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Abstract

Purpose. The study of stress distribution within an elastic semi-infinite material under the action of an external loading is
of great importance in the theory of elasticity. In most cases, the lack of knowledge about the stress distribution within a mate-
rial can result in incomplete and inappropriate engineering designs, leading to unsatisfactory consequences. The latter include
cracks and fractures, created inside the concrete segmental lining in TBM tunneling, as well as indentations that occur in floors
due to the lack of pillar design not only in underground mining, but even in civil projects. This study focuses on the one-
dimensional and two-dimensional internal stress distribution induced by arbitrary rectangular—square loading, in other words,
that applied to an elastic semi-infinite material.

Methods. Firstly, this paper uses an analytical method and, subsequently, a numerical method. In the analytical study, the
point load equations of Boussinesq and Westergaard are used. Extending these equations to the rectangular loading area, four
new equations are introduced. Using the Abaqus finite element software, the numerical study is performed in 3D space.

Findings. The results show that the answers from the introduced equations are in high consistency with numerical ones.
However, the result of the extended Boussinesq point load equation is closer to the answer obtained by the numerical method.

Originality. Four new equations, presented in this paper, describe one-dimensional and two-dimensional stress distribution.

Practical implications. The presented equations can provide a simple and convenient way to solve rectangular load prob-
lems in many cases such as foundation, civil and mining projects. This study uses initial information on specific segments in

the Tabriz Metro line-2 Project.
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Nomenclature

fc — 28-day uniaxial compressive strength of the concrete
segment;

Ec — Young’s modulus of concrete segment;

ve — the Poisson ratio of the concrete segment;

pc — the density of the concrete segment;

fr — Rupture modulus of concrete segment;

fi — Tensile strength of concrete segment;

c1, C2 — coefficients depended on the concrete;

0 — crack instantaneous opening in the concrete;

do — crack ultimate opening in the concrete;

ne — the coefficient depended on the vc;

X, Y, z — global coordinates;

Xi, ¥i, Zi — local coordinates;

X, Y —the difference between global and local coordinates;

1. Introduction

It is well understood that any type of loading on a medium
lead to the distribution of stress inside it. Knowledge of this

P, — the point load applied to the center of the loading area
considering the global coordinates;

Pi —the point load applied to any point of the loading area
considering the local coordinates;

o0 — the stress created within the segment along the z-axis
due to Po;

oz —the stress created within the segment along the z-axis
due to P;;

o, — the stress created within the segment along the z-axis due
to a rectangular loading;

a — the arbitrary rectangle length;

b — the arbitrary rectangle width;

K — influence factor.

distribution can help to predict the behavior of the material,
being under loading, that can be used for future studies and
design assumptions in engineering. The aim of this study is
to provide a convenient method of stress distribution calcula-
tion within a material that is usable in wide range of engi-
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neering structures in mining, rock mechanics, geotechnics,
and civil. The first solution to the problem of a pure vertical
load located on a body was presented by Lame and
Clapeyron that uses Fourier theory [1]. Boussinesq presented
various potential functions to solve the problems of applying
load on an elastic material including direct, inverse, and
three-variable logarithmic potentials [2]. Love presented the
stresses and dislocations caused by loading on rectangular
and circular plates on a 3D semi-infinite object by generaliz-
ing the logarithmic potential of Boussinesq and the function
of Newton's surface distribution potential [3]. Loading on a
rectangular plate resulted in introducing the strip loading.
Many writers have come up with ideas of the vertical load
applied on a solid object by integrating Green’s functions. In
this regard, Lamb presented a new method, in which Tera-
zawa solved the distributive vertical load problem by gener-
alizing the method proposed by Lamb in the form of a Bes-
sel-Fourier extension for circular loading [4].

Another method is the two-dimensional Airy stress func-
tion (p). In this method, it is possible to solve the problem of
stress distribution by taking into account the Cartesian or Polar
polynomials presented in the theory of elasticity. So that a
semi-infinite plane with a free surface of z = 0 is assumed [5].

