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COMBINATORIAL OPTIMIZATION UNDER UNCERTAINTY AND FORMAL MODELS OF EXPERT
ESTIMATION

Previously, the author formalized the concepts of uncertainty, compromise solution, compromise criteria and conditions for a quite general class of
combinatorial optimization problems. The functional of the class’ problems contains linear convolution of weights and arbitrary numerical characteristics
of a feasible solution. It was shown that the efficiency of the presented algorithms for the uncertainty resolution is largely determined by the efficiency
of solving the combinatorial optimization problem in a deterministic formulation. A part of the formulated compromise criteria and conditions uses
expert weights. Previously, the author and his disciples also formulated combinatorial optimization models, optimality criteria, criteria for decisions’
consistency. The models allow to evaluate and justify the degree of stability and reliability of the estimated values of empirical coefficients using a
formally ill-conditioned empirical pairwise comparison matrix of arbitrary dimension. The matrix may contain zero elements. The theoretical research
and statistical experiments allowed to choose the most efficient of these optimization models. In this article, on the base of earlier results by the author
and his disciples, we formalize and substantiate the efficiency of the proposed sequential procedure for expert estimation of weights that determine
compromise criteria and conditions. The procedure is an integral part of the algorithm introduced by the author to solve combinatorial optimization
problems under uncertainty of the mentioned class. We give unified algorithm for efficient uncertainty resolution that includes original and efficient
formal procedure for expert coefficients’ estimation using empirical matrices of pairwise comparisons.

Keywords: combinatorial optimization, uncertainty, compromise criteria, compromise conditions, empirical matrix of pairwise comparisons,
consistent decision.

O. A. IIAB/IOB

KOMBIHATOPHA OIITUMI3ZAIISA B YMOBAX HEBU3ZHAYEHOCTI TA ®OPMAJIBHI MOJEJIT
EKCIIEPTHOT'O OLITHIOBAHHSA

Paninie aBTOpoM JuIst AOCUTbH 3arajbHOr0O KJacy 3a/1a4 KOMOIHATOPHOT onTHMi3awil, QyHKIIOHAT SKUX MICTUTb JiHIIHY 3rOPTKY Bar i JJOB iJIbHUX YUC-
JIOBUX XapaKTEPUCTHUK JIOMYyCTUMOrO po3B 3Ky, Oyau (hopmMasi3oBaHi MOHATTS HEBU3HAYECHOCTI, KOMIIPOMICHOTO PO3B’S3KY, KOMIIPOMICHUX KPUTEPIiB
Ta yMOB. Byino mokaszaHo, 1m0 e(pEeKTUBHICTh HABEACHHX AJTOPUTMIB PO3B’S3aHHS HEBM3HAYCHOCTI B 3HAYHIMH Mipi BU3HAYaeThCs C(EKTUBHICTIO
PO3B’si3aHHS 33124l KOMOIHATOPHOT ONTUMI3aLil B JeTepMiHOBaHIl mocTaHoBIi. YacTuHa chOpMyIbOBaHUX KOMIIPOMiCHUX KPUTEPIiB 1 YMOB BUKOPH -
CTOBY€ eKCIepTHi Baropi kKoedimientu. Panime Takox aBTOpoM i Horo yunsamu Oyan chopMysboBaHi Mojeni KOMOiHATOPHOI onTUMi3amii, KpuTepii
ONTUMAJILHOCTI, KPUTEPIl y3rOUKEHOCTI pillieHb, 110 A03BOJAIOTH 32 (JOPMAIBHO TOraHO Y3rOUKEHOK eMIIPUYHOI0 MATPHULECIO MAPHHUX MOPIBHSHB
JIOBUIBHOT PO3MIPHOCTI, siKa, MOXXJIMBO, MIiCTUTh HYJILOBI €JIEMEHTH, 3HAXOJUTU Ta OOIPYHTOBYBATH CTYIiHb CTIHKOCTI Ta JOCTOBIPHOCTI 3HANJCHHX
3Ha4YeHb eMITipuiHuX KoedinieHTiB. [IpoBeneni TeopeTnuHi JOCTIKEHHS Ta CTATUCTHYHI €KCIEPHMEHTH J03BOJIMIN BHAUIUTH 3 IIUX MOJeNeil ONTH -
Mi3anii HaiOuIbII eekTHBHI. Y AaHil CTATTI HA OCHOBI OTPHMMAHMX PaHillle aBTOPOM i HOrO YYHSIMU pe3yJbTaTiB (OpMali3oBaHO i 00Tpy HTOBAHO
e(eKTUBHICTH 3aIPOIOHOBAHOI MOCIIIOBHOI MPOIEAYPH 3HAXOKEHHS EKCIIEPTHUX BaroBUX KOe(illi€HTIB, 110 BU3HAYAIOTh KOMIIPOMIiCHI KpHTEpii Ta
YMOBH, SIK CKJIa[I0BOI YaCTHHH AIFOPUTMY PO3B’SI3aHHS /IS BBEICHOrO aBTOPOM KJacy 3aa4 KOMOIHATOPHOI ONTHMI3alil B yMOBaX HEBU3Ha4CHOCTI.
HaBoauTbest €nuHMit anroput™ eGeKTHBHOTO PO3B’I3aHHS HEBU3HAYEHOCTI, SIKMil BKIIOYa€e B cebe opuriHanbHy eeKTUBHY (GopMaibHy NMpOLeaypy
3HAXOKEHHS eKCIIEPTHUX KOS(ILiEHTIB 3a eMITIPHYHUMH MATPULISAMH TAPHUX MTOPIBHSHb.

