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O HepaBeHcTBaxX THUIIA
Xapau-JIuttiaByna-llonua nyisa ornepaTopoB B
I'JILOEPTOBOM IIPOCTPAHCTBE

OrpumaHo ciMelicTBO TOYHMX aAUTUBHUX HepiBHOcTel Tumy Xapai-Jlirrasyma-Ilostia
JIJIsi OmepaTopiB B riibGepToBOMYy IIPOCTOPI.

KirogoBi csoBa: rinbbepTiB mpoctip, omeparop, HepiBHocti Tumy Xapai-Jlittasyna-
Ilouia.

ITosnydyeHo cemeiicTBO TOYHBIX AaAANUTUBHBIX HepaBeHCTB Tuma Xapaw-JIurrtaByna-
Ilonua nyisi omepaTopoB B rMJIbOEPTOBOM MPOCTPAHCTBE.

Kirouebie cjioBa: TMiibGEPTOBO MPOCTPAHCTBO, OMEPATOP, HEPABEHCTBA THUIIA Xap/Iu-
JIntrtaByna-Ilonma.

A family of exact additive inequalities of Hardy-Littlewood-Polya’s type has been
received for operators in Hilbert space.

Key words: Hilbert space, operator, inequalities of Hardy-Littlewood-Polya’s.

1. BBenenue

[Iycrs G - peiicrBurenbhas ock R win ennananast okpykaocth T = [0, 2] . Hepes
Ly (G) 6yaem 0603HaIaTH TPOCTPAHCTBO M3MepUMBIX dyHKIWi = : G — R Takux, 4ro

1/2
2
e = / e@Pdt| <o
G

Ly (G), r € N, - npoctpancTBo Beex (DyHKIHI 2, KOTOPbIe IMEOT JIOKAJIbHO abCOTIOTHO
nenpepoisusie nponssonubie 2" u 2" € Ly (G); Ly, (G) = Ly (G) N L (G).

Xopomro ussectHO (cM., Hanp. [1]), aro mms moboit dyukmmn x € Ly, (R) Bbimoms-
eTcst TouHoe HepasencTBo Xap;u-Jlurriasyma-Ilomma

1—kfr 1 (r) (¥
| e @<l @ ) 2 e, rkeN, k<r. (1.1)
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B caygae G = R nepasenctBo (1.1) SKBHBaJIEHTHO CEMEHCTBY aJIUTHBHBIX
HEPaBEHCTB
r—k
K)||2 2 k(r—k\F 2
[e®)2 o < Allel?, @ + ;< - ) 1O g (1.2)

r—k
U 15 Jioboro 3aganHoro A > () KoHcTaHTa, é (TT_—A’“) " Heysydmaema (2, §5.4].

st G = T us vepasernctsa (1.1) BeITEKaeT ClIpaBeyINBOCTD CJIEYIONIETO AHAJIOTA,
nepasencTsa (1.2): ja sroboit dbyrkmmm x € Ly , (T)

r—k

k) ||2 2 E(r—Fk\F 2
e, < Allelin + 5 () Nl (13)
r—k
OJIHAKO, KOHCTAHTA é(’;——Ak) * | B OTJIMYHE OT HEIEePUOIUIECKOrO CJIydasi, BOOOIIe

roBOpsl, He siBjsiercs TouHOil [1]. Bagaua OTBICKAHWS HEyTydIIaeMblX aJJINTHBHBIX
HepaBeHCTB Jyia bynknuit Knacca Ly, (T) pemena B pabote [2] (cm. Takxe [3, §5.4]).

[IpuBesieM HEKOTOPBIE PE3YJIBTATHI, CBA3AHHBIE ¢ 0DOOIICHIEM HEPABEHCTB Xap/Iu-
JIurryna-Tlosma Ha cydaiil 10CTATOYHO MTPOU3BOJIBHBIX OMEPATOPOB, JAEHCTBYIONINX
B cenapabesibHOM THIB0EPTOBOM POCTPAHCTBE, KOTOPBIE OBLIN TT0JIyUeHbI B pabore [4].

IIycts H - cenapabenbHOE THIBOEPTOBO MIPOCTPAHCTBO HaJl I10JIEM KOMILIEKCHBIX
qHCea CO CKAISPHBIM HpomssedenueM (-,-) u mopmoit |z|] = +/(z,2), {e,} o, -
oproHOpMupoBaHHbIii 6azuc B H. ITycts Takxke ¢, = (x,e,) - koadbdunuentor Dypbe
ssementa © € H u Y ¢ e, - ero psajg Oypbe.