It is well understood that many methods have been pro-
posed to provide a solution for the rectangular uniform load-
ing. Newmark has derived an expression for the vertical
stress at a point below the corner of the loaded area [6].
Based on this equation, Fadum has prepared a chart for the
influence values [7]. Steinbrenner has given another form of
the chart for this purpose [8].

In this paper, the stress distribution within a semi-infinite
material due to an arbitrary rectangular uniform loading has
been discussed. Firstly, the analytical method has been used
which provides a direct and accurate answer for this purpose.
To do so, the Boussinesq and Westergaard point loading
equations were generalized to a rectangular loading area in
order to provide a closed form solution. In the presented
method, there is no need to use any chart or any approximat-
ing method. Secondly, the numerical method has been adopt-
ed to verify the analytical investigation. Finally, Matlab
codes have been generated to reduce the problem-solving
time and simultaneously present an exact answer by provid-
ing a counterplot, illustrating the distribution of stress con-
centration due to an arbitrary rectangular uniform loading.
The newly presented equations can be useful in a vast range
of applications in engineering. For instance, in room and
pillar underground mining, it is important to prevent the
failure of the pillars and their indentation on the floor. Calcu-
lating the provided stress distribution and concentration due
to the aforementioned pillars can help to design their critical
cross-section. Also, these equations are applicable in con-
structing structures on the jointed slippery benches in open-
pit mining to calculate the amount of stress applied to these
defections to prevent failure. The mentioned equations can
be utilized in the calculation of stress distribution inside the
concrete segmental lining due to the hydraulic jacks’ loading
in EPB TBMs as well.

2. Analytical method

The analytical method was carried out to calculate the
stress distribution mathematically within an elastic semi-
infinite material under a rectangular uniform loading. This
study was conducted in two ways encompasses one-
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dimensional (on the z-direction only) and two-dimensional
(on the xoz plane) (Fig. 1). In this regard, point loading equa-
tions of Boussinesq and Westergaard were considered to be
extended to a rectangular loading area to achieve the target.
In one-dimensional stress distribution analysis, which is
shown in Figure 1a, the amount of stress that occurred at the
points located on the z-axis and its variation along the
z-direction, perpendicular to the loading face, is under dis-
cussion. In two-dimensional stress distribution analysis, the
amount of stress created at the points located on the xoz
plane perpendicular to the loading face is studied (Fig. 1b).
According to Figure 1, an arbitrary rectangle with dimen-
sions of 2a x 2b was assumed as the loading face in this study.
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Figure 1. Schematic of rectangular uniform loading (a) one-
dimensional stress distribution; (b) assumptions of ex-
tending point load to the rectangular loading area in
two-dimensional space

Problem assumptions:

a) a global Cartesian coordinate system of (x, y, z) is con-
sidered;

b) a local Cartesian coordinate system of (x;, yi, zi) is con-
sidered for each one of the point loads (i = 1...n);

c) the relationship between two Cartesian coordinates is
determined by the following equation at each point:

X =X-X
yi=y-Y. €
zj=21-2

In Equation 1, (X, Y) are the distances between the two
coordinates on the plane of xoy. These assumptions are obvi-
ous in Figure 1b. According to Figure 1b, the stress arising
from each one of the point loads of Py and P; can be obtained
through the coordinates of (x, y, z) and (xi, i, zi) respectively.
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If both of the point loads are applied simultaneously, the
stress created at the point A will be equal to the sum of the
stress caused by each one of them. When n point loads are
applied to a rectangular surface, the obtained stress is equal
to the sum of the stresses caused by all the point loads ap-
plying to the surface.

2.1. Boussinesq point load extension

In 1885, Boussinesq solved the problem of calculating
stress distribution within a homogeneous, elastic, and
isotropic semi-infinite material due to a point load applied to
it. In this problem, the stress equation will be as follows at an
arbitrary point of A [2]:

3 b a
o, =32PZ ! < dXdY

4 ‘b‘a(X2+Y2+zz) )
=0, =03,
where:

o, — the vertical stress at the point A with the coordinates
of (X, v, z), P is the value of point load and I is the distance
between the coordinates origin and point A.