Kuro4oBi ciioBa: koMOiHATOpHA ONTHMi3allisl, HeBU3HAYCHICTh, KOMIPOMICHI KPUTEpii, KOMIPOMICHI YMOBH, €MITipUYHA MAaTPUL HAPHUX I10-
PIBHSIHbB, Y3TOJKEHE PIIICHHS.

A. A. IIABJIOB

KOMBHUHATOPHASA OIITUMU3ALNSA B YCJIOBUAX HEOIIPEJAEJJEHHOCTH 1 ®OPMAJIBHBIE
MOJEJIA SKCIIEPTHOI'O OIEHUBAHNU A

Panee aBTOpOM [JIs1 JOCTATOYHO OOMIEro Kiacca 3a7ad KOMOMHATOPHON ONTHUMHU3AIHH, (YHKIIHOHAT KOTOPBIX COASPIKHUT JIMHEHHYIO CBEPTKY BECOB U
IIPOH3BOIBHBIX YHCIOBBIX XapaKTEPHCTUK JOMYCTHMOTO PEIIeHHs, ObIIM (pOpMaIH30BaHbl MOHATHS HEONPEIEIeHHOCTH, KOMIIPOMICCHOTO PEIICHUS,
KOMIIPOMHCCHBIX KPHTEpHUEeB U ycloBuil. Bwuto mokaszano, 410 3(()eKTUBHOCTH MPHBEACHHBIX aITOPHTMOB pa3peIleHHs HEONPENCICHHOCTH B
3HAYHTENBHON CTENeHH ompeaesieTcs 9P (QeKTUBHOCTHIO PEIIeHNs 3aJadl KOMOHMHATOPHONW ONTHMH3AIMH B JeTePMUHUPOBAHHOH MmocTaHOBKe. YacTh
copMyTHPOBAHHBIX KOMIIPOMUCCHBIX KPHTEPHEB M YCIOBHH HCIOIb3yeT JKCIEepTHBIC BecoBble K0d(hdHUIUEeHTE. Pamee Takke aBTOPOM H €ro
ydeHHKaMH OBUTH c(OPMyIHPOBAHEI MOJEIH KOMOMHATOPHOH ONTUMHU3ALNH, KPUTEPHUH ONTHMAIBHOCTH, KPUTEPHU COITIACOBAHHOCTH pEIICHHIL,
MO3BOJLTIONINE IO (POPMaIbHO IUIOXO COTJIACOBAHHOM OMITMPUYECKOH MaTpHIle IapHBIX CPaBHEHUH IIPOM3BOIBHON Pa3MEPHOCTH, BO3MOXKHO,
coneprKaliell HyseBble DIEMEHTHI, HAXOAUThL U OOOCHOBBIBATH CTEHEHb YCTOIYMBOCTH, DOCTOBEPHOCTH HAWIEHHBIX 3HAUCHHH OSMIHPUUCCKHX
kxod(duientos. IIpoBeneHHbIE TEOPETUUECKHE HCCIEIOBAHUS M CTATHCTHYCCKHE OKCIIEPHMEHTHI IIO3BONIUIM BBIIEIUTh U3 OTHX MOZENeH
onTUMHU3aHu Hanbonee > eKkTHBHBIe. B 1aHHON cTaThe Ha OCHOBE IOIYYEHHBIX paHee aBTOPOM U €r0 yUeHHKAMH Pe3yIbTaToB (OpMallH30BaHA U
obocHoBaHa Y(P(HEKTHBHOCTD MPEIIOKEHHON MOCIeN0BaTeIBHOIN MPOoLe ypbl HAX0XKICHHS dKCIEPTHBIX BECOBBIX KOA(PGOHIIHEHTOB, OMpPeeIOHIX
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KOMIIPOMHCCHBIC KPUTEPHH M YCIOBHS, KaK COCTAaBHOI YacTH aJrOPUTMa PEIICHHs Ul BBEACHHOIO aBTOPOM Kiacca 3ajad KOMOWHATOPHOM
OITUMU3ALNH B YCIIOBUSIX HEOIpeneIeHHOCTH. [IpHBOoaNTCS eUHBI anropuT™ 3G (GEeK THBHOTO pa3pelIeHUsI HEOIPEAEICHHOCTH, KOTOPBII BKIIIOYAeT B
ceOs OpUTHHAIBHYI0 () (eKTHBHYI0 (OpPMANBbHYIO HPOLEAYpPY HAXOKACHUS IKCIEPTHBIX KOA(D(OHUIMEHTOB 110 SMIMPHISCKHM MaTPULAM HapHBIX

