b : V — £(X), i.e. multivalued map-
pings a,b : V = X with closed images, by

a(u) = Ay, b(u) = By
forueV.

Lemma 5.5. (i) The maps a and b are lower semi-continuous.
(ii) The families A= {A, |u €V} and B={B, |u €V} are equi-LC*
for all k > 0.

Proof. It suffices to check (i) and (ii) for a only.
(i) We should check that for each open U C X the set

Ty ={ueV |aluyNnU # @}

is open as well.

Let u € V be such that A, NU # @, and x € A, NU. Since U is open,
one can assume that x is not the end of A, that is ¢, (y) < au.

By assumption u € W; for some ¢ € N. Then by Corollary 4.4 for the
closed interval on w, between x and ¢, (a,) there exists an open neighbor-
hood O of v in W; and an open foliated embedding

Vi (—-1,2) x 0 — X

such that
(a) ¥((~1,2) x O) C U;
(b) @Z)(O,U) =z
(c) ¢((—1,2) X U) C Wy;
(d) ¥(1,v) = a;(v).
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It follows from (a) and (d) that ¥ ((—1,1] x v) C A, N U, whence O C Ty.

Thus Ty is open, and so a is a lower semi-continuous multivalued map.

(ii) Notice that for each z € X there exists an open neighborhood U, such
that the intersection of U, with each leaf w is either empty or homeomorphic
to an open interval. Therefore intersection of U, with each set A, is either
empty or homeomorphic to (0,1) or to (0, 1]. In the latter two cases U, N A,
is contractible. Hence every continuous map S* — U,NA, is null homotopic
and one can put O, = U,. This means that A is equi-LC* for all k > 0. O

Since for each u € V the sets A, and B, are contractible, it follows
from Lemma 5.5 that a and b satisfy assumptions of Corollary 5.4. Hence
they admit continuous selections «, 3 : V' — X and these selections are the
required cross sections. This completes Proposition 5.1.

Proof of Theorem 2.14. Case 0X # &. We need the following simple
lemma whose proof we leave for the reader.

Lemma 5.6. Let £ : R™ — R™ be the involution defined by

E(x1y o Tp—1,Zn) = (X1, ., Tp1, —Tp)-

Then for each subset V- C Ry open in the induced topology of R"! , its double
V =V UEV) is open in R™. O

Now let

X =X L X
id:0X1—0X2
be the double of X, i.e. the union of two copies X7 and X5 of X glued
along their boundaries by the identity map. Let also o : X — X be the
involution interchanging X; and X5 by the identity map.

Then the foliation A on each of the copies of X gives a one-dimensional
fohatlon A on X. Moreover, let V be the double of V as in Lemma 5.6.
Then V is open in R™ and the cross section v naturally extends to the cross
section 7 : V — X of A such that Ay =vand 0 oy =7 0&.

Since 0X = @ , it follows from the boundaryless case of Theorem 2.14
that the saturation S(5(V)) is open in X and foliated homeomorphic with
Rx V. That homeomorphism induces a homeomorphism of the open subset

S(v(V)) = SE(V)) N X,

of X7 onto R x V. Theorem 2.14 is completed.
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Triples of infinite iterations of
hyperspaces of max-plus compact convex
sets

A. Savchenko, M. Zarichnyi

Abstract. Geometry of the infinite iterated hyperspace of compact max-plus
convex sets, their completions and compactifications is investigated.

1. INTRODUCTION

In [10] H. Torunczyk and J. West investigated the construction of the it-
erated hyperspace functor. For a compact metric space X, this construction
leads to the metric direct limit X’ of the sequence

X—>epr—>eXp2X—>...,

where every map is the singleton embedding = — {z}. In particular, they
proved that, for any Peano continuum X, the completion X* of X’ is home-
omorphic to the separable Hilbert space £2.

The paper [14] is devoted to the construction of iterated superextension
(the superextension functor was defined by J. de Groot [3]). It turned out
that the completed infinite iterated superextension admits a natural com-
pactification, which is the inverse limit of iterated superextensions. This
result was considerably generalized by V. V. Fedorchuk [4]. He introduced
the notion of perfectly metrizable functor and described the topology of ob-
tained triples comprised of infinite iterations, their completions, and com-
pactifications by means of inverse systems.

As a partial case, Fedorchuk considered the probability measure functor
P. The direct and inverse sequences of iterated spaces of probability mea-
sures were also considered in [11], [12]. R. Mirzakhanyan [7], [8] investigated
the case of the inclusion hyperspace functor.

2010 Mathematics Subject Classification: 52A30, 54B20, 57N20
Keywords: max-plus convex set, hyperspace, Hilbert cube
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In [2] Ta Khac Cu proved counterparts of the results from [10] for the
case of hyperspace of compact convex subsets in normed spaces.

The aim of this note is to extend results of [2| onto the case of the so-
called max-plus convexity (see the definition below).

The authors are indebted to the referee for her/his valuable comments.

2. PRELIMINARIES

All spaces are assumed to be metrizable topological spaces. Let (X,d)
be a metric space. By exp X we denote the hyperspace of a space X, i.e.,
the set of all nonempty compact subsets in X endowed with the Hausdorff
metric dg:

du(A,B) =inf{fe > 0| A C O(B), B C O:(A)}.

The Hausdorff metric on exp? X = exp exp X induced by the (Hausdorff)
metric dg will be denoted by dpg.

By @ = [0,1]¥ we denote the Hilbert cube. A closed set A in @ is called
a Z-set in Q if the identity map of ) can be approximated by maps whose
images miss A. A subset A C @ is called a Z-skeletoid [1] if A = U2, A;,
where Ay C Ay C ... is a sequence of Z-sets satisfying the condition:
for each ¢ > 0, n € N and a Z-set C' C @ there exist m > n and an
autohomeomorphism 1. : @ — @ such that

(1) d(te,id) <&
(2) Yelona, =id;
(3) ¥=(C) C Ap.
(here d denotes a fixed compatible metric on Q). See [1] for the necessary
properties of Z-skeletoids in Q.
Recall that a map f: X — Y is called soft [9] provided that for every
commutative diagram

P X

A

L

Z—Y
(U

such that Z is a paracompact space and A is a closed subset of Z there
exists a map ®: Z — X such that fo® =1 and |4 = .

Let Ryax = RU{—0c0} and let 7 be a cardinal number. Given x,y € R”
and A € R, we denote by x®y the coordinate wise maximum of x and y and
by A ® x the vector obtained from x by adding A to every its coordinate.
A subset A in R7 is said to be maz-plus convex if a ©a® L ® b € A for all
a,b € A and o, € Ryax with a® 8 = 0. See, e.g., [6] for the history and
applications of max-plus convexity.
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A maz-plus convexr body in R™ is a max-plus convex set in R™ which is
the closure of its interior.

The hyperspace of all compact max-plus convex subsets of X C R” is
denoted by mpce(X).

Remark that there is a natural max-plus (respectively, max-min) convex
structure on the hyperspace mpec(X), where X is a max-plus (respectively
max-min) convex compact subset of R* 1 < o < w.

Given a subset A of the hyperspace mpcc(X), we say that A is maz-plus
convez if, for every Aj,..., A, € A and every aq,...,a, € [—00,0] with
@ a; = 0, we have

@?:1011'@/11‘ = {@?:lai(bai ‘ a; € A;, 1= 1,...,71} e A.

Remark that the set @ ;o; ® A; is easily seen to be an element of the
hyperspace mpcc(X). We denote by mpcc?(X) the set of nonempty closed
max-plus convex subsets in mpce(X).

One can similarly define the iterations mpcc™(X), m > 3.

3. INFINITE ITERATED HYPERSPACES

Let mpcc?(X) denote the set of all nonempty closed convex subsets in
mpce(X), where X is a compact max-plus convex subspace in R, n > 1.
We endow R"™ with the £, ,-metric: if

T = (:Ul?"'axn)?y = <y17"'7yn) € Rn?
then d(z,y) = max; |x; — y;|. Note that the union map
ux : mpee?(X) — mpee(X)

is well-defined. Indeed, if A € mpce(X) and for any a,b € ux(.A) there are
A, B € A such that a € A and b € B. Since A is max-plus convex, for any
a,B € Ryax with a @ =0wehave a ® A & §© B € A and therefore
a®a®pPobe ux(A).

Lemma 3.1. For every a € X and A € mpce(X),
dun({{a}}, A) = du({a}, ux(A)).
Proof. First,
din({{a}}, A) = sup{du({a}, A) | A € ux(A)} < du({a}, ux(A).

On the other hand, if dgu({{a}}, A) < r, then O,(a) D B, for every B € A.
Therefore, O,(a) D ux(A) and thus dy({a},ux(A)) < r. This proves the
reverse inequality. O

Proposition 3.2. The map ux is soft.
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Proof. First we show that uy' (A4) is max-plus convex for any A € mpec(X).
If B,C € u)_(l(A) and 3,7 € Ryax with 8@ v =0, then we have
BOB & yoC = {fGBa&yoC|BeB, CeC}.
Givenz € OB & ~y0(C € OB & v06C, we see that there are
be Band ce C such that t = 8O b& v ®c. Since b,c € A, we conclude

that ux(BOBe&y©C) C A.
Now, if x € A, then there B € B and ¢ € C such that x € BN C. Then

r € OB~y C € pOBa®v6oCL.

Thus, ux(BOB®y®C) D A, ie. finally ux(BeBdv©C) = A.

We are going to prove that the map ux is open. Since the spaces under
consideration are compact and metrizable, it suffices to prove that for any
A € mpcc?(X) and any sequence (4;) in mpee(X) converging to

A=u X (.A)
there exists a sequence (A;) in mpcc?(X) converging to A and such that

ux (A;) = A, for every i € N (see, e.g., [5]).
For any i, let r; = di (A, 4;) and let

A; = conviy({A; N O,,(C) | C € A})
(by convy, we denote the closed max-plus convex hull map). Since the
map K — O,,(K) is continuous, we conclude that

{A;N0,,(C) | C € A} € expmpee(X).

It is easy to see that dyp({4; N O,,(C) | C € A}, A) < r; and, since
the closed max-plus convex hull map is nonexpanding, we obtain that
dun(Ai, A) <.

Now, by [13, Theorem 3.3 the map ux is soft as an open map with
max-plus convex preimages. ]

Given a compact convex set X consider the following sequence:

Smpee(X) Smpcc2 (X)

X

mpce(X) mpec? (X)

Note that every map in this sequence is an isometric embedding. We denote

the metric direct limit of this sequence by mpec™ (X) and let mpee™™(X)

be the completion of mpcc™(X). In the sequel, we identify the spaces

mpece™(X) with the corresponding subspaces of mpee™ (X)) and mpee™(X).
Denote by mpec® (X)) the inverse limit of the sequence

Unmnpee2 (X) Umpee3 (X)

mpcc?(X) mpee? (X)

mpce(X)

Let 1y, : mpece?(X) — mpec™(X) denote the natural projection.
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There exists a natural embedding 6: mpcct(X) — mpec®(X). The re-
striction of this embedding onto the set mpec™(X) is uniquely determined
by the maps

Snm = Smpeem—1(X) - - - Smpeen(x) * Mpec” (X) — mpec™(X), n < m.

We write 6 = (6,,), where 6,, = ¥,,0.
The following proposition is proved in [4] in general form; in turn, this
is a generalization of a result from [14].

Proposition 3.3. The (unique) extension §: mpcct(X) — mpec?(X) of
the map 0 is an embedding.

Proof. Similarly as in [10, Lemma 3|, one can prove that the map 0 is
injective. We are going to show that the map 6! is continuous. To this
end, for any € mpcc™(X) and & > 0 one should find a neighborhood U
of §(x) in mpce?(X) such that

6~1(U) C B.(x). (3.1)

We write § = (6;), where 6; = 1); 0 §. Again, similarly as in [10, Lemma 3],
the sequence (0;(z)) converges to = and therefore there exists n such that
d(0(z),z) < e/4 for all k> n. (3.2)
Put
V = 0¢4(0n(2))) C mpee™(X), U= (V)
Let us verify the inclusion
mpee™ (X)) N6~ HU) O3 /4(7). (3.3)

Let y € mpcct(X) N O~ HU). Then there exists k > n + 1 such that
y € mpec®(X) € mpeet(X). Since y € 071(U), we have ¢,41(y) € V.
Since

E/2 > d(wn-i-l(y)v 971(‘7:))7
from (3.2) and Lemma 3.1 it follows that

d(y,z) < d(y,0n(x)) +d(0,(x),x) <e/2+ /4 + 3e/4.
Therefore, the inclusion in (3.3) is verified. Since mpcet(X) is dense in
mpcett(X), from (3.3) we obtain that §~1(U) C Bs./4(x) C Oc(x). O

Let @ = [—1,1]“ be the Hilbert cube, s = (—1,1)“ be its pseudointerior
and rint Q@ = {(z;) € Q | sup; |z;| < 1} be its radial interior.

Theorem 3.4. Let X be a compact mazx-plus convex body in R™. Then the
triple (mpec® (X ), mpect ™ (X), mpect (X)) is homeomorphic to the triple
(Q, s, rint Q).
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Proof. Consider the following metric ¢ on mpcc®(X),

of(i). () = 3 W)
i=1

where
(x;), (y;) € mpec® (X)) C Hmpcei(X).
i=1

For every ¢ € N and j > ¢, the maps
¢ij = mpce(si—1,j-1): IanCi(X) — mpccj(X)

determine the map ¢;: mpec!(X) — mpee® (X).