2.1.1. Boussinesq one-dimensional rectangular
extended point load (x =0,y =0, z#0)

In the analysis of one-dimensional stress distribution, the
coordinates of (x, y) were set to be zero to calculate the stress
on the z-axis only. According to Figure 1b, and Equation 2,
the stress at the point of A arose from the point loads of P
and P; can be calculated as follows:

3 22 3R 2 _
(2o =5 e = O
0 (x2+y2+22)
' 3R 22 3R 2
(% ¥i.2i) 05 B 28 e 2 a2 4)
| (Xi +Y; +Zi)

Considering Equation 1, the relationship between P-any
point load applied to the rectangular area- and the global
coordinate is expressed generally as follows:

3P 3

o, _5'((X_x)2+(y—Y)2”2)

®)

5/2 °

The differential form of Equation 5 can be obtained as
follows:
_ 30,
2r

Z3

((X—X)2+(3/—Y)2+22)5/2 |

do, (6)

Setting Equation 6 to be in accordance with the one-
dimensional analysis assumptions and integrating it over the
supposed rectangular area will result in an equation
describing the stress along the z-axis (Equation 8).

Equation 12
1 499 2a° —6a2x+3a(J +2x% + 22)—3(“1x—2x3 —3x22)

=3.250 A 3/2(J+22)2

((a—x)2+J+zz)

49

3ba
azzggz [ ] 1 - dxdY @)
4 *b*a(X2+Y2+zz)
2
=o0,=0a—K, ®)
T

where:

o, — the one-dimensional stress along the z-axis;

a — half the length of the assumed rectangle;

z — the coordinate of the point at which the stress is been
calculated;

K —the influence factor depended on the rectangle
dimensions along with z coordinate (Equation 8).

1 499 3J +2a? + 372

K=—"_
2 (e ?)
1

?[”%jbf'

The Equation 8 is named B-1DREPL - that stands for
“Boussinesq One-Dimensional Rectangular Extended Point
Load” — which the resultant diagram of stress concentration
is presented in Figure 4 that shows a decreasing trend along
with z-axis.

©)

32’

2.1.2. Boussinesq two-dimensional rectangular
extended point load (x#0,y=0,z#0)

As it is apparent, two-dimensional means involving two
coordinates in which here is (x, z). According to Figure 1b
cutting the loading space on the x-direction provides the
plane of xoz which is discussed in this section. Analytically,
setting y coordinate zero in Equation 5 will satisfy the

theoretical assumptions. Considering these conditions,
Equation 5 will be as follows:
3ba
o, =1 1 dxdy . (10)
z 2r 9 s o 5/2
- ’a((x—x) +Y+12 )

After solving the integration of Equation (10), the answer
named B-2DREPL - that stands for “Boussinesq Two-
Dimensional Rectangular Extended Point Load” — will be as
follows which describes the two-dimensional stress occurred
on the plane of xoz:

=0, = qz3 (112)

(A+B),

5007

where:

0, — the two-dimensional stress on the plane xoz;

b — half the width of the assumed rectangle;

z — the coordinate of the point in which the stress is been
calculated at;

A and B - the influence factors depended on the rectangle
dimensions along with coordinates of (x, z) (Equation 12 and 13):

Equation 13
1 499 2a° —6a2x+3a(J +2x% + 22)+3(Jx—2x3 —3xzz)

= 3.250 % 3/2(J +22)2

((a—x)2+J +22)
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2
J= —b+i[i+ljb .
250\ 2

The resultant diagram of stress concentration counters is
presented in Figure 5 that is established using the generated
Matlab codes..

2.2. Westergaard point load extension

In 1938, Westergaard provided an elastic solution for the
problem of calculating stress distribution within a non-
isotropic material due to a point load applied to it. In
Equation 14, the Poisson ratio was utilized so as to express
the method of calculation [9]:

1 [1-2v
- =g. 27 2(1—1)) | (14)
z Z2 2 3/2
[[ 1-2v ]+(rj ]
2(1—0) z

where:

o, — the vertical stress at the point A with the coordinates
of (x,y, 2);

Q — the amount of point load;

r —the distance from the origin of the coordinate to the
projection of point A on the plane of XQY;

v — the Poisson ratio of the object which is being loaded.