CpaBHEHUIA.

KioueBbie ciioBa: KOM6I/IH3T0pHa$[ OITUMU3aIYsL, HEOIIPEACIIEHHOCTh, KOMIIPOMUCCHBIE KPUTEPUH, KOMIIPOMHUCCHBIE YCJIOBUS, SMIIUPUICCKAL

MaTpuna rmapHbIX CpaBHeHHﬁ, COINIaCOBAaHHOEC PEHICHUE.

Introduction. We studied in [1] a class of combina-
torial optimization problems of the following form:

min(max) Y;_; w;k;(0). 1)
oeQ)

Here, w; are numbers, Q the set of feasible solutions;
o an arbitrary feasible solution, k;(o) is i-th arbitrary
numerical characteristic of 0. We recommended in [1] to
use the proposed approach to solve problems of the form
(1) under uncertainty only for the following case: for the
problems of the form (1) there exists an exact (or ap-
proximation) algorithm which is qualitatively more ef-
ficient in terms of speed and/or accuracy than an arbitrary
solving method for the problem (1) in which the structure
of the feasible solutions domain differs from Q of (1), e.g.,
in additional constraints on inequalities. For a problem of
the form (1), solution of which uses expert coefficients, we
formulated in [1] the combinatorial optimization problem
statement under uncertainty as follows.

There are L sets of weights {w!i=Ts}, [ = T,L.
Here, a,b denotes the interval of integer numbers from a
to b. Each of the sets may be a set of coefficients w,, ... ,w;
of the problem (1) at the stage of implementation of its solu-
tion. Probabilities P, >0, [ =1L, Y,;P, =1, may be
specified for each possible set of weights (such probabili-
ties do not exist if the uncertainty is not described by a pro-
babilistic model). We need to find a feasible solution satis-
fying one of the conditions given below.

Here we investigate the problem (1) for the case of
Iclr’lelél X5, w;k;(6). We consider the case of

m%x2f=1 w;k; (o) in [1]. Let us introduce the notation:
OE

— i l
folpt = IcrylelélZfﬂ wik;(0),

(o} = argmin £, wlk;(0),

1(21 10k (o)) — fopt) l=1,L.

m:t:l

Remark 1. If {o,} consists of more than one solution,
then we leave the one on which we achieve r{nl? L; and de-
oy

note this solution as ;. We consider in [1] obtaining o, for
the case when Q is finite.
Suppose that

Al = Z?=1 (l)ikl(o-) _folpt 2 Oy

fope = min X, wik;(0). )

We need to find:

1) a feasible solution 6(4,, ...,A,) that has

A <1,i=T, A3)

L= "l

where [; are given numbers;
2) a feasible solution that satisfies the condition:

minTi, (T, wiki(©) ~ fip) (4)

where Va; > 0 are the coefficients specified by an expert.
Remark 2. For the general case, we formulated in [1]
five compromise criteria and conditions for L = 2 and four
compromise criteria and conditions for L > 2.
Remark 3. We formulated similar criteria, conditions,
and algorithms for the case of the problem (1) when we
reach the optimal functional value at max.

The compromise solutions proposed in [1] are based
on the following statement and its corollaries.

Statement 1 [1]. The following is true for arbitrary
a,>0,1=1,L:

argmin X, a; [T wiki(0) = fop]
= argmin Y%, (Zf, a,0}) ki (0). (5)

Corollary 1. Solving the problem mi(nglLﬂal X
o€
x (X5, wtk;(0) — fi,+) reduces to solving one problem
of the form (2):
min i, (T a,0f) ki(0). ©)

Corollary 2. Suppose that o(a,, ...
#0, V..V
oy; do(a,,ay, . ,@j_1,a";, Ajyqs sy, Ay, .
o, V..Vo,,a'; #a;. Then the following holds:

(@ —a)@’;

D = A)[(a A+ + a8 +

,aL,Al, ,AL) *

sA,L) *

-4) <0,
+ap 1N iy + oo+ a ) = (ady + 0+

+a;_ 181 + a8 + -+ a,4)] <0 (7)

where o(ay, ...,a;,A;, ... ,A;) is an optimal solution oft_he
problem (6) with given expert coefficients a; > 0,i = 1,L.