We first show that the pair (mpec®(X), mpce™™ (X)) is homeomorphic
to the pair (Q,s). By [1, Theorems 2.3 and 3.3, Chapter V], it suffices to
prove that the set

B = mpcc?(X) \ mpeet(X)

is a Z-skeletoid in mpcc®(X). Note first that the set B is o-compact as
the complement to the topologically complete set mpcc™(X). Note also
that every compact subset K C B is a Z-set in mpcc®(X). Indeed, the
sequence of retractions 1, : mpcc*(X) — mpec™(X) converges uniformly
to the identity map of mpec®(X) and the image of every v, misses K. By
[1, Theorems 3.2, Chapter V|, in order to show that B is a Z-skeletoid it
suffices to find a Z-skeletoid in B. In turn, it suffices to find a sequence a
sequence (L;) of compact subspaces in B such that:

(1) every L; is homeomorphic to Q;

(2) every L; is a Z-set in Q+1;

(3) for every i there is a retraction r; : mpec”(X) — L; and the sequence

(r;) of retractions uniformly converges to the identity map.

The construction of such a sequence (L;) is analogous to that in the proof
of |4, Theorem 4], therefore we drop the details. We suppose that X is a
max-plus convex body in R™, n > 2. Also, we suppose that diam X < 1.
Then diam mpee”(X) < 1.

By K; we denote the set

{A € mpcc(X) | there is x € A such that x + (¢,...,¢) € A},

where € > 0. Clearly, K is max-plus convex and if € is small enough then
K is nonempty and can be made as close to mpcc(X) as we wish. We
require that there is a retraction r; of mpee(X) onto K; which is 1-close
to the identity. Let L1 = q1(K1).

Assuming that K;, ¢ < p, are already constructed we let

Kpi1 ={A € mpec?(X) | there is x € A such that x + (e,...,¢) € A},
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where € > 0 is chosen small enough that
mpCC(SII1pCCP*1(X))<Kp) C KP-H
and there is a retraction
Tpr1: mpec? T2 (X) — Kpiq

which is 27P-close to the identity. Let Lyy1 = qp1(Kps1).

Thus, L = U, L; is a Z-skeletoid in mpcc”(X). We conclude that the
pair (mpcc® (X ), mpec™ (X)) is homeomorphic to (Q, s).

Similarly, one can prove that mpect(X) is a Z-skeletoid in mpcc® (X).
Therefore, the pair (mpce® (X ), mpee™ (X)) is homeomorphic to (Q, rint Q).

We now apply [4, Theorem 2| to finish the proof. O

4. REMARKS AND OPEN QUESTIONS

It is plausible that the main result can be extended to the case of all
max-plus convex subsets of R%, a < w, of dimension < 1.

We also conjecture that there is a counterpart of the main result for the
hyperspace of max-min convex sets in R”. Given A\ € Ry U {o0} and
x = (zq) € R7, we define A ® x = (min{\, z,}). A subset A in R7 is said
to be maz-min conver if a @ a ®b € A for all a,b € A and o € Ryax.
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TomnoJgoria nmorokiB Mopca-Cwmeiija 3
0COOJIMBOCTAMM Ha Me>Ki JJBOBUMipHOTO
JUCKA

M. B. Jlocera, O. O. Ilpunursk

Abstract. We analyze topological properties of Morse-Smale flows on two-
dimensional disk whose singularities lie on the boundary of the disk. A
complete topological invariant for such flows is constructed. We also obtain
a topological classification of these flows and propose a method of their
enumeration.

Amnorarig. B poboTi 701 12KyI0ThCs TOTIOJIOT 9HI BJIACTUBOCTI TOTOKIB Mop-
ca-Cwmeiisia Ha IBOBUMIPDHOMY JIVICKY, ¥ SIKIX OCOOJTMBOCTI JIEXKATh HA MEXKI JiH-
cka. [TobymoBano moBHEIT TOmOMOTIYHMY iHBapiaHT uX TOTOKIB. OTpuMaHa X
TomoJIoriuHa Kaacudikallis Ta 3alpoloHOBAHO CIIOCIO X Hymeparrii.

Bceryn

Ha 3aMKHEHOMY MHOTOBHUIII BEKTOPHE IIOJI€ 3aBXKIM MOPOKYE MOTIK. Y
BUII/IKy KOMIIAKTHOI'O MHOTOBHU/IY 3 ME2K€I0 BEKTOPHE T10Jie OyJ1ie TOPOJIKY-
BaTH IIOTIK TOMI 1 TIJIBKK TOIi, KOJX BOHO HOTHUKAETHCA IO MEXK1 B KOXKHiit
i1 rouni [1].

Hexait H — xommakTauit muorosus 3 mexeio 0H. Ilozmaummo dwepes
X(H,0H) upocrip Bekropaux C” nmosis Ha H norwanux no OH , ocuamenuii
zpudaitnoro C" tomosorieio. B 11boMy mpocTopi MOXKHA HACTYIIHUM YHHOM
BU3HAYUTH CTPYKTYDPHY cTiifikicTb: BekTopHe none X € X(H,0H) ¢ C”
CMPYKMYpPHo cmitikum, arimo BoHo Mae C” okin 4, Takuil, Mo KOYKHE TOJIe
Y € U € mononoeiuno exsisasehmuum 10 X, To0TO icHye ToMeoMopdizm
h, axwuit mepeBoguTh opbitTu X B opbiTu Y Ta 306epirae ix opieHTAILIO.

Hnst monss X € X°°(H, 0H) nosuauumo 4epes w(X) MHOXKUHY #0ro He-
OJIyKAI0OINX TOYOK.

Karouosi caosa: Tomosorivna Kaacudikarlis, MOTOKH, TOBEPXHS 3 MEZKEIO

VIIK 517.956.4

32
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Hexait H — 3amxHenuit muorosus kiacy C* i X" (H), r > 1, — MHOXKU-
ua BekTopaux C" mosis 3 C" romnosorieio. Tozi Bekropue moe X € X" (H)
HasuBaerbesd nojgem Mopca-Cmeting, KO BUKOHYIOTHCSA TaKi YMOBH:

(1) w(X) e mpocroro, TO6TO BOHA Ma€ JIHIIE CKIHIeHHY KiTbKicTb opbiT, yci
3 AKUX TimepOoJTidHi;

(2) axmo 0y, 0; € w(X), To mecritikuit muorosux WY (o) Tpanceepcamsamit
710 crifikoro muorosuay W9 (a;).

Tonosoriuniii knacudikarii mosais Mopca-Cwmeiiyia mpucBgadeHo dararo
pobit, 3okpema [2], [8], [6].

MHuoxxuna BeKTOpHEUX 1101iB Mopca-CMeilia € BiIKPUTOIO 1 HETOPOXKHBOTO
MHOKHHOIO B X" (I;' ), 7 > 1, a KOxKeH i1 eJIleMeHT CTPYKTYPHO CTifikuil [4],
[5].

ITosig, 110 3HAXOAATHCA B 3arajlbHOMY IOJIOXKEHHI 10 MeXKi MHOTOBHIY,
(m-moanst) mocatiypkyBasucs B poborax [9], [10], [11].

ITotem Mopca Ha MHOTOBHII 3 MEXKEIO OYIEMO HA3UBATH BEKTOPHE TIOJIE
X € X"(H), mo 3a10BOJIbHSIE TaKi yMOBH:

(1) w(X) € ckinyeHoro, TO6TO Ma€e CKiHUYEHHE YUCJIO TOYOK, YCi 3 AKHUX €
rinepOoIiTHIMU OCODTUBUMU TOYUKAMU;

(2) sxmo 04,07 € w(X) i B rouni z € WY (0;) NW*9(0;) criiixmit Ta mecTiii-
Kuil MHOIOBUIY IIEPETHHAIOTHCS HETPAHCBEPCAJIBHO, TO T € 0H;

(3) mone morwune ;10 MeXi 1 #ioro obMe:keHHsI Ha MeXy € 1osiem Mopca-
Cwmeitna.

Ha zamkuenux moepxusax moroku Mopca-Cwmeitia yTBOPIOIOTH BCIOIN
IIIJIbHY MHOXKUHY Ha MHOXKWHI BCiX moTokiB. Cepes TOTOKIB, Y AKUX MHO-
KUHA HEOIYKAIOUNX TOYOK CKJIQIAETHCA 31 CKIHYEHOI'O YUCJIa TPAEKTOPIil,
CTPYKTYPHO cTifikumu € jmiie morokun Mopca-Cwumeitna. Aunasioriani pesyib-
TaTA MalOTh MICIE 1 Jijis MHOTOBHUJIB 3 MeXKer. J0KpeMa, Il pe3yJibraru
noBegsieri B poborax (3], 7).

Mema daroi pobomu— ommcaTu TOIOJOTIYHY CTPYKTYPY OTOKIB Mop-
ca-CmMeitsia Ha JIBOBUMIPDHOMY JIMCKY, y SKUX OCODJIMBOCTI JIe2KaTh HA MeXKi
JIICKA.

1. ITPOCTI IIOTOKU

ITorik Mopca-Cwmeiiia Ha JIBOBUMIPHOMY JHUCKY Oy/IeMO HA3UBaTH Mpo-
cMuM, SIKIIIO Y HBOTO BCi OCOOJIMBOCTI JIesKaTh HA MEXKi.

Jlema 1.1. Ilpocmuti nomix Mopca-Cmeting Ha 0808UMIPHOMY JUCKY He
MICTUMS 3AMKEHEHUT MPAEKMOPLT.

Hosenenns. [lpunycrtumo, mo morik mMae 3aMKHEHY TpaekTopid. Tomi
BOHa, 00MeX)Ky€e 00JIacTh TOMEOMOPGHY TBOBUMIPpHOMY aucky. Bimobpasumo
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mio obJstacTh Ha BepxHIO miBcdepy. Ilpm nmbomy moTik Ha obsacti Oyme iH-
JIyKyBaTH TOTIK Ha BepxHiil miBcdepi. 3acToCyBaBIIN CUMETPIIO BiITHOCHO
TOPU30HTAJIBLHOI ILJIOIUHN TOOYLYEMO TOTIK Ha HUXKHI# miBedepi, o mpo-
JOBXKY€ TOTIK 3 BepxHbOI miBcdepu. Tomi orpuMmae mMOTIK Ha JIBOBUMIpHIii
cdepi 6e3 HEPYXOMUX TOYOK, IO HEMOXKJINBO, 00 3a Teopemoro Ilyankape-
Xomnda cyma iHIEKCIB HEPYXOMHUX TOYOK MMOTOKY Ha cepi MOBUHHA JTOPiB-
HoBatu 2. OTpuMaHe IPOTUPIYUIST JOBOIUTH JIEMY. O

Bci mepyxoMmi TOYKM TIOTOKY Ha 2-JMCKY TOMIIAIOTHCA TPU TUIM: 1) BU-
TOKH, 2) CTOKH, 3) Ci/i1a.

B nomasnbimomy, juts cimjioBux ocoOIUBUX TOYOK OYyJIEMO BHKOPHUCTOBY-
BaTU TaKi HA3BU:

1) a-cimio mist 0cobMBOT TOYKM B Ky BXOJSATH JBI TPAEKTOPIT 1 3 gKOI
BUXOJIUTH OJ[HA (BOHA € CTOKOM IpU OOMEXKEHHI TOTOKY Ha MEXKY ),

2) b-cizyio myist 0COGJIMBOI TOYKM 3 SIKOI BUXOJSTH JBI TPAEKTOPIl 1 B sAKYy
BXOJIUTH OJIHA (BOHA € BUTOKOM IIPH OOMEKEHHI MOTOKY Ha MexkKy) (/Llus.
puc. 1.1.)

SN N\,

Puc. 1.1. a-cizyo (31iBa) ta b-ciggo (cupasa)

Jlema 1.2. /[las npocmozo nomoky Mopca-Cmeting Ha d808uMipHOMYy Ou-
CKY 3 S HEPYLOMUMU MOYKAMU YUCAO ciden | dopienioe

= (s—2)/2. (1.1)

HoBenennsi. Hexait mpocTuit motik mae k BUTOKIB, m CTOKiB Ta | cimen
(s = k414 m). Tak camo sx i B jemi 1.1, noxsoiBmm notik Ha cdepy
i 3acTocyBasim (opmyny Eitnepa jijis eiiepoBoi XapaKTEPUCTUKHA, MAEMO
k—Il4+m = 2. 3Bigku s = k+1+m = 24-2I, mo i jae norpibuy dopmysry. [

2. CENAPATPUCHA JIATPAMA

Cenapampucoto Ha3UBAETHCA TPAECKTOPIis, 10 BXOAUTH ab0 BUXOJIUTDH i3
cita Ta He JIeXKUTb Ha Mexki gucka. CemaparTpucy Tako:K MOXKHA OXapa-
KTEpPU3yBATU SK BHYTPIIIHIO TPAEKTOPiio, Mg AKOl icuye okin U Takwii,
IO /I TOBLIBLHOI TOYKHU T CEapaTPUCH i MOBiIbHOTO okoJty V' 11iel Toukw,
icuye Touka y € V, TpaekTopis gkoi He MicTurhed B U.
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Cenapampucroro diaepamoro IpocTol PYHKINT HA3UBAETHCA OPIEHTOBAHUI
rpad, BEPITMHAMHE SKOT'O € HEPYXOMi TOYKHU ITOTOKY, & pedpaMu — TPAEKTO-
pil MexKi Ta cemapaTpucy, IPUIOMY Opi€HTAIlis pedep BiAMOBiIae HATPAMKY
PyXy 3a TpaekTopigmu i Ha rpadi BUIIEHUN IUKJI, [0 CKJIAJAETHCI 3 TPa-
E€KTOPIN MexKi.