14
[Iycrs f(v) m p(v) - KoMILIEKCHO3HAYHBbIE (DYHKIUHU, 3aJaHHbIE HA MHOMKECTBE
HEJIBIX YUCEsT U YJIOBJIETBOPSIONIHAE YCIOBHSIM:

1) [f(w)] n l¢ (v)] me yopBator ¢ pocrom |v] u [f(v)| = |f(=v)|, [¢(v)] = (=)
Jtst Jiioboro v € Z;

2) dyuxun f(v) n p(v) CBI3aHHBI COOTHOIIEHIEM
2 2
leW)I"=a(If (), (1.4)
rae « (t), t > 0, - BoimykJas BBepx HeyObiBatomas dyukims, « (0) = 0.
Paccmorpum oneparopst Ay Ay, OIpe/ieIeHHbIE CJEAYIONIM 00Pa30M.

Hnsg z = > ¢ e, nonoxum
v

Arx = Zf (v)cve,, Apr = Z(p (v) cvey,

Dy, = { S el < oo} 1Dy, = { Sle WP lef’ < oo} -

COOTBETCTBEHHO ObJIacTu omnpejesienns oneparopos Ay u A,. Herpynno ybeaurbea B
TOM, 9TO DAf C Da,.



HEPABEHCTBA THUITA XAPIN-JINTTJ/IBY/IA-IIOJIMA

B pabore [4] nokasano, aro jyis jm060ro & € D, UMeeT MecTo HepaBeHCTBO

1
1Apz]” < flal* o ( IIAfSB||2) : (1.5)

[Edl

KOTOpOe oOpalaeTcs B paBeHCTBO Ha JIIoOoM 3JjiemenTe 6asuca e, v € N.

Hepasencrso (1.5) mpejcrasiser coboit 0600Imenne KIaCCHIeCKOr0 HEPABEHCTBA
Xapmu-JIurrasyna-Iloawa. B wactHocru, B HepaserncTse (1.5) cofep:KuTCs HEPABEHCTBO
Xapau-JIurtisyna-Ilonmma s nepuomgmdaeckux yHKITNN.

« 2
Taroke B [4] mna Beex @ € Dy, u moboro K € (O; %) OBLIO IOJIYYIeHO

ceMelicTBO a/IUTUBHBIX HEPaBEHCTB BUJIA
2 2 2
[Agz|” < Ok [lz]|” + K [ Agz| (1.6)

Ca(lrm?)
W JIOKA3amo, Iro Jyrs moboro samammoro K € | 0; —7mpe

) korcranta Ck B (1.6)

HeyJIydIraeMa.
B namnoit pabore wcciiejyercd 3ajada MOJYYEHHS CeMelcTBa & IUTHUBHBIX
HEPaBEeHCTB JPYTOro Buja: Jyid Jioboro x € Dy,

[Agz||* < K ||z + Cx [|Asz]*, (1.7)
korga K € [0; sup a|f (1/)]2)) , TOYHBIX B TOM CMBICJIE, UTO JIJIsI JIIOOOIO 3aJaHHOTO
veN

K e [0; sup o(|f(v)[*) | xoncranry Cx yMEHBITUTD HETb3S.
veN

2. /lpyroit BapuaHT TOYHBIX aJAANTUBHBIX HEPABEHCTB TUIIA
Xapau — JIurtasyna — Iloaua.

B smononserne K yeaoBusiM 1) u 2), HAJOKEHHBIM B TIPEJBIIYIIEM IIYHKTE Ha
dbyuknun f, ¢ u a, 6yaem npejamnosaraTs, uto dyuknus f crporo Bospacraet, f(0) = 0,
a(t)— muddepennupyema B s11060it Touke t > 0, npuaem o (t) — 0, ecim t — 400.

Mt siroboro K > 0 MoxkeM HalucaThb

1Agel* =Y e P lel =Y (le P = K) e [* + ) _Kle | =

v

f (v

2
Hna v =0,1, 2, ... nonoxum v, = |f (v)|". Ilociennee HepaBeHCTBO HepernuieMm
B BUJE

v

3 % FOIFle) + S Kl < Kol +sup (W) | Asall®.

a(v) — K
1Az ||* < K ||| + sup (—< ) ) 1Al
veN 8t

v
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[Monoxkum M = sup a (7,) u nanee Gyjem npejmnonaratsb, ato K € [0; M) .
veN
PacemoTpuM 1mocsie10BaTeIbHOCTD

oly—1) _ alw)
¢1207 wuz%a V= 27 37
Y1 W

N3 Beimyksioctun ¢yukiuun « u teopembl Komm cienyer, 9to v, — 400 1IpH
v — +oo, infy, =0.
v

g v = 2,3, ... pacCMOTPUM Pa3HOCTHU

0, = - 1 1
T Yv—1 Y Vv—1 Yo—1 T

alw-1) _ alw)
_anw) K aw)—K = (K B = Yo )