2.2.1. Westergaard one-dimensional rectangular
extended point load (x=0,y=0,z#0)

Similar to the solution provided for the Boussinesq point
load extension, in the analysis of one-dimensional stress
distribution using Westergaard point load, the coordinates of
(x,y) were set to be zero to calculate the stress along the
z-axis. According to Figure 1b, and Equation 14, the stress
occurred at the point of A due to point loads of Py and P; will
be as follows:

Porlc )

(X, Y,2):040 = ; (15)
27z

Rc )

2 3/2 ;
27z 2 2
g 2 X tYi
77C + 22

(Xi,yi,Zi):O'ZiZ (16)

| 1-2v
T =\ 2(-0)

Considering Equation 1, the relationship between P — any
point load applied to the rectangular area — and the global
coordinate can be stated as followed generally.

qn b a 1
or=—5 11 27 axdY
272° -b-a 772+X2+Y2
‘ 22 17)
N 1-2v,
=0, =0a—K, 1, = /—
2= p/a Te 2(1—UC)

Therefore, the differential form of the Equation 17 is
calculated as follows:
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_ dPr, . 1
277° 1

[n§+(x—x) +

do, (18)

312
2

(y-Y)
,2

Integrating Equation 18 over the mentioned rectangular
area (Fig. 1b) provides the final equation calculating the one-
dimensional stress distribution along the z-axis which is
perpendicular to the loading face.

b a 1
oy =y T 70XdY; (19)
272° b-a ) X2 4y2
et
z
nc? ’1_2% .
=o0,=0a—K, ., = [—/————; 20
%= V4 e 2(1—00) (20)
499
K=t ! 1)

=—Db .
250 EO (770222 +J )\/a2 +1222 4+

2
J= —b+i(i+ljb .
250 2

The Equation 19 is named W-1DREPL - that stands for
“Westergaard One-Dimensional Rectangular Extended Point
Load” — where o7, (, @, Z and o are the one-dimensional
stress along the z-axis, the initial stress applied to the loading
face, half the length of the rectangular loading face, the
coordinate of the point on the z-axis in which the stress is
been calculated, and the Poisson ratio of the material that is
under loading respectively. K is the influence factor
depended on the rectangle dimensions, coordinate and
Poisson ratio (Equation 21). The resultant diagram of stress
concentration is shown in Figure 4.

2.2.2. Westergaard two-dimensional rectangular
extended point load (x#0,y=0,z#0)

In the two-dimensional stress distribution analysis, the
coordinate of y is set to be zero to calculate the stress
distribution on the plane of xoz that is perpendicular to the
loading area. Considering these assumptions in Equation 1
and integrating over the rectangular area will provide the
desired response.

b a
o, = 7] ! dxdy:; (22)
2272 b 2 32
P, (x=X)T+Y
(O R
z
1-2u,
30’2 =anW(A+B)’UC: m. (23)

The Equation 23 is hamed W-2DRDPL — that stands for
“Westergaard Two-Dimensional Rectangular Extended Point
Load” — where g7, q, b and oc are two-dimensional stress
distribution on the plane xoz, the initial stress applied to the
rectangular area, half the width of the loading face which is
an arbitrary rectangle, and the Poisson ratio of the material
that is being loaded respectively. A and B are equations
depended on the rectangle dimensions, coordinates of x and
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z, and the Poisson ratio (Equation 24 and 25). The resultant
diagram of stress concentration counters is presented in
Figure 5 that is established using the generated Matlab
codes..

A:ibwg (a—X)Z3 ] (24)
250 izo(nczzz+J)\/(a—x)2+77322+J
499 3
B:ibz (a+x)z ; (25)

3. Numerical method

The finite element method is used to implement the nu-
merical solution to the problem proposed in this study. The
finite element method is a numerical method for solving prob-
lems of engineering and mathematical physics. Typical prob-
lem areas of interest in engineering and mathematical physics
that are solvable by the use of the finite element method in-
cluding structural analysis, heat transfer, fluid flow, mass
transport, and electromagnetic potential. The 3D Abaqus
finite element software package is been adopted in this study.