IBi cemapaTpucHi miarpamMu HA3WBAIOTHCS €K616GAEHMHUMU, SIKIIO MixK
ix rpadamu icaye izomopdism, mo 36epirae opienTartii pebep Ta Bimobparkae
BUJIIJIEHUH TTUKJT Y BUTIJIEHUH TTAKJT.

Pebpa ma BumisieHoMmy 1uKJIl OyIeMO HA3UBATHA 2PGHUMHUMU, & CEIapa-
TpucH — srympiwHimy. OTKe, TOMOJOrIYHA eKBIBAJEHTHICTD Bimobpazkae
rpanuvHi pebpa Ha rpaHuvHi pedpa, a BHYTPIIIHI — Ha BHYTPIIIHI.

Jlema 2.1. Cenapampucha diaepama Mae Mmaxi 6AACMUBOCTNI:

1) Jas xootcnoi cenapampucu npunalimui o0un 3 it KiHUie € 8ePULUHOI0
B8ANEHMHOCTE 3.

2) Yucao cenapampuc I ma wucao sepuun s nos’szani gopmyaoro (1.1).

3) Kootcra cenapampuca posdbusae 6udinenuli Guks Ha 061 4acmuny (Kinuyi
CENAPAMPUCY, HANEHCAMNG KOHCHIT 3 YUT HACTIUK) MaK, W0
a) 8 KOMCHIU 3 YACTNUH HENAPHE YUCAO BEPULUH;

b) dan 6ydv-axoi inwoi cenapampucy 06udsa i Kinyi nasesrcamv 00nit
3 080X “wacmuH.

4) Jas kootcrol sepuunu, 06udsa inyudenmmui pebpa 3 2paHuH020 UUKAY
MaAOMb Mo GIdHOULEHHIO 00 UiEl BEPUWUHY 0OHAKOBUL HANPAMOK, MOOMO
obudea exrodams 6 nei abo 06udsa BUXO0AMb 3 Hel.

5) SAxwo akitce 3 sepwun iHyudenmmi 6iavwe Hide 00Ha Cenapampuca,
Mo 8CL Ul CENAPAMPUCY, MAIOTMD NO BIOHOWEHHIO 00 BEPWUHY HANDAMOK
makut, A% i thyudenmmni 1 eparuuni peopa (us sepuura € cmokom abo
BUMOKOM,).

Hosenennsi. 1) Ciago € BepIIMHO0 BaJEHTHOCTI 3 1 OJHUM 3 KiHI[B Cce-
[IapaTPUCH.

2) Kozxkna cenaparpuca MiCTUTh PIBHO OJIHE CiJIJIO sIK OJIMH 13 CBOIX KiH-
IIiB, 1 KOXKHE CiJJTo € KiHmeM cenaparpucu. ToMy cenaparpuc i cifesn oaHa-
KOBE YHCJIO, SIKe, 3UIHO JIeMu, 06YUCIIoeThbes 3a (popmysioo (1.1).

3) dkimo obMeRkuTH MOTIK Ha MeXKy (KOJI0), TO MATUMEMO J[Ba TUIIN He-
PYXOMHUX TOYOK — BUTOKH 1 CTOKH, sIKi YepryoThca MixK coboro. Hexait ce-
napaTprca BUXOIUTH i3 ciiioBol Touknu (a-cimro). Toxi 1st Touka € cTOKOM
JUist OOMEKEeHHSI TOTOKY Ha MexKy. IHmmil Kisenp Takox € crokoMm. Tomy B
OJIHIHl 3 9aCcTWH Pa30M i3 3a3HAYEHNME JTBOMA TOIKAME OyIe Ha CTOKIB Oyiae
Ha OJIMH O1JIbIIe Hi’K BUTOKIB (MU HOYMHAEMO OOXOAUTH HEPYXOMi TOYKH 3i
CTOKY, BOHM YEPryIOThCs 1 3aKiHIyeMO cTOKOM). OTKe, BCOrO HEPYXOMUX
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TOYOK HeItapHe Yucjio. Te, mo [Ajis iHImol cerrapaTprcu 00U IBa KiHIIl JIEXKATh
B OJIHI!l YaCTUHI PiBHOCHJIbHE TOMY, 1[0 CENapPATPUCU HE MEPETHHAIOTHCH.
4) g BiacTuBicTh 6€3MOCEPEIHBO TEPEBIPAETHCA JJIsi KOKHOIO 3 YOTH-
PBOX THUITB HEPYXOMHUX TOYOK.
5) fkimo BaseHTHICTH BepuInHu 6iIbINa 3a 3, TO Il TOYKA HE MOXKe OyTH
cigtom, 60 X BaJieHTHICTD J1opiBHIOE 3. OTKe, BOHA € CTOKOM 200 BUTOKOM.
Jlemy moBemeHo. O

3. TOMOJIOTTYHA EKBIBAJIEHTHICTH MTOTOKIB

Teopema 3.1. (Kpurepiit Tomosoriunoi eksiBasentaocti). Jlsa npocmux
nomoxu Ha 2-0ucky 6ydyms Monoao2iuHo exei8aLeHMHUMU MOJT Ta TiAb-
Ku modi, KoAu i cenapampuchi 0ia2pamu 130MOpPEHH.

HoBenennsa. Heobxionicms. Tormosoriuna eKBiBAJIEHTHICTD BimobOpaXkae
0COBJIMBI TOYKHU ¥ OCODJIMBI TOYKU, CETAPATPUCH — HA CEMAPATPUCH, TPAHU-
9HI TpaeKTOpil Ha — I'PAHUYHI TPAEKTOPIl, a OTKe, MOPOIKYE i3oMOpdi3M
cernapaTpUCHUX JiarpaM.

ZLlocmammuicmos. I3omopdisMm cemaparpucHux giarpam 3aaae OIEKTUBHI
BiITOBITHOCTI MizK MHOYKMHAME OCOOJIMBUX TOYOK, MHOKMHAMU CETIapaTPHUC
Ta MHOXKWHAMU T'PAHUIHUX TpaekTopiii. Hexait x,y — crangapTHi KOOp/Iu-
HATU Ha 2-7TMCKY. Po3ryisHEMO Ha HHOMY CTAHJIAPTHY PIMAHOBY METPHKY.
1t KOXKHOTO 30BHIITHBOI'O Ta BHYTPINIHBOTO pedpa 3HAWIEMO CEPEINHY Y
it pimanoBiit MeTpurri. /[j1s1 KOXKHOTO 3 MOTOKIB PO3IVITHEMO TaKi JIOCUTH
MaJli €-OKOJIM IUX CEePeIrH, SKi He MepeTHHAIOTHhCI MiXK COD00, a TaKoxK
3 IHIIUMU CenapaTpUcaMy Ta IPAHUYIHUMHU TPACKTOpiaMu. ZKINO it mep-
IITOTO TIOTOKY JIJTsT OJTHOTO 3 pebep e, fToro [MOBKMWHA MEHINA HiXK BiIOBiIHA
JIOB2KHMHA y pedpa JAPYyroro moToKy, TO PO3TATHEMO PeOPO € B Oro cepeuHi
p. i 1bOTO PO3IIIAHEMO PIMAHOBY METPHUKY

ds® = (1+ h})da® + 2hghydzdy + (1 + h2)dy*,

2 2_¢2 2 2 2
ce Y 3 X y <6,

h(z,y) =
(z.9) 0, 22 +y? > 2

ITpu 36ibINeHH] KOHCTAHTH ¢ 301/IBINYeThCS 1 JoBXKIHA pebpa e. OcKiabKu
MM MO2KEMO TaK 30i/IbIIyBaTH JOBKUHY pebpa JI0 siK 3aBrOJIHO BEJIUKOI Be-
JIMIUHY 1 116 301/IbIeHHsT HEIIEPEPBHO 3aJI€XKUTD BiJ ¢, TO 3HANIETHCA TaKe
3HAYEHHS C, IPU AKOMY JTOBXKUHU BiamoBimaux pedbep oxunakosi. [Ipopobitio-
IOYH I[I0 TPOIEAYPY 3 KOXKHUM PeOPOM, MU OTPUMAEMO PiMaHOBI METPUKH,
B AKUX JIOBXKUHU BiamoBimaumx pebep omuakoBi. AKINO $1 — HATYpaJIbHII
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mapameTrp Ha pebpi mepIoro moToKy, a So — Ha BiAmoBigHOMYy pebpi apyro-
r'o MOTOKY, BiJIKJIaJIEH] BiJ BiJIMOBITHUX BEPIIUH, TO PIBHICTH Sy = §1 3aJ1a€
romeomMopdi3M MixK BiAIOBIIHUME pedpamu.

[IpomoBxkuMO oTpUMaHmii roMeoMOPdi3M B cepeauHy KOKHOI 3 00J1acTel.
s mporo B KoxKHi#t obacti U po3riisiHeMO BEPINUHY BUTIK 1 TaKy CHCTE-
My KOODJMHAT X, Y, B sKiif BekTOopHE mose X = (z, y) € TI0JIEM IIBUAKOCTEN
notoky. lomeomopdno Binobpazumo ayry {(z,y) | 22 +y* = €2}NU nepmro-
ro MOTOKY Ha BiAmOBimHY ayry mapyroro nmotoky. lleit romeomopdiszm 3amae
BiamoBigHicTh MiK TpaekTopigamu. ['omeomopdizm MixK BiamosiguuMu Tpa-
ekTOpigMu OymeMo OyayBaTh 3a IOMOMOrOI0 HATYPAJbHUX MMapaMeTpiB 3a
dopwmyiio so = ksp, e KOHCTaHTa k JOPIBHIOE BiIHOIIEHHIO JIOBXKUH Bil-
moBiTHUX TpaekTopiit. OCKIIbKYM KOXKHA TPAEKTOPIst 3 BHYTPIITHOCTI 0bJIa-
CTi MOYUHAETHCA B IKOMYCb BUTOKY, TO IIi roMeMOopdizMu 3aJ1ai0Th Bil-
obparkeHHs 2-JIMCKa, dKe 3a MOOYIOBOIO € romeoMopdizmom, 1o Bizobpa-
Ka€ TPAEKTOpil Ha TpPaeKTOpil, TOOTO € TOIMOJIOTIYHOI €KBiBaJIEHTHICTIO.
Teopemy moBejieHO. O

Teopema 3.2. (Peasnizawist). Opienmosaruti epag 3 sudinenum yurkiom €
cenapampuchoro diazpamoro desxol npocmot Gyrruil, AKUL0 6iH 3a0060AbHAE
saacmusocmam 1)-5) 3 aemu 2.1.

HoBenennsi. 3 ymosu 3)-a) jemu 2.1 BUIUIMBAE NAPHICTH BEPIIUH I'Da-
da. 3adikcyemo Ha MexkKi 2-TUCKY Il BEPIIMHU Yy BEPIIMHAX PABUIBHOIO
MHOI'OKYTHHKA. YMOBa 3)-a) PIBHOCHJIbHA TOMY, IO SIKIIO HOOY/LyBaTH Ce-
IapaTpPUCH 9K XOPJU B 2-7IUCKY, TO BOHU He OYyIyTh IepeTuHaTucd. byaemo
posrsiaaTu 00/1acTi, Ha fKi cenaparpucu (Xopau) po3oUBAIOThL 2-TUCK, SIK
KPUBOJIIHIITHI MHOTOKYTHUKHU.

Ilokaxkemo, 1m0 B KOXKHill Takiit obJacTi € €auHa BepIUHA BUTIK 1 €1u-
Ha BEpIIMHA CTIK. 3 yMOBHU 3)-a) BUILIMBAE, IO JJI KOXKHOI CerapaTpucu
omuH 3 11 KIHIIB € CiIyioM, a IHIIHI — CTOKOM ab0 BHUTOKOM. 3adiKCyeMO
obacTh i cemaparpucy 3 i1 mexi. Hexait 1151 cemaparpuca MoYnHAETHCS B
a-cign (Bumamok b-cijyia aHAJIOr YHMIA, 3 3aMIHOIO BCIX HAIPSMKIB DYXYy Ha
npotesiexkHi). Toal BoHa 3aKiHYyeThCs y CTOII. 3HAYUTH y 06JIACTi € CTIK
Ha MexXi. Po3rjisHeMo TpaekTopio Ha MexXi 00jacTi, 1Mo 3aKiHIyeThCd Y
nboMmy crori. [logarok i€l TpaekTopii € abo BuTOKOM abo b-cigmom. OTxke,
y TepIIoMy BUIAJIKY € BUTOK HA MeXi. ¥ JIPYTroMy BUIAJIKy BUTOKOM OyIe
[MOYATOK CEIMapaTpPHUCH, 10 BXOJUTH 1ie b-cio.