[Iycrs K € [0; M) . Ecin 3nadenue vy € N takoBo, 910

¢V() S K S wllo-i-l;
Toryta i v < vy oyaer 9, > 0, a qis v > 1y Oyzer 0, < 0. Orcioma ciemyer, 4To

(Oé(%)—K) _alwm) - K

sup
71/ P)/VO

veN

Ormerum, uro mia K = 1,

() — K _a (V0) o (Yo-1) Yoo — & (V) o1 _ @ (W) — @ (=1
Yo Yo Yo (/YVO - ’7V0—1) Yo — Yvo-1

b

anpun K =141

o ('7110) - K _ o (7110) .o (71/0) Tvo+1 — & (VVU-H) Tvg & (7110-1-1) . (71/0)
Yo Yo Yoo (Vo1 = o) Yvo+1 — Two

O6o3naunm gepes [ (K) sjomanyio ¢ y3jaamMu B ToUKax ¥, v = 1, 2, ... KoTOpas B
y3J1aX UHTEPIOJIUPYEeT 3HAUCHUS

o ('711) — (/yu—l)
T — Yv—1

HO,[LbITO)KI/IB&H CKa3aHHO€, BUJIUM, 9YTO CIIpaBe/I/JInBa

Teopema 1. Ilpu cdeaarnnoiz eviuse npednosorcenuar omuocumenvio pyrnkuyud f, @
u o das moboeo K € [0; M) u 6cexr v € Do, umeem mecmo Hepacencmeo

1Apz|* < Kllz||” + 1K) || Apz . (2.1)



HEPABEHCTBA THUITA XAPIN-JINTTJ/IBY/IA-IIOJIMA

[Tokazkem, aro KorcTanTa [ (K) misa aroboro K € [0; M) meymyumaema. Bosbmem
npousBosibHoe K € [0; M) u Boibepem vy € N rak, arobsr ¢, < K < ¥,,41. Jis
T = e,, Oy/leM NMeThb

A2l = [Ageall = o (o) = (1F ()) =
= Ko+ 2 =

vo

= Klz|” + 1K) Agz]”
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TouHil 3HaYEeHHS B3a€MHOTO BLIXWJICHHSI
NAesIKIX 1HTEePHOJIAIINHNX MiAIPOCTOPIB
epMITOBUIX CILJIaliHIB B PIBHOMIPHIIi 1
IHTerpaJbHiil MeTpuKax

OrpumaHO TOYHI 3Ha4YeHHs B3A€EMHOrO BiaxmiaeHHs B mpocropax L, 1 < p < oo,
iHTepImoAAIiiHNX MMiATPOCTOPIB epMiTOBUX CIJIAiiHIB JOBiJILPHOTO MOPSAAKY Ha KJacax
HemepepBHUX i HemepepBHO AudepeHiiioBHNX QYHKITIH.

Kurowosi ciropa: cmitaiiH, migmmpocTip, HOpMOBaHUI ITPOCTIp.

ITosrygens! TOYHBIE 3HAYEHNS B3aMMHOIO yKJIOHEHHs B mpocTpaHcTBax L,, 1 < p < oo,
UHTEPIIOJISIUOHHBIX MTOAIIPOCTPAHCTB IPMUTOBBIX CIJIANHOB IIPOU3BOJILHOTO MOPSIKA HA
KJIaccaX HeNPepbIBHBIX U HenpepbiBHO quddepeHnupyemMbix QyHKIUIA.

Kimrouesbre cioBa: cnnaiis, MogMpOCTPAHCTBO, HOPMUPOBAHHOE ITPOCTPAHCTBO.

‘We obtained exact values of mutual deviation of interpolation subspaces of Hermitian
splines of arbitraty orders on the classes of continuous and continuously differentiable
functions in L, spaces, 1 < p < oo.

Key words: splines, subspace, normed space.

Hexait C?, ¢ = 0,1,2,...,C° = C, — ninifinuit Hopmosanuii poctip dbynkuiit f(z),
sKi MaloTh Ha BiApi3ky [0, 1] ¢ HemepepBHUX MOXIAHUX, 3 HOPMOIO

q
HAID =D 11 Moo IFIO = 1I71I
=0

Hexait me A, = {0 =20 <21 < ... <z, = 1}, n > 1, - nosizbre po36uTTs Bijpizka
[0,1], by = 2 — 2,1, i = L,m, 6, = max{hy,i = T,n}, ) = f0)(z,),i=0,n, j=0,q.