3.1. Numerical model construction

To approach the target described in this paper, a numeri-
cal model was constructed in the Abaqus software in 3D
space. In order to construct the numerical model, an arbitrary
cube with dimensions of 1x1x1.5 m was built. Subsequently,
a rectangular loading area with dimensions of 0.4x0.2 m was
considered at the center of the model (Fig. 2). Indeed, the
model itself cannot provide the conception of being semi-
infinite, but in comparison to the loading area, the whole
model can satisfy the assumptions. The boundary condition
of ENCASTRE is considered for the lower plane of the mo-
del in which all the movements and rotations are zero
(U1 = Uz =Us = URy = UR, = URs = 0) (Fig. 2a).

For meshing the model, the standard eight-node linear
cubic elements (C3D8R) were adopted with dimensions
of 0.03x0.03x0.03 m and 0.02x0.02x0.03 m at the loading
area (Fig. 2a).

According to (Fig. 2a), the uniform load was applied to
the assumed rectangular area with an amount of 20 MPa. In
fact, the stress concentration is calculated inside the material
so the amount of load does not matter.

3.2. Material properties used in this study

In numerical studies, one of the most important early
steps is to input the initial data. These data should be careful-
ly monitored. The materials used in the present study are
provided from Tabriz Metro line-2 Project (Table 1).

To provide input data for the numerical software, con-
crete behavioral information is required. Accordingly, the
compressive mechanical properties should be determined
through either tests or predictive analytical models. Due to
the lack of experimental information, the proposed analytical
models were used. Here is a summary of formerly presented
analytical models.
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@

Figure 2. Schematic of numerical model construction with the
assumed boundary conditions (a); result of numerical
study including two-dimensional stress distribution on
the plane xoz (b)

Table 1. Mechanical properties of concrete used in the lining of
Tabriz metro line-2 project

Mechanical property Symbol Value  Unit
28-day uniaxial compressive strength f'c 40 MPa
Young’s modulus E 30 GPa
Poisson ratio ¢ 0.2 -
Density p 2500  kg/md
Rupture modulus fr 4.42 MPa

Hognestad introduced a new equation for the stress-strain
curve by changing the Ritter’s parabola equation. This equa-
tion is valid only in the elastic region until the ultimate stress
(ultimate strength of the concrete) and provides an acceptable
estimate of the behavior of the concrete in this area. Hognes-
tad assumed the behavior of the residual region as a linear
one and expressed its value of about 85% of the ultimate
strength [10]. Kent and Park provided an equation for the
concrete stress-strain curve and tried to explain the post-peak
behavior more comprehensively by generalizing the Hognes-
tad equation. In this model, the post-peak branch was as-
sumed to be a straight line, whose slope is a function of con-
crete strength [11].

Popovics provided an equation to estimate the stress-
strain behavior of concrete independently. The main ad-
vantage of this equation is controlling the pre-peak and post-
peak behavior with three parameters of f'c, & and Ec (the
ultimate strength, the strain corresponds to the ultimate
strength and elastic modulus respectively). The Popovics
equation provides a very good response for ordinary concretes
(f'e <55 MPa). However, for high strength concrete, there is a
lack of control over the slope of the post-peak area [12].

Tsai presented the generalized equation of the Popovics
model. This equation has better control over the post-peak
behavior of the stress-strain curve [13]. This model pro-
vides two parameters to control the slope and behavior of
the post-peak branch [14]. A summary of all the predicting
analytical models is presented in Table 2. A comparison of
the models is shown in Figure 3a. Since the concrete used
in this study has a strength of less than 55 MPa, the Popo-
vics model was chosen as the stress-strain behavior under
the compressive loading.
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Figure 3. A comparison of predicting analytical models for com-
pressive behavior (a); the relationship between tensile
stress and the ratio of instantaneous opening to the ul-
timate opening based on the Hordijk equation (b)

Tensile strength and tensile behavior of concrete struc-
tures are very important. In most cases, cracks and ruptures
in the concrete blocks are associated with this characteristic.
To simulate the tensile behavior of the concrete used in the
present study, the Hordijk model was used with the follow-
ing Equation [15]:

) o o 3

{1+[cl 5 ]}exp[q 50] 5 (1+ol )exp( c).  (26)

That o, f, 0 and do are tensile stress, tensile strength,
crack Instantaneous opening, and crack ultimate opening
respectively. The value of do is 140 and 160 um for light-
weight and ordinary concrete respectively. The value of c;
and c; are 1 and 5.64 for lightweight concrete and 3 and 6.93
for ordinary one [15]. The properties of ordinary concrete
were used in this study and the diagram of tensile behavior is
presented in Figure 3b.