Te, 110 iHIIMX BUTOKIB i CTOKIB Ha Me2Ki He iCHY€, JIOBOJIUTHCS BiJI CyIIpO-
TuBHOrO. Hampukiiam, g9KImo icHye 2 BUTOKHU, TO PO3IJISHYBIIHA 00’ € THAHHST
TPAEKTOPIiA, 110 BUXOAATDH 3 IMEPIIIOr0 BUTOKY, 1 00’ €IHAHHS TPAEKTOPIit, 110
BUXOAATH 3 JIDYTOT'O BUTOKY, OTPIMAEMO CEMapaTpPUCy, dKa JIEXKUTh Ha Te-
peruHi iX MeXK, a Ie CylepednTh Bu3HadeHHI0 obsacti. ko a(t) i b(t) —
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NUISIXU, IO TIOYUHAIOTHCS Yy BUTOKY 1 3aKiHUYIOThCA y croli (00’€qHaHHS
SKUX JIa€ BCIO MexKy 00JIacTi), TO TpaeKTopil BeepeauHi 06J1acTi MOXKHA 3a-
naru piasaHaM (1 — s)a(t) + sb(t) pa s € [0,1]. IIpopobusiu 1e Jyist
KOXKHOI 00J1acTi OTPUMAEMO ITYKAHUI MOTIK Ha 2-UCKY. O

4. Ko 1mOTOKY

3aaMo IUKJIYHY HyMepalio BepminH. B gKOCTI mepirol BepIivHU BU-
fepeMo OJiHY 3 BEPIIMH 3 HaiiOLIBINOK BAJEHTHICTIO (KINO BCl BEpIIMHU
MAalOTh BAJEHTHICTH 3 — TO CTiK ab0 BHUTIK).

CKJIaJIeMO CIIMCOK, IO HOYMHAETHCA 3 1, a Jaji 3a 3poCTaHHSM HIyThb
HOMEpHU Cifesi, 1Mo € KiHIEgMU cemapaTrpuc, innuaeHTHux Bepmwmai 1. Ha-
mpukaag, 1 —3 — 5.

Hauti, 151 BepIIuHU 3 HAWMEHIIIUM HOMEPOM, IO He € CiIJIOM, CKIaIeMO
QHAJIOTTYHUI CIIUCOK, HAITPUKJIA] 8 — 6.

IIpomoskuMO 1110 TIPOTIEAYPY JJisl IHIUX BEPIIUH 1 B PE3yJIbTaTi OTPU-
MaeMo, Habip cnuckiB. Ko BepruHaa 1 € CTOKOM, TO IPUITUITIEMO 1 3HAK
+, a AKIIO BUTOKOM, TO 3HAK —.

Bynemo kazaru, mo onuH Takuit HaOIp MeHw UG 3a IHIAN, SKIIO B HbO-
MY JIEKIJIbKa MEPIUX e€JIEMEHTIB Taki cami, K y JIpyroro Habopy, a HacTy-
MHUH — MeHImui. Ko, BCi ejleMeHTH TOTOXKHI OIWH OJHOMY, ajile 3HAKHU
[IPY OJUHUIN Pi3Hi, TO HAMEHIIUM OyIeMO BBaXKaTw HabIp 31 3HAKOM —.

Kodom nomoxy Oymemo HazuBaTh HabIp CIUCKIB 31 3HAaKOM Ol 1, axuit
€ HaAMEHIIINM cepeJl YCiX MOXKJ/IMBHX HaOOPIB CIHMCKIB, IMOOYI0OBAHUX TaK,
gK Oyso onmucano puie. Ilpukman koxy: +1 — 3 — 5,8 — 6.

Teopema 4.1. /Jlsa nomoku monosozivHo exksi8aiseHmMMs modi i MiibKu
modi, KOAU Y HUL 00HAKO8T KOJU.

HoBenennsa. Heobxionicmy. OCKIIIBKY TOMOJIOTIYHA €KBIBAJIEHTHICTD 30€-
pirae MOpsIJIOK BEPIIUH 1 KO, 3a CEMapaTPUCHOI JHarpaMOi0 BUIUCYEThHCS
OHO3HAYHO, TO 3 TOMOJIOTIYHOI €KBiBaJEHTHOCTI MOTOKIB BUIJINBAE PiBHICTH
KOJIIB.

Hocmammuicmoy. 3 piBHOCTI KOIIB BUILINBAE, IO CENAPATPHUCHI Jiarpa-
MU eKBiBaJieHTHI. EKBiBajeHTHICTh 331a€ThCa BiIoOparkeHHIM, dKe Iepe-
BOJIUTH BEPIIWHU OJHIET JliarpaMu y BEPIINHUA 3 TUMU CAMUMH HOMEDAMHU
Ha iHII# giarpami. O

5. HPI/IK.HA,LLI/I 3ACTOCYBAHBb TA OBYHNCJIEHDb

Tlokarkemo, TK MOXKHA, 3aCTOCOBYBaTH ITOOYIOBAHI BUIIE IHBAPIAHTH 1JId
00YMCIeHHsT KiJTBKOCTI TOMOJJIOTiYHO He eKBiBaJEeHTHUX MOTOKIB i3 3aJaHuM
9HUCJIOM CemapaTpuC.
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Ko y moTOKY HeMae cemapaTrpuc, TO BiH Ma€ ABI OCOOJIUBI TOYKU —
ctik i BuTiK. Bei Taki moTokn MamTh TakKy caMy CTPYKTYpPY, IO i IMOTiK,

300pakeHnuii Ha puc. 5.2.
‘D

Puc. 5.2. Tloroku 6e3 cigen

JJ1s1 TOTOKIB 3 OZIHI€IO cenapaTprcoo MOKIIUBI JBa Koju: —1—3 (puc. 5.3)
Ta +1 — 3.

N
/

4

Puc. 5.3. Cenaparpucha miarpama moToky 3 Kojgom —1 — 3

2
3

4
N

i OTOKIB 3 JIBOMA CernapaTprucaMyu MOYKJIMBI TOTUPU KOIU:

1) —1—3—5 (Puc. 5.4 3aiBa); 3) —1-3,4—6;

2) +1-3-5; 4) —1—-3,6 —4 (Puc. 5.4 cupasa).
Ilepmmi gBa KOMU BiNpi3HAIOTHCA TiJIbKK 3HAKOM. ToMy OymaemMo 3amucyBaTu
ix gk =1 — 3 — 5. Tperiii i ueTBepTHil KO BiIPI3SHAIOTHCS MOPSIIKOM 1 MU
3anuiieMo ixX gk —1 — 3, 4 — 6.

i MOTOKIB 3 TPbOMa, CemapaTpPUCaMu MOXKJIUBI YOTUPHAIIATE KOJIIB:

12) £1-3-5-71; 9-12) +£1-3,4—845—T;
34) £1-3-7,4—6; 13-14) £1-3,7—5,8 —4.
58) +1—3—5,44—6;
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2*\.3 2""\.3
5 5

Puc. 5.4. CenaparpucHi jgiarpamMu MOTOKIB 3 KomamMu —1 —
3—51a—-1-3,6-4

IIpogiBmu anaioriaai MipKyBaHHS MOXKHA IIEPECBITIUTUACSH, IO 3 YOTUP-
Ma cemapaTrpucaMu MOXKJIUBI 35 MOTOKIB, a 3 I'AThbMa CeNapaTpUcaMu —
190 pi3HMX MOTOKIB.

BucHOBOK

B poboti posrisgaaiucs moToku Ha JBOBUMIPHOMY JIMCKY, ¥ IKMX BCi 0CO-
OsiuBi TOUKH € rinepbosivHuMu i JiexKaTh HA MexXi. JloBeneHo kpuTepiit To-
ITOJIOTIYHOT €KBiBaJIEHTHOCTI TaKuX MOTOKIB. OTprMaHi B pobOTi pe3ysibraru
ITOBHICTIO BUPINIYIOTH NIPOOJIEMY CTPYKTYPHOI KJlacudikalii onTuMaibHIX
IIOTOKIB 3 TinepOooiYHuME OCOOJIMBUMHU TOYKAMU HA MEXKi JBOBUMIPHOTO
JUCKa. ABTOpPH CIIOHIBAIOTHCs, 10 BIACTHCS OTPUMATH AHAJIOLIYHI PEe3yiib-
TaTHU JIJI 1HITAX TOBEPXOHDb 3 MEIKEIO.
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O nmoBepxXHOCTSIX IPOCTPaHCTBAa
MuUHKOBCKOI'O CO CTAaIlMOHAPHBIMMU
3HAYEHUSIMU KPUBU3HBI IPAacCMaHOBAa
obpaza

M. A. I'peunesna, II. I'. Creranmesa

Abstract. On the surfaces in Minkowski space with the stationary values
of the curvature of the Grassmann image let us consider the classes of the
surfaces in Minkowski space 'Ry (spacelike or timelike) with the stationary
values of the curvature of the Grassmannian manifold PG(2,4) along the
domains, which are tangential to its the Grassmann image I'2

Awnnoranusa. B gannoit pabore paccMaTpuBaiOTCS KJIACCHI MTOBEPXHOCTEH
(BpeMeHuUIONIOGHBIE U IPOCTPAHCTBEHHONOAO0HBIE) HIPOCTPAHCTBA MUHKOB-
ckoro 'Ry €O CTAIMOHADHBIMY 3HAUCHHSMY KPUBH3HBI IPACCMAHOBA, MHOTO-
obpasusa PG(2,4) BIosb mIomaaoK, KaCaTeIbHbIX K UX IPACCMAHOBY 00pasy
2.

I'paccmanoBBI MHOTOOOpA3MUsT M TPACCMAaHOB 00pa3 MOBEPXHOCTEH €BKJIHU-
JIOBa IIPOCTPAHCTBA SABJISIIOTCST KJIACCHIECKUMU TPUMEPAMU TJIA KX MHOTO-
obpazuii, reoMeTpus KOTOPBIX Xoporno n3y4dena B paborax K. JleiixTreiica,
FO. Bonra, FO. Myro, FO. A. Amunosa, A. A. Bopucenko, A. B. T'opbka-
BOrO ¥ JIpyrux reoMeTpoB. HecMmorpsi Ha GOJIBINIOE KOJUIECTBO ITyOJIMKA-
M, MHOTO BOIIPOCOB TEOPUH T'PACCMAHOBBIX MHOTI000pa3mii U rpaccMaHO-
Ba obOpasa ocraiorcs HepemieHHbIME. OCOOEHHO ITO KACaeTCsd TEOPUU II0-
BEPXHOCTEl MHOTOMEPHBIX HEEBKJIUIOBBIX IMPOCTPAHCTB. MareMarniaeckoit
MOJIEJTBI0 TIPOCTPAHCTBA-BPEMEHU B CIIEIIMAJIBHON TEOPpUM OTHOCUTEIHHO-
CTH CJIY?KUAT TOYETHOE TICEBIOEBKIUIOBO TPOCTPAHCTBO UHJEKCA, 1, KOTOpOe

Karuesvie caosa: HpOCTpaHCTBO I\/II/IHKOBCKOI‘O, I'paCCMaHOBO MHOI‘OO6pEL3I/I€, CEKIIUOH-
Had KPUBU3HA.

VIIK 514.76
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elre Ha3bIBaOT IpocTpancTBoM Munkosckoro. OJHUM U3 IEPBBIX UCCIIEI0-
BaTeseil rpaccMaHOBa MHOTOOOpa3us IICEBIOEBKJIMIOBA IIPOCTPAHCTBA, B~
nsgerca T. Xanran. Tak»ke BompocaMu PHUMaHOBOM T€OMETPHHU I'PACCMAHO-
BBIX MHOTOOOpa3uii HEM30TPOITHBIX ITOAIIPOCTPAHCTB IICEBI0EBKINIOBA IIPO-
crpancTBa 3annMasica . Maasukac. V3ydenwio BHyTpeHHEl u BHeNTHE
reOMeTpHUHU I'paccMaHOBa MHOroobpasus mnocssineHsl padborsr C. E. Kosito-
Ba u /I. B. Isanosa. B mamnoit pabore OymemM paccMaTpuBaTh KJIACCHI ITO-
BepxHOCTeil mpocTpancTBa MUHKOBCKOrO, KPUBU3HA I'PACCMAHOBA 00pa3a
KOTOPBIX IIPUHUMAECT IKCTPEeMaJIbHbIC 3HAYCHUA.

Ipacemarosvim mrozoobpasuem PG(2,4) npocrpancrBa MUHKOBCKOrO
'R, (c merpukoit ds? = —dx? + da3 + dx3 + dz}) maspBaeTcs MHOKECTBO
IBYMEPHBIX ILJIOCKOCTEH 3TOTrO IPOCTPAHCTBA, MPOXOIAIINX depe3 (PUKCHU-
poBamuyio TOUKy O.

B npocTpancTtBe MUHKOBCKOT'O CYIIIECTBYIOT ILJIOCKOCTH TPeX TUIOB. Turt
IJIOCKOCTHU OIPEJIEIAeTCd Tapoii OPTOrOHAJIBHBIX BEKTOpoB T u §. llmoc-
KOCTb 0 HA3BIBAETCS NPOCMPAHCMEEHH0N0006H0T (COOTB. 8pemeHunodoo-
HOU, WA U30MPONHOU), €CJIU CyNECTBYIOT JIBA OPTOTOHAJBHBIX BEKTOPA
Z,7 € o Takue, uro 2 > 0, > > 0 (coors. 72 <0, 72 >0, wm 72 =0,
7> > 0). Torma rpaccMaHOBO MHOrOO6pa3He IIPEICTABJISCT COOOM I3 D-
IOHKTHOE O0'bE/IMHEHVE TPEX MOAMHOT000pa3nii

PG(2,4) = SPG(2,4) U TPG(2,4) U *PG(2,4).

B pab6ore [5] usyuenbl cBoiicTBa 9TUX IIOIMHOT000pa3uii, BBEIEHA IIaiKast
CTPYKTYPA, MOy YeHbl (POPMYJIBL JJIs BBIYUCJIEHUS CEKIIMOHHOW KPUBU3HBL.