A;(A'),i =1,L are specified in (2) for sets aj,..,a;;
Ay, A1, 1,115 - Ay, TESPECtiVEly.
It is shown in [1] that if o(1,..,1,A,..,A.) #

+ m}—ri{cf}' then, by virtue of Corollary 2 (by logic of the
J=1,

inequalities (7)), we can organize a sequential procedure for
solving a problem of the form (6), increasing Va; at each
iteration if A; > [; or decreasing Va; if A; <[ (here,
o(4,, ...,A;) is the current solution). As a result, we either
find a solution o(4,, ...,A;) that satisfies the condition A; <
l;,i = 1,L or obtain a set of solutions {c}', each of which
violates the compromise condition (1). In [1], we proposed
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to choose the solution from the set {0, ...,0,} UU {c}* as
the compromise solution if it reaches

minY, Cj(&;, — 1), Vthj, > Uy, (8)
where C; > 0,j = 1,L are expert coefficients.

Thus, the efficiency of a compromise solution that
meets the compromise condition 1) or the compromise cri-
terion 2) essentially depends on the relevance of expert
coefficients a; > 0,C; > 0,j = 1,L, used in optimization
models, to the essence of the practical problem, the formal
model of which is the combinatorial optimization problem
under uncertainty.

Formal models for expert coefficients’ estimation
by an empirical matrix of pairwise comparisons. The
author and his disciples formulated in [2-4] combinatorial
optimization models, optimality criteria, criteria for deci-
sions’ consistency. The models allow to evaluate and jus-
tify the degree of stability and reliability of the estimated
values of empirical coefficients using a formally ill-con-
ditioned empirical pairwise comparison matrix of arbitrary
dimension. The matrix may contain zero elements. Theo-
retical research and statistical experiments [2—4] allow to
use the following formal procedures to estimate the empi-
rical coefficients a; > 0,C; > 0,j = 1,L.

1. The initial data is an empirical matrix I’ (for estima-
tion of weights a; > 0,j = 1,L, or C; > 0,j = 1,L). In ge-
neral case, we denote weights by w; > 0,j = 1,L. Yij is
(ij)-th coefficient of the matrix T. It determines, according
to the expert, how many times the value of w; is greater
than the value of w;.

To construct and substantiate optimization criteria and
models for estimation of weights w;,i = 1,L, by an empi-
rical matrix of pairwise comparisons I', we use the set A of
coefficients y;;,i,j = 1,L, of the matrix of pairwise compa-
risons I which satisfy the conditions:

1) {Yij’i =1L}c4;

We propose to use the measure

1
Yij

W;

—Yij )

w;

as the consistency measure for estimated w;,i = 1,L.

2. We propose to use the following models as opti-
mization models for weights’ estimation.

Model 1 requires sequential solving of the following
linear programming (LP) problems:

ArilrilsiA% iNelal Z 4= Com (ij)zeml Z ) o
v(ij)€lA|
Inyy + AF < W, — W <Inyy; +4j,
v(ij) € |Al,
0<Al <n(1+1-5,0).vG@)€ElAl  @11)

0> A% >

2 >In(1—m-A,(m)) V(@) € |Al,

W, >0,i=1L, (12)

where W;, Aj;, A%; are the LP problem coefficients;

I,m natural numbers successively taking values (1; 1),
(1;2),(2; 1), (2; 2), etc,;

A, (x),A,(x) given numeric scalar functions taking
non-negative values, of a natural argument;

C,, coefficient determined from the formula:

ln(l +1- Al(l)) = Clmlnm;

(13)
|A| the set of pairs (ij), i # j, for each of which
Yi; = 1(vi; € 14]).

When using problems (10)—(12) for weights’ estima-
tion, we set the functions A, (x),A,(x) in such a way that
the values of [ - A; (1) and m - A,(mm) at each iteration (for
each attempt of solving the LP problem (10)-(12)) increase
in a small ratio to their previous value. At the first iteration
they take the minimum possible values. Due to this method
of functions A, (x),A, (x) specification, we can achieve the
most consistent weights, with respect to measure (9), for
each specific problem. This is possible due to the peculia-
rities of the current matrix of pairwise comparisons.