The resultant diagrams of the numerical study of the one-

dimensional and two-dimensional stress distribution within
the material being loaded are shown in the next section.

o

fi

4, Discussion

According to the assumptions of the Boussinesq point
load equation, the mechanical properties of the material be-
ing loaded are not considered and subsequently, the resultant
stress distribution calculated within the material depends on
the coordinates merely. Therefore, the resultant equations
presented in this study due to integration over a rectangular
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area depends on the coordinates similarly. However, the
Westergaard point load equation responds based on coordi-
nates and Poisson ratio of the material. Hence the properties
of the material are somehow involved in the calculations and
subsequently, it is assumed in the equations newly presented
in this paper due to a rectangular loading area. Accordingly, in
the analysis of one-dimensional stress distribution, B-1DREPL
depends on the coordinate of z merely in which the stress is
calculated. On the other side, W-1DREPL depends on both the
coordinate of z and the Poisson ratio. In the same way, in the
analysis of two-dimensional stress distribution, B-2DREPL
depends on the coordinates of (x, z), and W-2DREPL depends
on the coordinates of (x, z) and Poisson ratio.

According to the results of one-dimensional stress
distribution analysis (Fig. 4), the intensity of stress concen-
tration decreases sharply about 90% in a distance of 50 cm
out of 150 cm which is about 33% of the material height.
The intensity of stress concentration remains constant and
low from the point z =50 cm to the end that is about 5%
of the initial amount. According to Figure 4, the trend of
stress concentration variation in three methods of
B-1DREPL, W-1DREPI, and the numerical method is al-
most the same. More precisely, the answer obtained from
B-1DREPL is closer to the numerical solution than the
answer provided by W-1DREPL from z=0cm to
z =50 cm. However, the two analytical methods get closer
together from z = 50 cm to the z = 150 cm.

1/0
0/9
0/
= 0/7
=0/6
0/s
0/4
0/3
0/2
0/1
o/o
0 25 50 100

125 150

75

7 (cm)

B-1DREPL ——W-1DREPL

Figure 4. The results of one-dimensional stress concentration
distribution analysis

Numerical

As mentioned before, to provide graphical results of the
two-dimensional stress distribution analysis, MATLAB
codes were generalized for both the B-2DREPL and the
W-2DREPL. Accordingly, obtained Pressure Bulbs are illus-
trated in Figure 5 that represents the stress concentration
intensity on the plane xoz perpendicular to the loading face in
three different methods.

As shown in Figure 5, the highest stress concentration is
immediately below the loading face and it decreases gradual-
ly by getting farther from that face. Each method provides its
counterplot but generally, they are the same. To have a deep
view about the differences between the results of the three
used methods, 5 reference points of A, B, C, D, and E were
assumed on the plane of xoz where the counterplot of stress
concentration distribution was drawn (Fig. 6a).

Point A is immediately under the loading face, point B is
at the left side, point C is at the center, point D is at the right
side, and E is the farthest point in comparison to the loading
face. Accordingly, the Stress Concentration Difference
(SCD) between the numerical method and B-2DREPL
(SCDNB) and also between the numerical method and W-
2DREPL (SCDNW) is illustrated in Figure 6b.
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Table 2. The predicting analytical equations for a compressive stress-strain diagram

Equation Description Reference
5 2
fo =17 i—[ij ; Ec, &0, &, f'c and fc are elastic modulus,
€0\ €c0 strain corresponds to the concrete strength, Hognestad,
21 i instantaneous strain, concrete strength, and 1951 [10]
£0 = , f/=085f". instantaneous stress respectively.
C
5 2
ot i{ij :
£c0 £c0

Ec, €0, &, f'c and fc are elastic modulus,
strain corresponds to the concrete strength,