[Iycrs V2 — perynsphast HeH30TPOIIHAS HOBEPXHOCTH IPOCTPAHCTBA, ' Ry.
[TocTaBuM B COOTBETCTBHE KAk [0# TOUKE IIOBEPXHOCTH V2 IJIOCKOCTD, IPO-
XOJIAIYIO depe3 (PUKCUPOBAHHYIO TOUKY IIPOCTPAHCTBA | Ry U mapaJiies-
HYIO0 HOPMAJIbHOM Tj10cKoCcTH N, TOBEpXHOCTH B TOoYKe . Ilomydaum oTob-
pazKkenue moBepxHOCTH V2 B rpaccMaHoBo mogMHOroobpasue © PG (2,4) wm
TPG(2,4). I'pacemarosvim o6pasom I'2 moBepxuoctn V2 HaszpBaoT 06pas
YKA3aHHOTO OTOOPAXKEHWMSI.

1. CTALU/IOHAPHI)IE BHAYEHUA CEKIIMOHHON KPUBU3HBI

B pa6ore [2] FO. Bonr nokazas, 9To CeKIMOHHAsT KPUBU3HA IPACCMAHOBA,
MHOr000pa3ust éBKJIN0BA IPOCTPAHCTBA IPUHUMAET 3HAUEHNS U3 OTPE3KA
[0,2]. B paborax [4] u [1| ucciaeayorcs moBepXHOCTH, st KOTOPHIX KPHU-
BU3HA IPACCMAHOBA MHOTO0OPA3Us BJIOJIb ILIOMIAIOK, KACATEIbHBIX K IPAC-
CMaHOBY 00pa3y MOBEPXHOCTH, IPUHIMAET MUHIMAJIBHOE U MAKCHMAJILHOE
snadenus. V3 paborsl [6] cieyer, 9T0 CEKIMOHHAS KPUBU3HA IIOAMHOIO-
obpasmit ° PG(2,4) mmu T PG(2,4) npocrpamcrsa 'Ry MOxkeT HpuHAMATE
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JioOble JielicTBUTe/IbHbIE 3Hadenus. [lo sToil npuuune Oynem paccMaTpu-
BaTh 3HAYEHUd CEKIIMOHHON KPUBU3HBI B TOYKAX JIOKAJIbHBIX 9KCTPEMYMOB.

IIpu crangapTHOM ILIIOKKEPOBOM IOI'DY?KEHUN YKA3AHHBIX OAMHOT000-
pasuii B IMPOCTPAHCTBO °Rg METPHKA MX TOYEYHBIX OOPAa30B MMEET CHI-

Harypy (— — ++) [5]. JIBymepHble KacaTebHbIE ILIOMAIKA O K KaXKI0-
My U3 MIOAMHOro0o0pasmit 6yaeM 3aaBaTh OMBEKTOPOM 0 C KOOPIMHATAMEA
o = gl rne X = (2 u Y = (3°), a,b = 1,...,4— kacaTenpHble

BeKTOPHI. TOrma CeKIMOHHAsA KPUBU3HA B HAMIPABJIEHUN JTAHHON TLIOIIA KN
oupezensiercs dhopmysioi [6]:

B Rabcdo.abo.cd

K(o) = ,
(@) (GacGvd — Gabged)o®ocd

(1.1)

e Ryped — TEH30D KPUBU3HBIL, & gj — KOMIIOHEHTBI METPHIECKOTO TeH30pa
noaMHOroo6pasuit rpaccmanoBa MHOroobpasus. Popmyna (1.1) mua kax-
noro u3 mommuoroobpasmii ° PG(2,4) u T PG(2,4) umeer Buj
12 342 13 2412
= —(—0 " +o0o +(oc°+o0
K(o) = 1212 (1 2 14; (2 2 ;42 H2°
—(012)? + (019)2 + (o14)? + (0%)% + (024)2 — (03)

KoopauraTs: 0% y10BIeTBOPSIIOT YCIOBHIO

(1.2)

0_120_34 . 0_130_24 + 0_140_23 =0.

Toukn JTOKAJIBHBIX IKCTPEMYMOB HaXOJATCA U3 CUCTEMBI ypaBHeHI/IfI

0K (o)
—_— = O-
ol
B pabore [6] paccMarpuBaauch rpacCMaHOBBI MOJAMHOIOOOpA3Hs HEU30-
TPOIIHBIX IIOANPOCTPAHCTB IICEBIOEBKIINI0BA N-IPOCTPAHCTBA TPOU3BOJIb-
HOT'O MHJIEKCA, HANIEHBI CTAMOHAPHBIC 3HAYCHUS UX CEKIIMOHHON KPUBU3-
HbL. B cay4aae mpocrpancTsa | Ry cTanoHAPHbBIE TOYKH U COOTBETCTBYIOIILHE

SHAYCHUA CCKHI/IOHHOﬁ KPUBU3HBI UMCIOT BUI:

1) o2 =03, 0% = 0! u K(o) =0;
2) 02 =0 =0, 0¥ =0 u K(0)=1;

2. KJIACCHI TTIOBEPXHOCTEN CO CTAILIMOHAPHBIMU 3HAYEHUAMU
CEKIIMOHHO KPUBU3HLI TPACCMAHOBA OBPA3A

Onmmem Te Kiracchl mosepxHocTeit V2 (IIpocTpanCcTBeHHONONOGHBIX W
BPEMEeHHTIONOOHbIX) TPOCTpancTBa LRy, /Ui KOTOPHIX KPHBHU3HA MOIMHO-
roobpasmit °PG(2,4) n TPG(2,4) BIoIb IIOMAIO0K, KACATEIBHLIX K HX
rpaccMaHoBy 06pa3dy I'2, IpHHEMAET CTAIMOHAPHBIE 3HAUCHHUSI.
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Kak u B ciy9ae eBKJIMIOBA IPOCTPAHCTBA [3] MOXKHO MOKa3aTh, 9TO Ka-
caTesIbHbIE BEKTOPBI K IPACCMAHOBY 00pa3y 3allMCHIBAIOTCH B BUJIE

X — < L% . Lh L%2 . L%z >
\/911’ \/911’\/9227 Vv 922 ’
}-,_(L%z b I3 _L;2>
\/911’ \/911’\/9227 V922 ’

rme ij — KO3 UIMMEHTHI BTOPHIX KBAIPATHIHBIX GOPM HOBepxHOCTH V2.
Torma 6uBeKTOp & MMeeT KOOPIUHATHL:

o2 — LhL%z - L%zL% o3 — L%IL%Q - (L%2)2
)
g11 1/ 911922
2 2 2 172
oM — L%2L12 - L%zLu o2 — L%2L12 — Ly L3,
V911922 Vv 911922
1 71 1\2 1 712 1 72
o2 — Ly, L3y — (L12) o34 — LyyL3y — L22L12'

1/ 911922 ’ g22

PaCCMOTpI/IM cnyqaﬁ, KOr'ja CEKIIMOHHaAd KPUBHU3HA IIPDUHUMaET CTalluOHAP-
HO€ 3Ha4Y€HHEe, paBHOE HYJIIO. Nmeer mecTo

Teopema 2.1. ITyemo V2 C 'Ry — peeyaapnasn spemerunodobras nosep-
HOCb € HEBBPOHCOCHHBIM 2paccmanosvim obpasom I'2. Cmavyuonaproe 31a-
uenue Ceruuonnoli Kpueudns nodmmnozoobpasus S PG(2,4) uwu T PG(2,4)
600 110601 Heuzomponnoti naowadku, xacameavnoti k T2, pasno nyao
mozda u Moavko mozda, K020a GoINOAHAIOMCA YCAOBUM:

1) noseprnocms V2 asasemces naockum mruo2006pasuem 6 npocmparcmee
'Ry;

2) noseprrocmv V2 umeem naoCKy0 HOPMAALHYIO CEAZHOCTIL, M.e. e
nepeas u 8mopvie K8adpamuiHve Gopmvl 00HOBPEMEHHO NPUBOOAMCA
% JUaA2OHANDHOMY 6UJY.

JokazareabcTBOo. 110 yciioBHIO TeopeMbl IpaccMaHoB 06pa3 12 HeBbI-
POKIeH, TO €CTh B Ka}K;LOfI €ro TOYKe IIPOCTPaHCTBO KaCaTEJIbHbIX BEKTO-
pos aBymepro. Corstacso [6], B KaxK/10ii TOUKe rpaccMaHOBa MHOIOOOpa3us
CyIIeCTByeT JIByMepHasl KacaTeJlbHas ILIOIAIKa, B HAIPaBJICHUN KOTOPOIi
KPUBHU3HA TPHHAMAET cTaruonapHoe snadenne K (o) = 0. DTa miomaika
3asaerca yenopuamu 024 = —o13 u 012 = ¢34, Tlepsoe ycimoBue samummercs
B BHJIE

LiiLyy — (L1p)* _ L1 L3, — (Ly)?

V911922 v/ 911922
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OTKY/IA CJICIyeT, U4TO IayCcoOBa KPUBHU3HA IIOBEPXHOCTH V2 paBHA HYIIIO, TaK
KaK raycCcoBa KPUBHU3HA BPEMEHUIIOMOOHON IIOBEPXHOCTH BBIYUCIISETCS II0
dopmyite
171 1V2 . 72 72 2 2
_ Ly Loy — (Lyp)™ + L, Lyy — (L)
V911922

K

Bropoe ycimoBue nmeer B,
172 172 172 172
Ly Liy — Ly Ly _ LigLyy — Ly L1y
g11 922

st BpeMeHUuII0100HOM TTOBEPXHOCTH MOXKHO BBIOpATH IapaMeTPU3AITHIO
TaKUM 00pPa3oM, UTO ¢11 = —¢go2. LOTIa PaBEHCTBO

1 72 1 72 _ 71 72 1 72
L11L12 - L12L11 - L22L12 - L12L22

Oo3HavaeT BblmoJHeHue ycioBus AB = BA, rne A, B— MaTpuibl BTOPHIX
KBaIPATUIHBIX (POPM IMOBEPXHOCTH. A 9TO YCIOBUE BBIIESIET [IOBEPXHOCTH
C IIJIOCKO HOPMAaJIbHOU CBA3HOCTBIO.

O6paTHOo, eciu BpeMeHUTIOA00HAsI ITOBEPXHOCTD C IIJIOCKOW HOPMAJIBHOMN
CBSI3HOCTBIO MMEET HYJIEBYIO T'ayCCOBY KPUBU3HY, TO CEKITMOHHAS KPUBU3-
Ha ee TpaccMaHoBa obpas3a pasHa () U 9TO 3HAYEHUE SBJIAETCH CTAIMOHAD-
HbIM. JleficTBUTENBHO, TOCKOJIBKY TOBEPXHOCTH UMEET IJIOCKYI0 HOPMAJIb-
HYIO CBA3HOCTH, TO BTOPBIE KBIPATUYIHBIE (DOPMBI MOXKHO OTHOBPEMEHHO
MIPUBECTH K JIMArOHAJLHOMY BHUJY, T.€. L%Q = L%Q = (0. Torma KoopaMHATHI
OMBEKTOPA 0 3AIUIILYTCA B BUJE
o3 — L} L3, o4 — Ly Ly,

V911922 ’ v 911922 ‘

13 paBencTBa HYJIIO TayCCOBON KPUBU3HBI CJIEIYET, UTO
2 12 _ 171
LY L3y = =Ly Las.

Torma cexmonnas KpuBu3Ha paBHa ) U JTOCTUTAETCI TPU YCIOBUIX

o2 = g3, o2 — _g13,

T.€. dBJIAETCA CTallMOHAPHBIM 3HaAYCHUEM. |

Jangee paccMoTpuM ciyvail, KOrJa CEKIIMOHHAs KPUBU3HA, TPUHUMAET
CcTanmoOHAPHOE 3HadeHue, paBHoe exauuuie. Vimeer mecto

Teopema 2.2. ITyemo V2 C 'Ry — pezysapras noseprrocmo ¢ Heabiposic-
denrvim 2paccmarosvim obpazom I'2. Cmayuonaproe snavenue cexyuorHot
KpueuaHs nodmmrozoobpasus S PG(2, 4) usu T PG(2,4) 6doaw a060ti neuso-
mponnoti naowadku, xacamesvnoti x 2, paero edunuye mozda u mosvko
mozda, K020a No6ePTHOCTL V2 ABAAECMCA 2UNEPNOBEPTHOCTIDIO HEKOTOPO20
mpexmeprozo nodnpoCMpPaHcmea npocmpancmea * Ry.
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Hoxka3zareabcTBo. CoryacHo [6], B KaxK/10if TOYKe rpacCMaHOBa MHOTO-
00pasns CyImecTBYIOT JBE JBYyMEPHbBIE KAaCATeIbHBIC ILIOMAIKA, B HAIIPAB-
JICHMM KasKJOH U3 KOTOPBIX KPUBHU3HA IPUHUMAET CTAIMOHAPHOE 3Hade-
mne K (o) = 1. Tlepsas muomaska 3aqaercsa ycaopuamu o2 = ¢34 = 0 u
02 = ¢!, xoTopble MMeOT BUI

LhL% - L%2L%1 = L%2L32 - L52L%2 =0
LbL%z - L%1L32 = L%QL%2 - L52L%1~
STI/I yCa0oBuA paBHOCUJIBHBI PaABEHCTBaM
Liy _Lip Ly
L}, Ly, L3y
U3 KOTOPBIX CJIEIYET, 9YTO TOYEeUYHAd KOPA3MEPHOCTH IMTOBEPXHOCTHA paBHA 1,

TO €CTh OHA SBJIIETCA TUTIEPIIOBEPXHOCTHIO.
Bropasga miomanka 3amaeTca yCaOBUIME O

L3 L3y — (L,)* = Ly Ly, — (L1y)* =0,
L1y L3y + L3, Lyy = 2L1,L3,.