Ak i [1], koxuiit byHKIT f(2) € C7 mocTaBUMO y BiIIOBIIHICTH IHTEPHOJISTHHAIT
epMITOBUI cILTaifH mopaaky 2m + 1, m =0,1,2, ..., Bumy

Sran(f, Ay @) = > fE Hym(hiy = 2ic1) + (=1 Hy(hiy 2 — @), (1)
k=0

T e [xi—laxi]v izlvnv Tqu TSma
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BIIXUJIEHHST IHTEPIOJISALIUHUX IIIIIIPOCTOPIB EPMITOBUX CILIANHIB

Jife

k'm' = S!hm+l+5 : ( )

Hym(h,t) =

[Timnpoctip Takux cruiaitais npu dikcoBanux m, r, i A, mo3HaduMo depes S, ., (4A,,).
B miit poboti Mu mpomosrkuin, posnodare B [2] - [5], mocsiaKens BenanHn

@r,p[sm,ml(An)a Sty,ma (An)] = Hfi(u%) |’57‘1,m1<f7 Ap;w) — Sra,ma (f, An; x)”pa (3)
<1

sIKa TIPEJICTaBIIAE€ COO0IO0 B3AEMHE BiIXUJICHHS ITapU MiIPOCTOPIB €pMITOBUX CILIAIHIB,
mo € aHajgorom posxwiy (nus. [6], . 3, m. 39) JBOX MiANPOCTOPIB B HOPMOBAHOMY
npocropi. ¥ mojasbimoMy B It poboti Gymemo mosnadatu O, ,[Som, (An), Soms (An)]
qepes O, ,[m, Mg, N

B [3] ana 6yap-akux m € Ng = NU{0}, v € N, i goBlbHOr0 po36uTTs, 3HANIECHO
TouHi 3HaUeHHA it Ogoo[m + 1,m,n|, O1[m + 1,m,n], ©Ogi[m +v,m,n] i
©1.1[m +v,m,n| s piBHOMIpHOrO PO3GUTTSI.

B namiit pobori oTpumani pe3yJabTaTH 10 TOYHUM 3HAYCHHAM BEJTUIHHU
O, plm1, ma, n] s Oyap-aKuX 3HAUEHb My, @ = 1,2, nmar =0,1, 1 <p < oo.

Hexait
A (A) = sup max|fi — fi_i],
(A A<t 195"’ 3
Fr,p(An) = Sup <Z |fz - fz’—llphi) .
1<t \ =1
[Topsin 3 dpyHKITISIME
m(t) = Homy1(1,1) — Hom(1,1) = Chp 8™ (1 — )™ (1 — 2t), (4)

3 poboTH [3] TyT BUKOpHCTOBYIOTHCs (DyHKIIT

D, () = Homsjr1(1,t) — Hom(1, ).

dcHo, mo
Dy, (1) = om(t) + Prms1(t) + Pmra(t) + .. 4 O (t). (5)

OcuoBHi pe3yabrarh 1i€l poboTn 6a3yoThed Ha jJemax 1 - 4.

Jlema 1. Jlaa 6yodv-axur m € Ny, j € N maroms micue pienocms
@r,oo[m + ja m, n] = Ar(An)||(I)m,j—1||7

@T,p[m +j,m,n| = ‘Fr,p(An)H@mJ—al? r€ Ny, 1<p<oo.
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HoBenenus. Buxogaun 3 cuissignomtens (3) i (1), 3 ypaxyBaHHIM TOTOXKHOCTI
H(],m(l,t) -+ H(]’m(l, 1— t) = 1,
Ge31ocepeIHE0 MAEMO

@r,p[m +j,m,n] = Szl%) ||30,m+j(f7 Amx) - 30,m(f7 A’mx)HP =
A1) <1

: :
= sup </ |50,m+j<fa Ap; l’) - SO,m(fu Ay x>|p dl’) =
0

111 <1

- (3]
A<t \ =7 Joia
SN T— i
= sup (Z/ \(fi — fiz)” ‘q)m,j—l(T)

A1<1 \ 3=
p
)dx

-, (S —seor [ Ja )
n 1 p

_ PR 1@ (D)
||fi%9s1 (;W fi1)] /O [P j—1(1)]") t)

-
:sup< |<1>,J1|pdtZ| f11|h>=
0

|FlIm<1

1 » n v
~ ([ 1stemar)” sup (Z\(fi—fi_mm) = Fo(B) By
0 A <1 \ =4

[Tepma dopmysia jroBouTHCs anasorivno. Jlema jgoBejena.