Iterations stop at the first successful solution of the LP
problem (10)-(12) (the first LP problem with a non-empty
set of constraints). After that, we find the weights of the
objects w},i = 1,L, from the relationship:

w; = eWi i=1,L. (14)
Model 2 is the LP problem of the form:
min X jyea) X7 " Vij »

—YVij S 0; ~ Y0 S Vi, Yij 2 0,
(.))ElA|

w;=a=1i=1.L (15)

where a is a specified number;
w;,i = L, v;,(if) € |A| the LP problem variables;
7;; Weighted coefficient.
We propose to solve the LP problem (15) for coeffi-
cients r;; that take the following values:

1) Ty = V(@) €Al (16)
vij—1 Yij>1
L v el
T =, l ,
2) LN R A (17)
3) Yij L(i,j)zﬁfu i = Vijs Vij (18)

Remark 4. For cases y;; — 1 € [0,e] where e > 0 isa
given number, we replace y;; — 1 by € in expressions (16)—
(18).

Remark 5. We can also use other analytical expres-
sions for coefficients r;; that satisfy the condition: r;} < 13
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follows from Vy;; > y7; > 1 + ¢ (where £ > 0 is a given
number).

Remark 6. An analysis of statistical experiments in [4]
concluded that the following analytical expression for r;; is
statistically efficient:

1
ry = ——————y; > 1 (¢ = 0.1).
3 2
(viy—1)

Nevertheless, in each individual case, we recommend
to solve a set of LP problems (15) in which r;; are deter-
mined from expressions (16)—(18).

3.1. Choosing the best solution. As a result of im-
plementing item 2, we obtain a set of weights {w!,i =
=1,L}, p = 1,k, where k is the number of different found
sets of weights w;,i = 1,L. The solution is a set of weights
o™i = 1,L, on which we reach the minimum:

1 ooﬁ7
y_ij 7 —Yij|-

o (19)

in
=1,k

p=1k 4
(ij)elal

3.2. We need to perform the following operations [2,
4] to determine whether the set of weights w™,i = 1,L, isa
stable solution obtained by the empirical matrix of pairwise
comparisons T.

We build M combinatorial optimization problems, in
each of which we replace y;;, V(ij) € |Al, with arbitrary
vij, V(i)) € |Al, I = 1,M, that satisfy the conditions

w;
= —Vij
Wy

Yi—vy =t V(i) € 1Al

where M is a sufficiently large natural number.

Remark 7. Combinatorial optimization problem to
obtain w},l = 1,M, coincides with the one for which we
obtained w™,i = 1,L, up to a replacement of yij by yﬁj.

Let G)ﬁ, i = 1,L, be the estimates of the alternatives’
weights obtained by [-th optimization model (I-th set of
optimization models), [ = T,M. The weights o™, w!, [ =
=1,M,i = 1,L, are equally normalized.

Weights’ estimates ®}", i = 1,L, are statistically jus-
tified, stable, and well consistent, if numbers p(&™,®"),
l = 1,M, are acceptable. Here, ®™ = (w7, ...,0)T, @' =
(i, ..,0)T, I = 1,M, and p(®™,®") can be interpreted
as the degree of difference between vectors @™ and @' [3].

We proposed in [3] to use this measure:

L o _ 0’%
i=1 2 2
JEhalop)” JEha(o)
We studied a well-conditioned empirical matrix of

pairwise comparisons in [4], according to the computa-
tional procedure proposed by Saaty [5-12]. We used Model

1=1,M. (20)

1 to estimate the weights. It turned out, as a result of simula-
tion, that p(®,®") € (0, 0.12) in 100 % of cases, where
l=1M and ® = (w4, ...,w,)T are the weights estimated
by the simulated well-conditioned matrices of pairwise
comparisons.

Thus, if p(@™,®") € (0,0.12) VI = 1,M, then the
estimated values w! of weights w;, i = 1,L, are stable, and
the empirical matrix of pairwise comparisons I is equiva-
lent to a well-conditioned empirical matrix of pairwise
comparisons by the efficiency of the weights’ estimation in
the sense of [5-12].

Remark 8. The implementation of item 3.2 is labori-
ous and can be omitted if the guaranteed obtaining of stable
and well consistent values of w;,i = 1,L, is not mandatory.

Conclusions. In this article, we have proposed an effi-
cient algorithm for uncertainty resolution for a quite gene-
ral class of combinatorial optimization problems under un-
certainty which use expert weights. The algorithm includes
efficient algorithmic procedure for expert weights’ estima-
tion based on previous results of the author and his
disciples.
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