1B _ 52— 62 = _gU gy

(2.3)

OTHU YCJIOBUsI MOTYT OBITh 3aIlUCAHBI HHAYE, TIOCKOJIBKY OJIHY W3 BTOPBIX
KBaJIPATUIHBIX (DOPM BCETrIa MOYKHO IPUBECTH K JUArOHaJIbHOMY Bry. [1o-
noxum Li, = 0. Torma yemosus (2.3) o3nagaior, 4To Ju6O OJHA U3 BTO-
PBIX KBaJPaTUYIHBIX (POPM TOXKJIECTBEHHO DaBHA HYJIIO, JIMOO OHU UMEOT
sy 11F = Lé‘;du%. B kaxkjoMm u3 31uX CiydaeB KO3MDOUIMEHTH BTOPBIX
KBA/IPATHYHBLIX (POPM CHOBA IIPOHOPIHOHAIBHEI, TO €CTh IOBEPXHOCTL V2
SIBJISIETCS TUTIEPITOBEPXHOCTHIO.

O6paTHO, eCJIl OBEPXHOCTD V2 BKJIA/[BIBAETCS B TPEXMEPHOE IPOCTPAH-
CTBO, TO

Ly _Liy Ly _

Li, L3, I3
riae k— koaddunuent nponoprmonanbrocT. Torga us dopmyssr (1.2)
crenyer, uto K (o) = 1 u 3T0 3HaUeHNe ABIAETCS CTAIMOHADHBIM. O

k,
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O 4-kBa3uIJIaHAPHBIX OTOOpaKEeHUAX
IMOJIyKBATEPHUOHHBIX KeJIEPOBBIX
MHOT000pa3ui

. H. Kypbarosa

Abstract. Earlier we introduces a concept of a semi-quaternion structure on a manifold
with affine connection generated by a couple of almost complex structures. We also
investigated 4-quasiplanar mappings of spaces with semi-quaternion structures under
various conditions of differential character. In the present article we continue study
of 4-quasiplanar mappings of semi-quaternion Kéhlerian spaces. Geometrical objects
being invariant under the considered mappings are constructed. The class of the semi-
quaternion Kahlerian spaces admiting a 4-quasiplanar mapping on a flat space (4-
quasiplane) is allocated. Their tensor sign is received. It is proved that any 4-quasiplane
semi-quaternion Kéhlerian space admits non-trivial 4-quasiplanar mappings (it is an
analog of the theorem of Beltrami in the theory of geodetic mappings of Riemannian
spaces). It is shown that the 4-quasiplane semi-quaternion Kéhlerian space represents
a direct product of two Kéahlerian spaces of constant holomorphic curvature.

Awnnoranus. Panee Mbl BBeIn B pACCMOTpPEHUE TOHSTHE MTOIYKBATEPHUOHHON CTPYK-
TypbI Ha npocTpacTBe adUHHON CBA3HOCTH, MOPOKIEHHON TAPON MOYTH KOMILJIEKC-
HBIX CTPYKTYDP, KOMMYTHDYIOIIUX JIPYr C ApyroM. Mbl TakKe mccieoBan 4-KBasu-
ITaHAPHBIE OTOOPAZKEHUST TPOCTPAHCTB adOUHHOM CBSIZHOCTH C MOy KBATEPHUOHHBIMU
CTPYKTYPaMHM IIPU PA3JIMIHBIX YCJIOBUAX b depeHnuaibHoro xapakrepa. B HacTos-
el cTaTbe MPOJOJIKAETCS U3ydeHrne 4-KBa3UIJIaHAPHBIX OTOOPAYKEHU MOJyKBATED-
HUOHHBIX KEJIEPOBBIX MPOCTPAHCTB. CTPOSTCS TeOMETPUIEeCKUe OOBHEKThI, MHBAPUAHT-
Hble OTHOCHUTEJIHLHO PACCMATPUBAEMbIX OTOOpayKeHUit. Bbllie/IeH Kiace 0JIyKBATEPHE-
OHHBIX KeJIEPOBBIX IPOCTPAHCTB (4-KBa3WIIJIOCKUE), JOIMYCKAIOIMX 4-KBa3HILTaHAPHOE
oTobpazkeHrne Ha IIOCKOoe mpocTpancTBo. llosydyen mx TeH3opHBIHN mpu3Hak. /lokasa-
HO, 4TO JII060€ 4-KBa3UILIOCKOE TI0JIyKBATEPHUOHHOE KEJIEPOBO IIPOCTPAHTBO JOILYCKAET
HeTpUBHAJIbHBIE 4-KBasHIUIAHAPHBIE OTOOparXKeHus (ITO aHaJIor TeopeMbl Beasrpamu B
TEOPUH TEOIE3MIECKNX OTOOPAKEHNI PUMAHOBBIX TIPOCTPAHCTE ). Ilokazano, 9o 4-kBa-
3UIJIOCKOE MOJIyKBATEPHUOHHOE KEJIEPOBO IIPOCTPAHCTBO IMIPEJICTaBIIsIeT coboil mpsiMoe
[IPOU3BEJIEHIE ABYX KEJIEPOBBIX MPOCTPAHCTB MOCTOSTHHON TOJIOMOP(HON KPUBU3HBI.

Knmouesvie caosa: PumaHOBO TPOCTPAaHCTBO, KBAaTEPHUOHHAsS CTPYKTYpa, KEJIEPOBA

CTPYKTypa
VIIK 517.764
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1. BBEAEHUE

B coBpemennoii nuddepernnaabHoil reoOMeTpUY MHTEHCUBHO PA3BUBAET-
¢ Teopusa auddeoMopdu3MoB MHOT00Opas3nii ¢ apOUHOPHBIME CTPYKTY-
paMu Pa3JUIHBIX TUIIOB.

B nacrosimieit crarbe mpogoskaercsa Hadaroe Hamu B [4], [5], [6] wu3y-
venue 4-kBasuitanapabix orobpaxkenuii (4KIIO) nceBao-puMaHOBBIX IPO-
CTPAHCTB C IOJI[yKBATEPHUOHHOU CTPYKTYPOM.

WccienoBanust HOCAT JIOKAJBHBINA XapaKTep U IPOBOJSITCS B KJIacce J10-
CTATOYHO TVIAJKUX (DYHKIIHIA.

Hanomuum, uro noaykeamepruonrot |6] HasbiBaeTcsi CTPyKTypa, KOTO-
pasi [OPOXKJIAETCsI MApOil MOYTH KOMILIEKCHBIX CTPYKTYD [3|, KoMMyTupy-
omux Mexk iy coboii. COOTBETCTBEHHO, NOYMU NOAYKEAMEPHUOHHIM Ha-
3BIBAETCS TICEBIIO-PUMAHOBO IMPOCTPAHCTBO V;, C 33 JaHHBIMU HA HEM IOYTH

1 2
KOMILIEKCHBIMU CTPpYKTypamu F' u F'| KOTOpble HapsIy C
1 1 2 2
F{Fq = =57, FYFG = =0} (1.1)

YAOBJIETBOPAIOT YCJIOBUAM

1 2h 2 1h
FOF! = poph, (1.2)

Orcioma ciemyer, YTO TEH30D
3 12
h _ paph
Fi =FiF,,

oupeessier Ha V,, CTPyKTypy HOYTH pOu3BeieHust [7]

3 3
FeFh = g, (1.3)

CBsi3b MEXKILY ]}—’, }27’, ]ii uMeeT BUL:
FoFh = PRl =
Foph = poph - _ph
Foph = PRl = _ph,

1 2
Mpr monaraem, aro adpdunopst F', F') Ha V), onpeneisior moYTH SPMUTOBY

cTpykTypy [3], TO ecTh

2 1 1 2

1 2 2
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U3 (1.4) cnemyer, aro
3 3 3 3
Fy=Fy, Fij = giaF?. (1.6)
Kak 00bI1HO, 11011 Ke4ep060T CTPYKTYPOii Oy/1eM HOHUMATh HOJIyKBaTep-
HUOHHYIO CTPYKTYPY Ha Vj,, s KOTOPOii

S
F!;=0, s=1,2.3.

Snech <, > —3HaK KOBapUAHTHON IIPOU3BOIHON B Vj,.
Paccmorpum (1iceBio-)pumanossl npocrpanctsa (Vy,, gij) u (Vn,gij) c
S
HOJIYKBATEPHUOHHBIMY KeJIEPOBBIME CTPYKTYDAMU f*i , F, s=1,2,3, naxo-
mammecst B 4KI1O, coxpansromem cTpykTypy. Torma B obIeit mo orobpa-
JKeHmio cucteme Koopauaar (') mpm yemosuax (1.1)-(1.6) mMeror mecto
COOTHOIIEHUS

3
—h S S
Lji(w) = FZ(JU) + Zq(i(x)F?) (z), (1.7)
s=0
riae
o 3 1 2 S S
F?:d?’ F?:F?ng F?(a:):Ff(:L‘),
S S
F!' =0, F%:Q s=1,2,3, (1.8)

rue 51(:1:) — HEKOTOPbIE KOBEKTODBI; (-, +) 03HAYAET OHEPAIUIO CUMMETPHPO-
BaHUA 110 COOTBETCTBYIOIIUM UHAEKCAM; <, >, <|> — 3HAKU KOBapUAHTHOU
MIPOU3BOIHON B V,, 1 Vm COOTBETCTBEHHO.

Hazosem 4-xsasunaanaproti auHuei#l KpUBYIO L I0IyKBaTEPHUOHHOIO

S
upocrpancTsa (Vy,, gij, F'), 3amanmyio B mapaMeTpudecKoii hopme

" =a2"t), h=1,2,...n,

BJIOJIb KOTOPOil bymkimu \' = % VIOBJIETBOPSIOT JIuddepeHInaIbHbIM
ypaBHEHUIM
d)‘h(t) h a B « & S S
o Dag () A (DA (1) = A > alt)Fh,

s=0

e 5(t) — HEKOTOPbIe (DYHKINU TapaMerpa t.

DTH KpUBBIE TPEICTABIAIOT COOON AHAJOr TEOJE3MIECKUX JIMHUNA IIPO-
cTpancTB adpPUHHON CBAZHOCTH W AHAJUTUYECKHU IJIAHAPHBIX KPUBBIX TIO-
9T KOMIUIEKCHBIX MHOroobpasuit 7], [2].

S

ITokazkeM, 410 0Opa30M Kazk10ii reogesmdeckoit B (Vy, gi;, F') npu 4KIIO
S

apserca 4-xpasurtanapuas kpusas B (Vy, g5, F).
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Fecmn L —reone3nyeckas B V), ¢ mapaMeTpuiecKUMU ypPaBHEHUSIMUI
P =2t), h=1,2,...n,
h dz"
TO BJIOJIb Hee A\ = €7 yJIOBJIETBOPAIOT ypaBHEHUIM

h
P Ty N () = pOX ().

B o6meit mo 4KIIO cucreme xoopauuar (x') Kpusasi L mpocrpaHcTBa
Vo, gaBagiomasgcsa obpa3oM KpUBOM L, OmpeaessieTcss TeMH Ke ITapaMeT-
pudeckuMu ypasuernuamu " = 2(t), h = 1,2,...n, a cooTBeTCTByIOMIHE
TOYKH 9TUX KPUBBIX UMEIOT OJMHAKOBbIE 3HadeHus mapamerpa t. [Ipu stom

. h
ecm B nuddepeHnuaibabie ypaBHenus reojesudeckoit L noncrasuts I'y 3

u3 (1.7), To oHM TPUMYT BUJ

h 3
dfﬁyj-%Iﬁﬁ(x)Aaa)Aﬂ(w =Y Gt Ft,

TO ecTh L Oyner 4-KBa3uIIaHADHOH B V.

AHaJIOrMYHO MPOBEPSIETCSI, IYTO AHAJUTUIECKH IIJIAHAPHBIE U 4-KBa3UILIa-
Hapuble Kpusble V, npu 4KI1O Takxke mepexondar B 4-KBas3uIlJIaHAPHBIE JIU-
V.

B [6] MbI mokazamu, 9TO U3 3aBUCHMOCTHU MEXK]y KOBAPUAHTHBIMU IIPO-

S —_
mssogubivu F' B V,, u V, ¢ yuerom (1.1)-(1.8) caemyer, aro

o 1 L, 2 2 3 3
4 = 4o = 4o F5 = 4,1 (1.9)
3
upu FS # +n.
3 3
Ormernm, uro F'$ = £n coorsercrsyer F f = :|:5f-‘ ", CJeJI0BATEJIHHO,

1 2
h _ h
F} = £F}, To ecTb B 9TOM CJIydae HOJyKBaTePHUOHHAA KeJIepOBa CTPYK-

Typa BBIPOKJIAETCH B KJIACCHYECKYIO KeJIepoBy [3].