T — Ti—1

(fi = fist) Prmjor(———)

\_/).5
IS
&
N——
S =
I

— Ti-1

m,j— 1 hz )

r—Ti—1 |
h; a

Hacuinok 1. /[as 6ydv-axux my, mg € No, my # may, Marioms micue piehocms

@r,oo [mb ma, TL] = Ar(An) ’ ’q)mm{ml,mg}ng—ml\—l ’ ‘7

G)T,p[mlv ma, n] = Fr,p(AN)||®min{m1,m2},\m2—m1|—l||pv r=0,1,2,.., 1<p<oc.
JInst HOAAIBIoro BiaMiTHMO, WO ¢ = 3 — Nﬁ - Touka Biapisky(0, 5), B sKiii

dbyHKIA @), (t) mOcsaTae HaiiblIbIIOro 3HaUYeHHs Ha Biapisky|0, 1], a orxe

2m+1)!  (m+4+1)""12m+3

o Ol = i 11 2mei (2 + 3y

10



BIIXUJIEHHST IHTEPIOJISALIUHUX IIIIIIPOCTOPIB EPMITOBUX CILIANHIB

Takoxx BimmiTiMoO, 10 3 ypaxyBaHHAM criBsinHomens (4) - (5), dyukmii ®, (%)
MalOTh TaKi BJIACTUBOCTI:

1) @ (1 —1) = =Py 5(1), ¢ €[0,1];

1
2) (I)mﬁ(t) > 0, q)m’y<t> > (I)m+17j(t), (I)m,j—l-l(t) > (I)mJ(t), te (O, 5)

Takum guHOM,

= s, [ fontra=2 [ @

t€[0,1]

Jlema 2. /Jasa mopmu @ynwyii @, (1) 6 npocmopi C mae micye nacmynne
CNIBBIOHOULEHHA:

1Pl = Con Nt /T = AN (1 N + o+ Ol 1nsz s NG ).
de

A =

1
2(2m + 3) L Co o (m+1) o
m+2 0™ C;’;jgzjﬂ 2(2m + 25 + 3)

oBeJleHHd. Hexall u = —t). Tom (u')* =1 —4u, a p,(t U w,
pit H t(1—1t). Tomi (u)>=1—4 = Cp um™

Pm+1 (t) = C;nrrj_jsum+2ula Cg’:ntrl?, C2m+1amv Pm+1 (t) = amu@m(t)a

Omaa(t) = amam+1u2g0m(t), e Py (t) = amam+1am+2...am+j_1ujg0m(t).
Otxke
(I)mJ (t) = Som(t)<1 + AU + CLmam+lu2 +--+ amam+1am+2'--am+jfluj)' (6)
Hexait
j i1 j—1 i
P(t) =1+ Z (uZ H am+k> . Q) =1+ Z ((z + 1)u’ Ham+k> :
i=1 k=0 i=1 k=1

Toi
P'(t) = anu/'Q(t), Py (t) = C’2m+1um+1u’P(t),

P () =Chqu ((m + 1 —4dmu — 6u)P(t) + apnu(l — 4“)@@)) =

= Cgrqu™ (—4amu2Q(t) + u(amQ(t) —2(2m + 3)P(t)> + (m + 1)P(t)).

IToknamemo 1me
W (u) = (—4amu2Q(t) + u<amQ(t) —2(2m + 3)P(t)> + (m+ 1)P(t)).

11



T. P. BIKKY2>KHWHA, B. JI. BEJIUKIH

fcno, mo
W (u) = by + byu+ boyu? + - -+ + bju? + bt

O6uncsmooun koedinientu npu u', i = 0,7 + 1, 3HaiieMo
bozm+1, bZIO, 1§Z§j,

bit1 = —UmGm+1Qmg2...Amij—1 - 2(2m + 25 + 3),

a OTKe,
W(u) =m+1 = anbmi1@myzamyj1 - 2(2m + 25 + 3)u’ ™.

Hapermri, mosunadarodn

Conidyiin - 2(2m + 25 + 3)

m )
CQerl

Wi = Qmlm1Gm2---Omjo1 - 2(2m 4+ 25 + 3) =

Oy/1eMO MaTu

@, 5() = O™ (—wn? ™ A m A1), —wpw! T A mA1=0,  u= Ny,

1

ae Nij = (—m“)j“ .

Wm

1—y/T=2N
—J7 HQTTL,]H - q)mu](tm)])'

Maxcumym @y, ;(t) mocsraernes B Todri ty, j = 5

Jlema 2 nmoBejieHa.

Hexait nami

T(ab) = /0 (1= 01" (1= 26°dt, a>0, b> 0,

Jlema 3. Mae micue nacmynma pienicms

a!
= No.
j(aa b) 2a+1 H?:()(b + % + 1)7 a, b € 0

Hosenenns. /liiicho,
1
0,0) = ——.
J(0,5) 2b+1
g nosutbnoro a € N, 3actocoBytoun (hopmy/ly iHTErpyBaHHA YacTUHAMU, OYyJ1€MO

MaTHu
a

2(b+ 1)

Takum aunom, g 0<i<a, b>1,

JI(a,b) = T(a—1,b+2).