05 . Kent and Park,
Z=——"—, concrete strength, and stress respectively. 1971 [11]
50u ~ €c0 Fsou is the strain corresponds to stress
i 0,
fegy = 3+0.291, (f'e in MPa): equivalent to 50% of the concrete strength.
145 f, —1000
3+0.002f,
&gy = W (f |n PSl)
nl e &co, &, f'c and fc are strain corresponds to the
fe £c0 concrete strength, instantaneous strain,
fl n’ concrete strength, and instantaneous stress Popovics,
(n 1)+[‘90J respectively. n is the approximation 1973 [12]
€co function based on the compressive strength
n=10+04-102. ' (Psi). of the concrete.
y= mx
= —;
1+ m—L X X
n-1 n-1
y=do x_ =&
fe ’ &
14 1.79
f'(MPa) ' _ o
, y is the ratio of instantaneous stress to the
_ f (MPa) _ ultimate strength; x is the ratio of instanta- .
n=——+=-185>1 . . . Tsai
6.68 neous strain to the strain at y=1 and n is 1987 [’13]
1.79 the controlling factor over the post-peak
m :1+—f’(MPa) , region slope.
f'(MPa)
n=——~=-185>1;
6.68
I 2600
F'(Psi)’
(PSI)
n= -1.85>1.
970
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Figure 5. The results of two-dimensional stress concentration distribution analysis: (a) B-2DREPL; (b) W-2DREPL; (c) numerical
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Figure 6. Selected reference points on the plane xoz (a); results of
SCD study at the reference points (b)

According to Figure 6b, SCD increases from point A to
point E generally and the maximum SCD is 0.06 out of 1 at
point E that is acceptable so that this claim is also proved in
one-dimensional analysis in Figure 4. SCDNB and SCDNW
are almost equal and their amount is less than 0.001 out of 1
which clarifies the accuracy and validity of the analytical
study. From point B to point E, the amount of SCDNB is less
than SCDNW. Therefore, B-2DREPL is closer to the nume-
rical method than W-2DREPL but it doesn’t mean that
W-2DREPL is unusable.

5. Conclusions

This paper focuses on the calculation of stress distribu-
tion within an elastic semi-infinite material due to an arbi-
trary rectangular uniform loading which was studied in both
the analytical and the numerical methods. In the analytical
section, well-known Boussinesq and Westergaard point load
equations were extended to study the stress distribution with-
in an elastic semi-infinite material due to an arbitrary rectan-
gular uniform loading. Accordingly, four new equations were
represented in this paper to describe the stress distribution
one-dimensionally and two-dimensionally. Consequently, a
numerical model was constructed using Finite Element based
Abaqus software.

According to the results, numerical and analytical an-
swers to the problem of rectangular loading are highly close
together that confirms the accuracy and validity of the newly
presented equations. in one-dimensional stress analysis, it
was realized that the stress concentration decreases sharply
up to 33% of the material height, and from that point on-
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wards, it remains almost constant and low. Therefore, two
equations of B-1DREPL and W-1DREPL were introduced to
calculate the one-dimensional stress distribution on the z-axis
perpendicular to the loading face. In two-dimensional stress
analysis, two equations of B-2DREPL and W-2DREPL were
presented. However, because of their complexity, MATLAB
codes were generalized to simplify the process of calculating.

To have a deep view of the differences between the three
proposed methods, five reference points were assumed on the
plane of xoz perpendicular to the loading face. Consequently,
a parameter of SCD was defined as Stress Concentration
Difference between the analytical and numerical results.
According to the obtained results, SCD increases as the ref-
erence point gets farther from the loading face. However,
SCDNB is less than SCDNW generally. The newly presented
equations in this paper can contribute to solving the problems
engaged with the loading process in mining, rock mechanics,
geotechnics, and civil.
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AHaniTH4He i YHceNbHe A0CTiIZKEeHHs] OTHOBUMIPHOI0 Ta ABOBUMIPHOT0 PO3MOAIIY HANPY KEHb Y NPYKHOMY
HaniBHeCKiHYeHHOMY MaTepiaJi mig ai€o 10BiILHOr0 MPSIMOKYTHOr0 PiBHOMiIPHOTO HABAHTAKEHHS

@.III. Maneki, X. Yakepi, C. Yexperani, X.A. Coyna

Merta. JlocmimKeHHs] OIHOBHMIPHOTO Ta JIBOBUMIPHOTO PO3IOJUIB BHYTPINIHIX HAaIPYXeHb y NPYKHOMY HalliBHECKIHUEHHOMY MaTepiaii
i/ Ai€10 30BHIMIHBOTO JOBUIFHOTO MPAMOKYTHO-KBaIPaTHOTO HAaBAHTa)KEHHSI.