2. CBOVICTBA MHOJIYKBATEPHUOHHBIX KEJIEPOBBIX [IPOCTPAHCTB

2.1. Bauay KOBapHaHTHOT'O ITOCTOSHCTBA CTPYKTYPHBIX adPUHOPOB B II0-

S
JIyKBaTe€PHIOHHOM KejiepoBoM mpoctpanctse (Vi,, gij, F i‘) UMeIOT MeCTO pa-

BCHCTBa:
S

Filjy =0,

OTKyJa ¢ yderoM ToxkjaecrtBa Puauam u (1.1)-(1.5) mosywarorcst coiicTsa
Ten30poB Pumana u Puaum:
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1 1 1 1

Rk Fy, = —Rpaji F5, R.iFj = —Rpo F, (2.10)
2 2 2 2

Raiij% = —Rhaij?, RaiF% = —RhaF?, (211)
3 3 3 3

Raiij% = Rhaijia, RaiF% = RhQF?. (212)

3 3
2.2. Tlockombky F fj = 0, adbdunopras crpykrypa F! unrerpupyewma [7],
TaK ITO B PACCMATPUBAEMOIl OKPECTHOCTH MOXKHO BBIOPATH CHCTEMY KOOD-

3
JIMHAT, HA3bIBAEMYIO adanmuposanhot (K adbduHOpy), B KOTOPOii F ? pu-
BOJIUTCS K BUJTY:

3 E, 0
(F}) = < o _g > (2.13)
TO €CTb

3 3

3 3
;=05 Fg =67, Fit = F% =0, (2.14)

g a,b=1,2,....m, A B=m+1m+2,...,n.
B gacrHOCTH,

3
Fo =2m —n. (2.15)

B [6] MBI mokazamu, 9TO KeJIepoBO IMOJYKBATEPHUOHHOE MTPOCTPAHCTBO

S
(Vs gij, F') mipusomivo, u bopmyter (1.4)-(1.6), sanmcanmbie B agantupo-

3
BaHHOH K F f cucTeMe KOOPJAWHAT, JAal0T HaM

Jab = Jab(x°), 94 = gap(2©), gaB(x) =0, (2.16)
1 1 2 2
F% =F} =0, b =Fy =0, 017
2 1 . 2 , L, N (2.17)
Fb = —F = bs F = F - F B
npudeMm
FIFy = =6y, Jacky = —gucFy, FISC:O’
FAFS = —64, 9acF§ = —gpoF§, Ffo=0.

DT0 03HATAET, YTO [TOJIYKBATEPHUOHHOE KEJIEPOBO IIPOCTPAHCTBO V;, Ipe-
craBiigeT coboit mpamoe mpoussenenne V, = V,, X V,,_,,, T/1e TpoCTpaHCTBO
(Vin (%), gap(x€)) sBIISIETCST OOBIMHBIM KEJIEPOBBIM OTHOCUTEIBHO adduHOpa

1
F¢(x°), a mpoctpanctso (Vi,—m(24), ga5(2%)), coorBercrBento, o6brambM

1
KeJIEPOBBIM OTHOCUTELHO addunopa F ﬁ(wc).
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3. 'EOMETPUYECKUE OBbEKTHI, UHBAPUAHTHLIE OTHOCUTEJILHO
4KIIO MMOJTYKBATEPHUOHHBIX KEJIEPOBBIX ITPOCTPAHCTB

3.1. PaccMoTpuM mOTyKBaTEPHUOHHDBIE KEJIEPOBBI ITPOCTPAHCTBA
s — s
(VnagijaF)a (Vn7§z]7F)7 82172)37
naxonsiuecss B 4KIIO, coxpaHsiomeM cTpykTypy. llpu srom mnosnaraem,
4r0 Hapsay ¢ (1.1)-(1.6) B V,, Bemousnsitorcst anagornguste (1.5), (1.6) pa-
BEHCTBA

1 1 2 2
Fij = _Fjiv ij — —szw
1 1 2 2
Fij - ng?v Fij - giaF?7
3 3 3 3
Fij=Fy, Fij =i F5.
CeeproiBanue ocHoBHbIX ypasuenuit 4KIIO (1.7) mo ungekcam i, j ¢ yue-

tom (1.4), (1.9) maer nam
2(m +2)q; =Ty — T2, (3.18)

Orcroma ciemyer, 9TO BEKTOD (i rpaJeHTe .
Hasee, BBumy (3.18) ypasuenns (1.7) MOXKHO IpeCTaBUTH B (hopMe

—h
Tij = ﬂ}a
e
1
h _ 1h Bh

T =13— mfﬁa% ; (3.19)
1.1 2. 2 3. 3

W= 6r8l — FYF) — FiF) + FIF). (3.20)

—h J—
AHAJIOrMYHO 3aIMCHIBAIOTCA KOMIOHEHTBL 175 B V.

3.2. Ha ocuoBanuu (1.7) 3aBHCHMOCTH MeK/ly KOMIIOHEHTAMHU TEH30POB
Prumana momyKBaTepHIOHHBIX KeJI€POBBIX IPOCTPAHCTB

S S

(angijaF)) (VTL7§Z]7F)7

naxonsmuxca B 4KI1O, umeer Bu;

Ry = thjk: + Qa[jQ;(Cf)a (3.21)
rue
Gij = 0y — Qa5 Q5 (3.22)

[-, -] 0bO3HAYEHO AaJIbTEPHUPOBAHKE IO COOTBETCTBYIOIIMM WHJIEKCAM.

o
W3 rpaiueHTHOCTH ¢; OYEBUIHO, UITO G;j = jj.
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CaeproiBanue (3.21) mo ungekcam h, k gaer Ham

_ 3
Rij = Rij+ (n+4)q; — 2qa5Q%B +(2m — n)qaiF?. (3.23)

o]
OTcioza ¢ y9eToM I'paJJieHTHOCTH ¢; HaXOJIUM, 9TO

3a 3a
QOéiFj = QOajFi

U, CJICJOBATEILHO,
3a 35 la 15 204 25
qap k' Fj = qij, qop ks Fj = qugF; Fj. (3.24)

Teneps (3.23) npuHEMAIOT BHU

_ 1 1 3
Rij = Rij + nqij + 40 FYF) + (2m — n)qoiF'S. (3.25)

11,
Beranras u3 (3.25) pesysibrar ux cBepreiBanus ¢ F F { 110 MHJEKCaM 4, 7,

IIOJIy9IrUM

L1y 3 2 1,
(n—4)(qij — qupF; Fj) +(2m—n)(qa]—Fi + qopF; Fj> =0.

3.
Ananornuano, ckiapBag (3.25), cBepHyThle ¢ F) 10 HHIEKCY %, C PE3yIlb-

2 1,
TaToM cBeprbiBanus (3.25) ¢ F F) 1o unuekcaM i, j, nMeeM

L1y 3 2 1,
(2m—n)<qij —anFZ‘-"Fj> +(n—4)(qa]’F?+Qa5Ff‘F]~) =0.

s ABYX IIOCJIEIHUX PaBE€HCTB, COOTBETCTBEHHO, HaXOJUM

11 5 2 1,
Qij = qapli Fj, Qoj Iy = —qapFi F, (3.26)

npu m #* 2,n —m # 2.
Haxkomer, (3.25) ¢ ygerom (3.26) mator nam
_ 3
(Raj — Raj) ((n +4)65 — (2m — n)Ff‘) =4(m+2)(n —m + 2)g;;.

Ha ocHoBaHHM MHOJIy9eHHBIX COOTHOIIEHHUi (3.21) MOXKHO IIpeICTaBUTH B
dopme

—h
Tz'jk:ﬂ}k,
rie
~ ~ 1.1 2.2
h h ho h o h o
,Tijk = Rijk - Ra[ij}i - 2Rak (Fl F]’ - F,L Fj ), (327)
R L R 4)5% — (2 o 3.98
= T DD o (R4 )07 = @m—m)F)  (3.28)

upu m # 2,n —m # 2.
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= =h
AHAJIOrHYHBIM 00Pa30M IIPEACTABIAIOTCI B V,, KOMIIOHEHTHI Tijk'
Hamu nmokaszana

Teopema 3.3. Teomempuueckue obsexmu (3.19) u (3.27) unsapuarmmol
ommnocumenvro 4KI1O noayksamepHuoHHbT KeAePOBbIT NPOCMPAHCMSE.

O6bekT (3.19) HOCHT HETEH30PHBIH XapaKTep U SBJISETCS AHAJIOTOM H3-
BEeCTHBIX IapamMeTpoB Tomaca B TeOpHUU Te0Ie3ndecKux OTOOpParKeHU pu-
MaHOBBIX IIPOCTPAHCTB |7].

Ero coxpanenne HeoOXOaMMO U JOCTATOYHO AJIsT TOTO, YTOOBI OTOOparke-
HUE MEXK/Iy MOJIyKBATEPHUOHHBIMUA KEJIEPOBBIMU IPOCTPAHCTBAME ObLIO 4-
KBa3UILIAHADHBIM.

O6mbekT (3.27) — anasor Tensopa Beiisiss B Teopuu reoe3nveckux 0roo-
paxkenuii [7| u TeH3opa rosloMOpPhHO-IIPOEKTUBHON KPUBU3HBI B TEOPUH
H P-orobpazkeHnil KeJepoBbIX IIPOCTPAHCTB [1].

Coxpanenne obbekTa (3.27) — juinb HEOOXOIUMOE YCJIOBUE JJisi TOTO,
9T00BI paccMaTpUBaeMoe 0TOOparkeHne ObLIO 4-KBa3UTLIaHAPHBIM.

4. 4-KBABUIIJIOCKUE TTIOJIYKBATEPHUOHHHKIE KEJIEPOBBI
ITPOCTPAHCTBA.

4.1. Bynem Ha3bIBATH MOJIYKBATEPHUOHHBIE KEJIEPOBBI TPOCTPAHCTBA, JI0-

nyckatorue 4KII1O Ha mrockoe npocTpancTBo, 4-k6a3unsockumu. Paccymor-
S

pum 4KIIO mosmyksarepHnonHOro kejeposa mpocrpanctsa (V, gij, F') Ha

= —h =h
mwiockoe Vo, = Ep. Torpa us R;j;, = 0 cuenyer Ty, = Tgk, = 0 u, 3HAYUT,

(327) IIPpUHUMAIOT BUI:
Rh = R,;Q" + 2R Flhpo _ pho 4.29
ijk alj k)i ak 14y i) ( . )

Omyckast 371eck uHzekc h B V,, u cBepThiBas pe3yabTar ¢ ¢Y 1Mo mHIEKCaM
i,7, ¢ yaerom (3.28) mosryuaem:

3
4(n — m?* + mn) Ry, + 4(2m — n) Rap F§ —

- <(n + )R- (2m— n)R) Pt
+ ((2m - )R — (n+ DR) g =0, (430)

3 3
rae R = RS — ckansapras KpuBusHa Vy, u R = RgF ﬁ
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3
Uckimouas u3 (4.30) u pe3ysbrara UX CBEPTHIBAHUS C Flh 10 UHIEKCY h

3
ciaraemoe R F'y, HaxoauM:

dm(n —m) Ry, = (nR —(2m — n)]%) Ihk — ((2m —n)R— n]i’,) FS’hk. (4.31)

IIpomuddepeniupyem 310 paBeHCTBO KOBAPUAHTHO II0 zt:

3
4m(n — m)th’l = (nva — (2m — n)R l)ghk_

)

3 3
—((2m —n)R; —nR))F},;,. (4.32)

3
CpaBHuBas pesy/nTarT moodepeanoro csepremanua (4.32) ¢ g™ u FM no

3 3
ungexkcam h, [, obnapyzxusaem, 4to Ry = 0u R; = 0, To ectb R u R—
KOHCTAHTBL.
YunTeiBas BblmeckazanHoe, u3 (4.31) u (3.28) norydaem

~ 3 3\ 3
R = (01 R— CQR) I — (CQR - ClR) P (4.33)
rie
o n? +2n + 2m? — 2mn
YT 8m(n —m)(m+2)(n—m+2)
(2m —n)(n + 2)
Cs

~ 8m(n—m)(m+2)(n—m+2)
— KOHCTAHTBI TP M # 2, n — m # 2.
Hamu noxaszana

Teopema 4.2. Tensop Pumana 4-x6a3unsocko20 noAyKeaMEPHUOHHO20 Ke-
S
seposa npocmparcmea (Vy, gij, F) no neobrodumocmu umeem cmpyxmypy

~ ~ 1,1 2. 2
Rl = Ro Qi + 2R (F?F;-" - F?F;“),

ij

- 3 3\ 3
th = (ClR — CQR)ghk - (CQR — ClR) Fhk:

2de

n? + 2n + 2m? — 2mn

8m(n —m)(m+2)(n —m+2)’

B (2m —n)(n + 2)

~ 8m(n—m)(m+2)(n—m+2)

— KoHcmaHmuL npu m £ 2, n —m # 2.

Ch =

Cy
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4.3. Ecmu V,, — 4-KBa3uIJIOCKOE TOTYKBATEPHUOHHOE IIPOCTPAHCTBO, TO, B
COOTBETCTBHHM C TeopeMoii 4.2, ero Tenzop Pumana nmeer crpykrypy (4.29),
(4.33). IToxcraBiisst 9STH COOTHONIEHU: B BhIpazkenue (3.27) s TZ’]‘k, HOJTy-
qaeM 49To B V,, UMeeT MecTo Tl};k =0.
S
ITycrp mosykBaTepHHOHHOE KesiepoBo mpocrpanctBo (Vi, gij, F') mormyc-
S

kaer 4KTIO ma 4-kBasumiockoe moyKBaTePHHORHOE KeepoBo (V iy, g;;, F).
Torma B V,, Tensop Pumana nMeer cTpyKTypy, yKasamnyio B (4.29), (4.33)
=h h =h
u, ciaenosarenbno, Ty = 0. B cuny wasapuanraoctn, T, = Ty = 0B
V,. Orciona, B cBoo ouepesb, Bbitekaor (4.29), (4.33).
TakuMm 06pa3oM, CrpaBeIInBa

Teopema 4.4. Ecau noaykeamephuorhoe KeAEPO8O NPOCMPAHCIMEO

S

(Vna 9ij, F)

donycraem 4KIIO 1a 4-K6a3Unaockoe NoOAYKEAMEPHUOHHOE KEAEPOBO

S

(Vna ?z]? F)7
mo mensop Pumana Vy, no neobrodumocmu ydosaemsopaem (4.29), (4.33).