_afla—1)(a—2)..(a—j+1) , _
T = S D) o= @ hb+2),

12



BIIXUJIEHHST IHTEPIOJISALIUHUX IIIIIIPOCTOPIB EPMITOBUX CILIANHIB

ala—1)(a—2)...1 B 1
D013 a1 Oo+2a), J0.b+20) =55

J(a,b) =

J(a,b) =

al

201 T2 (b+2i+ 1)

Jlema 3 moBemeHa.

[arerpan J(a,b) Tako MOKHO 00uucuTu 3a hOpMyIaMu

L)
J(a,b) = 55073 C(L ﬂ[L][l]—I—l)!’ akmo b= 2] + 1,
Ta 1. bl !
J(a,b) = al - bl (a + [1))! axio b = 21,

2-["2a+b+ 1)V
K1 JJOBOJISITHCSI aHAJIOMIYHO.
Posryiinemo a1l mosiiHOM cTereHss jp BiJHOCHO U

A\ P .
(1 + Al + A 10 + -+ + amam+1am+z--~am+j_1u3> =Y Mi(amyv’, (7)

1€ Ui = (Qpy g1 Qs 2,5 ey Gt j—1) s & Mi(ap ;) - e KoedinienT npu v’ . Hanpuxoaz,

2
<1 + agu + a0a1u2> =1+ 2aqu + (a% + 2a0a1)u2 + 2a0a1u + a%a%u‘l.
Orxe,
Mo(ag, a1) = 1, Mi(ag,ar) = 2a9, Ms(ag,a1) = 2agar, Ma(ag,ar) = aga?.

Jlema 4. [las nopm Pynkyit @ (t) @ @ i(t) 6 npocmopi L,, 1 < p < 00, maromo
MICUE HACMYNHE CNIBBIOHOWEHHA

3=

1 m
lemlly = 2G50 (T (mp +p.9)) "

[, jl]p = 20 C. omt1 <ZM am])j(mp+p+i,p)> :

=0
3okpema, 0rd HAMYPAALHUT 3HAYEHD P

, (mp+p+1)! .
Tmp+p+1,p) = . . ., 1=20,7p,
( p p p) 2mp+p+z+1 H?];n:parp+1(p+2k+1) Jp
1 oMY
1
1 (mp + p)! )
=—C0F )
| mllp om+1 2m+1< mp+p(p+2k+1)
(mp +p +1)! ’
(I)m j m M !
H JHP 2m+1 2 +1 (Z Hmp+p+l(p+2k+ 1)

13
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HoBenenns. B cuny (6), BpaxoBytoun, mo u = t(1 —t), maemo

p p A\ P
((I)m,j (t)> = (cpm(t)> (1 + A+ A0+ -+ amam+1am+2-.-am+j_1uj> =

— (C%+1>pump+p< ) ZM amj)u = (Cg':nH) ZM (@ ;)0 mp+p+z<u) _

=0 =0

12011, = (2 / é(cbm,j(t))pdt)p =< (Conr)” ZM o) [ umpwuf)pdt)p _

1
i Jp ' p
= 27Oy (ZMi(am,j)j(mp—l—p—H,p) :
i=0

Jlema 4 moBemeHa.

3 siem 11 2 BUIIMBaE HACTYIIHA TEOPEMA.

Teopema 1. /Jlas 6ydo-saxux snavens m € No, j € N, wmaromo micue Hacmynmi
CNI6BIOHOULEHHA

@O,w[m +j, m?”] 2m+1'/\/’77r7:;_11 V m] 1 (1 + Z m,j—1 H am+k> ;

. 2571 m m
@1,oo[m _'_j?m’n] = m02m+1Nm;rll V m,j—1 <1 + Z m,j—1 Haerk) .

Hnsa j =1 ui cuiBBignomenus mictarses B [3)].
3 sem 1 1 4 BUIIMBAIOTH HACTYIIHI TBEP/?KEHHS.

Teopema 2. Jlaa 6ydv-axux anavens m € Ng, 7 € N, 1 < p < oo cnpasedaiust
PIBHOCTL

3=

Ogplm + 1,m,n] = 21%5 o1 (J(mp + pm))

?