Metoauka. Y naHiil cTaTTi BUKOPUCTOBYIOTECS SIK AHAJITUYHUH, TaK 1 YHCENbHUN MeToIu. B aHaTITHYHOMY NOCHTIIKEHHI 3aCTOCOBY-
I0ThCS PIBHSHHS TOUKOBOTO HaBaHTaxeHHs bycinecka Ta Bectepraapaa. Ilommproroun 1i piBHSHHS Ha MPSAMOKYTHY IUIOILY HAaBaHTA)KEHHS,
BBOJIATHCS YOTHPH HOBHX DPIBHSHHS. 32 JOMOMOTOI0 CKiHUYCHHO-EIEMEHTHOTO MpOrpaMHoro 3abe3mnedeHHs: Abaqus 4ncenbHe TOCTIIKESHHS
BHUKOHY€EThCS B 3D mpocTopi.

Pe3syabsTaTn. BecranosineHo, 0 BigIIOBIAl BBEJEHUX PIBHSIHB JOOpE y3TOPKYIOTHCS 3 YHCIOBUMH Pe3yJbTaTaMH, IIPOTE Pe3ysIbTaT po3-
IIMPEHOTO PiBHSIHHS TOYKOBOTO HaBaHTaXXeHHsS byciHecka Oirpkde 10 BINOBIfI, OTPHMMAHOI YHCETHHHM MeTOnoM. BeTaHOBICHO, M0 TIpH
OJHOMIPHOMY aHai3i HaNpy>KeHb X KOHIEHTPALisl CTPIMKO 3HIDKYEThCS 10 33% BHCOTH MaTepiaiy, i 3 Iboro MOMEHTY BOHA 3aJIMIIAETHCS
Maifke MOCTIHHOI0 Ta HU3bKOI. Bu3HaueHo, mo mapamerp SCD Moske OyTH mpeAcTaBICHUH SIK Pi3HUI KOHIEHTpALl HAPYKEHHI MDK
AQHATITUYHUMH Ta YHCEIBHUMH pe3yjbTaTaMu. 3TiJHO 3 OTPUMaHHUMH pe3yibraTamu, SCD 30UIbLIyeThCS B Mipy BHAANEHHS KOHTPOJIBHOL
TOYKH BiJl IOBEPXHi, 10 HABAHTAXKYETHCS.

HaykoBa HoBu3Ha. Briepiie oTpuMaHO YOTHPH HOBI PiBHSHHSA, 10 ONMUCYIOTh OJHOBUMIPHUH 1 ABOBUMIPHHUN PO3MOIINT HANPY)KEHb i
Ji€10 30BHINTHEOTO HAaBaHTA)KCHHSI.

IpakTnuyna 3HaynmicTs. HaBeneHi piBHSHHSI MOXYTh 3a0€3ME€UUTH MPOCTUH 1 3py4YHHMI croci® po3B’s3yBaTH 3amadi NMPSIMOKYTHOTO
HaBaHTa)KCHHs y 0araThOX BUIAJIKAX, TAKUX K (YyHIAMEHT, IUBIJIbHI Ta TipHUYI MPOEKTH. Y IIbOMY JOCITIIPKEHHI BUKOPUCTOBYETHCS TI0YaT-
KOBa iH(OopMallis PO KOHKPETHI AUTTHKH IPOEKTY Apyroi iHil TeGpi3cbkoro MeTpo.

Knrwouosi cnoea: posnodin nanpysicens, npamoKymuux, Hanieneckinuennutl, bycineck, Becmepzaapo
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