Dra TeopeMa 10 CyTH TOBOPHUT O TOM, UTO KJIACC ITOJIyKBATEPHIOHHBIX Ke-
JIEPOBBIX IPOCTPAHCTB, TeH30p Pumana koropbix mmeer crpykrypy (4.29),
(4.33), samxuyT orHOCHTEIbHO 4KITO.

4.5. EcrecTBeHHO BOZHUKAET BOIIPOC O TOM, JOIYCKAET JIU MOJyKBATEPHU-
OHHOE KeJIEPOBO IIPOCTPAHCTBO Vj,, B KOTOpOoM uMmeroT mecto (4.29),(4.33),
merpuBnajabaoe 4KITO.
[Ipemmonoxkum, 910 4-KBa3UILJIOCKOE MOy KBATEPHUOHHOE KEJIEPOBO PO~
S

crpanctBo (V},, gij, F') Ham 3amano. Ecin cymecTByer mo/lyKBaTepHHOHHOE
KeJIepOBO OTHOCHUTEJILHO TOi ke adPUHOPHON CTPYKTYPbI IIPOCTPAHCTBO
V' ¢ METPHYECKEM TEH30POM §;; (), Ha KOTOPOe MPOCTPAHCTEO Vi, 1oImyc-

[e]
kaer 4KIIO coorBercrByIomee BekTopy ¢; 7 0, TO, BBUIY NHBAPUAHTHOCTH

Tz‘};‘k’ uMeeM Tz};k = T?jk = 0. Torma nocse cseprbiBanus (3.27) wo h, k
BBuy (3.22), (4.31), (4.33) cremyer, uTo
5 ; ;
) o o a _ =
4;; — qQQﬁQij = (Tlgij —T19i5) + (TZFz‘j - TQFz'j)v (4.34)

rae ri,72,7r1, "2 — HEKOTOPbIE KOHCTAHTHI.
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Haiee, BBy (1.1)-(1.6), (1.8) u (1.9) ocuosusbre ypasuenns 4KITO (1.7)
MOZKHO IIPEJICTABATH B 9KBUBAJICHTHON popMe:

_ o o 3 3 o _
Gijk = 29k9ij + 20, FF Fij + qagﬁng’?). (4.35)
CoBokynrocTb ypasuenuii (4.34), (4.35) obpasyer cucremy Ko B KO-
BapUAHTHBIX TPOM3BOJIHBIX MEPBOTO TOps/Ka B V,, oTHOCHTENBHO g, () 1

ék. Kponme 31oro B V,, MBI TaK¥Ke JI0JZKHBI TPeOOBATE BBINOHEHNS YCIOBHI
— la — la
giaFj +gjan' =0,
2 2
giaFjo'é + gjaF? =0, (4.36)
— 3a — 3a
giaFj _gjaFi =0.

Uccnenyem cvemannyio cucremy (4.34), (4.35), (4.36) B V,,. 3amerum,
S

YTO IPU STUX YCJIOBHAX B V, aBTOMATHYECKH ciemyer F };‘l = 0. Cyme-
CTBOBaHUeE peIHeHI/IH

— — . o]

9:i(z) =9, (), (det ||g;;1| # 0), qx(w) # 0 (4.37)

cucremsbl ypasuenuit (4.34), (4.35), (4.36) B 4-KBa3UILIOCKOM IOJIyKBAaTED-
HUOHHOM KeJIEPOBOM IIPOCTPAHCTBE V;, HEOOXOAUMO U JOCTATOYHO, ITOOBI
910 npocTpancTso goiryckaao 4KII0.

Yenosust uaTerpupyemoctu (4.34) u (4.35) umeror Bui;

Ao Rk — qa,kqﬁQ?jﬁ - qaqﬁ,kQ?jﬁ -
o o o O . — — 3
- q%quQf‘kﬂ + qan,jQ?;f = Yaljk <7’15? + 7"2F?)a

] o 3 3
i ik + Gia i = 29i5,0dn + 200,17 Fij+

3 3 o o B .
2 G 1 F o + qa,[zgkw%?) - qagmk,nQ?z’f)

Bsuny (4.29), (4.33), (4.34), (4.35), 9Tu yCI0BHUS HHTETPUPYEMOCTH BbIIIOJI-
HSIFOTCSI TOXKJIECTBEHHO.

Huddepennupyst koapuantao B V,, (4.36) u ucnonnsys (4.35), yoex-
JaeMcst, 9To repsoe JuddepenimanibHoe IpojosrKerne yeaosuil (4.37) Bbl-
IIOJIHAETCA.

W3 BoImeckazanuoro u u3 reopun quddepeHIma bHbIX yPABHEHUH Cie-
JyeT, 4To CMellaHHas cucreMa ypasuenuit (4.34), (4.35), (4.36) umeer B 4-
KBA3UIJIOCKOM IOJIyKBATEPHUOHHOM KEeJIEPOBOM IIPOCTPAHCTBE V,, pelenue
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TS JTIOOBIX HAYAIbHBIX 3HAYEHUSAX MCKOMBIX dynkuumii (4.37), yaoBieTBo-
psornux B Touke My ycaoBusam (4.36).
HNrax, namu mokasana

Teopema 4.6. Joboe 4-x6a3uni0CKOE NOAYKBATMEPHUOHHOE KEAEPOBO NPO-
cmpancmso donycraem nempusuasvhoe 4KII0.

JlBe mocsiesiHIE TEOPEMBI TIPEJICTABISIOT cODOU aHajor Teopembl bejb-
TpaM# B TEOPUU T'€OIE3NIECKAX OTOOPAKEHUI PUMAHOBBIX ITPOCTPAHCTB.
5. CTPOEHUE 4-KBA3UIIJIOCKHUX ITOJIYKBATEPHUOHHBIX KEJEPOBBIX

ITPOCTPAHCTB

Paccvorpum Ternzop Pumana 4-KBa3uIIoCKOro mOIyKBaATEPHUOHHOTO Ke-
JIEpOBa MPOCTPAHCTBA

Rl = Ropy QU + 2R (ﬁﬁ’y . 1%?1%;*),
~ 3 3\ 3
By = (C1R = Cot) g — (CoR = C1R) Py

3
B ajlantupoBanuoit Kk addunopy F cucreme koopmuuar. Torna, Kak yka-
3BIBAJIOCh paHee, MMeeM

3 E 0
hy __ m
(Py)_'< 0 _E%—m,>’

e = 5, 4 = a3, P =y =0,
Gab = Jab(T), gas = gap(z%), gaB(z) =0,
ﬁaBzﬁfzo, 2%:13;;‘:0,
ﬁg:—ﬁaz @ f%A:ﬁA:FA,
FEFy = =6y, Yacky = —gueFy, Fy. =0,
FGFf = =63, gacF§ = —gpcFY, Fio=0,

riea,b=1,2,... m, A A B=m+1,m+2,...,n.
VaureiBasg Bce 310, ipu h = a,71 = b, j = ¢, k = d nmosryamm, 910

11 11
Rieq = Cs (5flcgd]b + Fi . F g, + QF?ch>7 (5.38)
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anpu h=A,i=B,j=C,k=D—uro

Raop = Cu( 64 FoF QA 5.39
Bop = Cal\Ojc9p1B + Fi By +2FBF ), (5.39)

rae Cy, Cy — HeKoTopble KOHCTAHTHI. OcTaIbHbIe KOMIIOHEHTHI TeH30pa Pu-
MaHa paBHBI HYJIIO.

Coornomienus (5.38) CBUIETEIBCTBYIOT O TOM, UTO KOMIIOHEHTa V},, TIpeJI-
CTaBJIsIET CODOM KJTACCUIECKOE KEeJIEPOBO IMMPOCTPAHCTBO MMOCTOSAHHON TOJI0-

1
MopbHOii KpuBu3HbI 1] orHOCHTEMBHO addunopa Fi(x°).
Awnanornano (5.39) TOBOPUT O TOM, YTO KOMIIOHEHTA, V;,_y, TIPEJICTABIISI-
eT coboll KITaCCIeCKoe KeJIePOBO IIPOCTPAHCTBO MOCTOSTHHON roJI0MOpdOHOM
1

KPUBH3HBI OTHOCHTENbHO adbdumopa F (z¢).
Hamu noxazana

Teopema 5.1. 4-x6a3unaockoe NOAYKSAMEPHUOHHOE KEAEPOBO NPOCTNPAH-

s

cMmeo (Vn,gij(xl),F(xZ)) ecmob npamoe npouseedenue Vi, = Vi X Vi,
1

20e (Vm(x“),gab(:cc),Fg(xc)) ABNALNCA KENEPOBHIM OMHOCUMENOHO af-

1
dpunopa Fi(x) npocmparcmeom nocmosnnoti 2040mMopPHoti Kpueusmst, a

1
(Vn_m(a;A),gAB(mc),Ff(mc)) — CO0OMBEMCMBEHHO, KEAEPOGHIM OMHOCU-

1
meavHo appurnopa F g(xc) NPOCNPAHCTNEOM NOCMOAHHOT 20A0MOPPHOT
KPUBUHDL.

6. 3AKJIIOYEHUE

B nacrosimieit crarbe MbI peraeM 3aJadu, TPAJIUIMOHHBIE I JIFOOOro
THUIIA OTOOpaXKeHui apPUHHOCBAZHBIX ¥ PUMAHOBBIX ITIPOCTPAHCTB, 8 NMEH-
HO, TIOCTPOEHUE TE€OMETPUIECKUX OOBEKTOB, NHBAPUAHTHBIX OTHOCUTEJIHHO
PACCMATPUBAEMBIX OTOOPasKEHMI, 1 HAXOXKICHIE KJIACCOB TPOCTPAHCTB, UX
JTOTIYCKATOTIINX.

Mpu1 mocTpousin TeOMeTpUIecKre OObLEKThI, NHBAPUAHTHBIE OTHOCUTETh-
HO 4-KBa3UIIIAHAPHBIX OTOOPAYKEHUH TIOJTyKBATEPHUOHHBIX KEJIEPOBBIX TTPO-
CTPAHCTB.

Opme U3 HUX TZZL HOCHUT HETEH30DHBI XapakTep (TUIIa IPOEKTUBHBIX I1a-
pameTpoB Tomaca B TEOPUU Ne0Ie3UIECKUX OTOOparKeHIil pUMAHOBBIX IIPO-
CTPAHCTB), B Y€M COCTOMT HeyJ00cTBO ero npumeHenusi. Coxpanenue 31o-
o O6'beKTa ABJIAETCA HeO6XOI[I/IMI)IM " JOCTATOYHBIM YCJIOBUEM TOT'O, 9TO-
OB 0TOOpaYKEHNE OTHOTO TOJYKBATEPHUOHHOTO KEJIePOBa TPOCTPAHCTBA, HA
apyroe ObLIO 4-KBA3UIIAHAPHBIM.
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Ipyroit 06bekT Tl}]‘ ; — TEH30pHbIii (TuIa TeHsopa Beiina B Teopuu reose-
3UYECKUX OTOOPAXKEHUN PUMAHOBBIX TPOCTPAHCTB WK TEH30Pa ToJI0MOpd-
HO MPOEKTUBHON KPUBU3HBI B TEOPHUH T'OJIOMOPMOHO-IIPOEKTUBHBIX O0TOOpa-
JKEHWII KeJIEPOBBIX MPOCTPaHCTB). Ero coxpanenue siByisiercs JMIb HEOOXO-
JMMBIM YCJIOBUEM TOTO, YTOOBI COOTBETCTBUE MEXKJy JIBYMs IIOJIyKBaTeD-
HUOHHBIMU KEJIEPOBBIMU [IPOCTPAHCTBAMU ObLIO 4-KBa3UILIAHAPHBIM.

Mpbl BbLJIESINIIA KJIACC IPOCTPAHCTB, HA3BAHHBIX 4-K6a3UNAOCKUMU, KO-
TOpBIE JIONYCKAIOT 4-KBa3WUILIAHAPHOE 0TOOparKeHre Ha IJIOCKOEe IIPOCTPAH-
crBO. C moMoIIbi0 00beKTa TZ}JL i TOJIyI€H BHYTPEHHUI TEH30PHBIN TPU3HAK
3TUX MPOCTPAHCTB U JOKA3AHO, ITO JII000e 4-KBA3UILJIOCKOE IIPOCTPAHCTBO
JOIyCKaeT HeTPUBHUAJIbHBIE 4-KBa3UIIJIaHAPHBIE OTOOpAYKEeHUs Ha, ApyTHe 4-
KBa3UILUIOCKUE IIPOCTPAHCTBA (3TO aHasor TeopeMbl BesabrpaMu u3 Teopun
reojIe3nIecKuX 0TOOPaKeHUH PUMAHOBBIX [IPOCTPAHCTB).

ITokazano, 4To 4-KBa3UIIOCKOE IIPOCTPAHCTBO MIPEJICTABIISET COOOIO IIPS-
MO€ MPOU3BEIEHNE IBYX KEJEPOBBIX MPOCTPAHCTB MOCTOSHHON T010MOpPQh-
HOIl KPUBU3HEL.
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