D=

Oop[m + jym,n] =275y | Y Ml 1) T (mp +p+i,p)

Teopema 3. /[aa 6yoo-axux snauens m € Ny, 7 € N, 1 < p < 00 1 0as pi6HOMIPHO20
PO36UMMA, MANOMb MICUE HACTNYNHL CNIBBIOHOWEHHA

L
2n+12 2m+1 <\7(mp+p7p)> )

3=

O1pm+1,m,n| =

=

. 1
O1pm +j,m,n| = oMty Z Mi(am,j-1)

14



BIIXUJIEHHST IHTEPIOJISALIUHUX IIIIIIPOCTOPIB EPMITOBUX CILIANHIB

Hng p=1 pesynbratu Teopem 2 i 3 micTarhes B (3.
BayBaxKnmo, 110 I HaTypaJbHIX 3HaYeHb p iHTerpasu J(mp + p + i,p) MOXKHA
obuuncuTu 3a popMyIaMu

(mp+p+1)!
2mp+p+i+1 H;n:pa’p‘ﬂ (p + 2]{: ‘l’ 1) ’

J(mp+p+i,p) =

2—(2mp+2p+2i+2) . (mp +p + Z)' A [”[
(mp+p+i+ [l] +1)!

J(mp+p+i,p) = . gakmo p = 20 + 1,
Ta

(mp+p+t-pl-tmp+p+it{)t o g
2 [l 2mptspraiqny o wmer=2h 1=0Jp

J(mp+p+i,p) =

Otxke, 7710 HATYPAJIbHIX 3HAYTEHD P

(mp + p)! )

1 m
60,p[m+17m7n] 2m02m+1( mp+p(p+2k+ )

B =

(.7 1)p (mp_i_p_i_l)
Ogpim +j,m,n OTn Mi(am '
Op[ ] ] om 2m+1 ; J— 1)2Z1—Imp+p+1(p+2k,+1)
1
1 (mp +p)! >
O1,m+1,mn| = ———CJ" )
Lol ] om(2n + 1) “( mrP(p + 2k 4+ 1)
1
(G—Dp ; g
' 1 (mp +p +1)!
Ouplm +jom.n] = 57y Com 2 Miloms-t) P (p+ 2k + 1)
1=0

Hagesiemo jesiki 3HadeHHs IHTEPHOISIIRHAX PO3XU/IIB, siKi 00YUC/IEH] 3 TOUHICTIO
z10 0,00001. Tak,

©0.00[17,3,n] = 0,35790, ©O1[20,5,n] =0,02093 wpu d, = 0,15,

©0,5[25,5,n] = 0,23862, O 5[3,24,20] = 0,00731.

s oynb-axux uaucen r,mg € Ng, kg € N i1 < p < 00 BUKOHYIOTHCA I'DAHUYHI
CHiBBITHOIITEHHST

1 1
nllll;’go@op[m 0 n] (m)pv 1< p < 00,

lim ©, oo[m, mg,n] = %AT(AR), lim ©,.,lm,0,n] = 1( ! >E]:r7p(An),

1/ 1 \:
Jim Oy lm ko] < 5 (=) FralB),
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T. P. BIKKY2>KHWHA, B. JI. BEJIUKIH

MIPUYIOMY, TPAHUTI B PIBHOCTAX HE JIOCATAIOTHCH.

Hnsr=0,1, p=1, 0o piBaocti orpumani B [3].
3azHavInMo, 110

Ar+1(An) S AT(A’VL)7 Fr,p(An) S A'I‘(An)’ -Fr,p(A_n) - Ar(An)y re N07

0<A(A) <=, 0<F,(A) <=, 7€N, 1<p<occ.

[GSIN )
[GNIN )

Tomy mig m € Ny, 7 € N,

reN, 1<p<oo.

1
0<®0:P[m+j7m7n] < ]-7 0<@r,p[m+j,m,n] < g,

Bazuauumo, napermri, mo i r = 0, 1 < p < 00, MalOTh MiCIle JIBOCTOPOHHI

OITIHKH
1 P TP 1 1
'> Y241 <O,m0,n <<—>
(v (H@ V)< Guplm, 0] < (o
1 1 mop+p p 1 1
%C%)OJFI ((mop + p)') . H (p + 2k + 1) S @ij[m, myo, n] < (m) .
k=0
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Tounble HepaBeHcTBax Tuna JI>keKcona B BECOBOM

npocrpascrse Ly ,(R?)

Touni HepiBHOCTI TNy /I>keKcoHa oTpuMaHO Ha KJjacax audepeHiiiioBaHnx QyHKITiH
JIBOX 3MIiHHUX y BUIQAKY HAWKPAIIOro HAOGJIMXKEHHs ’KyTaM’’ 3 ajJreopaiyHmx moJiiHOMiB
y Merpuui npoctopy Ls ,(R?) 3 Baroro Yebumesa-Epwmirta.

KmrouoBi cjosa: y3arajJbHEeHUII MO/IyJIb HEIEepPEepPBHOCTi, HaliKpamie HaOJIM>KeHHsI
”KyTom”, MmHOroudyienu debumiesa-Epwmira

Tounble HepaBeHcTBa Tuna JI>kekcoHa mOJyYeHbl Ha KJjaccax audepeHrupyemMbix
dbyHKIMT JAByX I€epEeMEHHBIX B CJIydyae HaWJIydllero npubJimkeHus ’yriaamu’ wus
asrebpanvecKux IIOJUHOMOB B MeTpHKe mnpocrpaHctBa Lo ,(R?) ¢ Becom YebGblimesa-
Dpmura.

KroueBbre ciioBa: 0BOGIIEHHBIH MOMYJIb HENPEPBLIBHOCTH, HAWJIydYIllee NPUOIIMKeHUe
YyriioM’’, MHOTOYJIeHbl debbIlieBa-dpMuTa.

Exact inequalities of Jackson type, connected with the best approximation by ”angles”
of algebraic polynomials have been obtained on the classes of differentiable functions of
two variables in the metric of space Ls ,(R?) of the Chebyshev-Hermite wieght.

Key words: generalized modulus of continuity, best approximation by ”angle”,
Chebyshev-Hermite polynomials.

[Mycts Lo(R?), e R? := R® R = {(z,y) : —o00 < mz,y < 00}, ecTh
IPOCTPAHCTBO M3MEPUMBIX (DYHKIHH CyMMHPYEMbLIX Ha IIOCKOCTH R? ¢ KBajpaToM
moysts. CumsostoM Ls ,(R?), rie p(z,y) := exp(—(2* + y?)/2), 0603HaIMM MHOKECTBO
byukmuit f, 11st KoTopwix f-p € La(R?). Ormernm, uro HOpMa B ipocTpancTse Lo ,(R?)
onpejiensiercs (popMyJIoit

1/2

V1= [l = // (@) - ple,y)Pdedy

R2

B npocrpancrse Ly ,(R?) pacemorpum onepatop 0606meHHoro ¢isura [1]

Fo(f) == Fnf(z,y) = %//f (95\/1 —h?+ hu,yvV'1 — h% + hv) p? (u, v)dudv,
R2

© C. B. BAKAPYYK, M. B. BAKAPYYK 17



C. b. BAKAPYYK, M. 6. BAKAPYYK

e 0 < h < 1. Kak u B KJlaccmyeckoM cJiydae, OIpPeIe UM aHAJOIM KOHEYHBIX
Pa3HOCTEl epPBOro 1 BBICIINX NOpsiKoB dbyukiun | € Ly ,(R?), ncnonbsys st 3T0ro

omnieparop Fj,(f):
AL(f) = Ay(fi2,y) = Fuf(e,y) — fz,y) = (Fa = D f(2,y),
AL(f) = A (AT Ay (AR y) = (B =D f(a,y) =

1)
Y ( ) Fif(a,y) 1)

(2

=0
Snecy I — C/AMHUYHBLI OIEPATOP B IPOCTPAHCTBE Ly ,(R?); F)(f) == f; Fi(f) :== Fu(f);
Ffl(f) = I (F;Zfl(f)), 1=1,....,k; k € N. Benuuny

Ok(f,t) = sup {|AR(N]| : 0 < h <t} (2)

rae 0 < t < 1, Oyzem Ha3bIBaTH OOOOIIEHHBIM MOJLYJIEM HEIPEPBIBHOCTH Kk-TO TOPSIKA

byukiun f € Ly ,(R?).
[Iycrs Hy(x), n € Z,, ecTbh OPTOHOPMUPOBAaHHAST CUCTEMA [TOJIMHOMOB DPMHUTA (CM.,

Harpumep, [2|) u .
Flay) =D eyi(f)Hi(x)H;(y) (3)

=0 7=0

— agoitaoit psit Pypee-Apmura Gyakimn f € L ,(R?), rae paBeHCTBO IOHUMAaeTCs B
CMBICJIE CXOJIMMOCTH B METPUKE IPOCTPAHCTBaA Lgyp(RQ), a

cij(f / S, y)Hy(z)H;(y)p* (z, y)dady

— koabdurments Pypre-Dpmuta nis f. Cumsosnom L 5(R), rme R = {z: —oo <z <
oo}, p(x) := exp(—x?/2), 0603HAIUM MHOMKECTBO U3MEPUMBIX (DYHKIHUH f TAKUX, UTO
dyukmun f - p cymmmupyemsl Ha JeiictBuTebHOM ocn R ¢ kBajpaTom mosyis. [lycers
Ls 52)(R) (coorBercrBeHHO Lo 5 (R)) ectb nmpocrpancrso L 5(R) B ciaywae, xorjma B
kaudectBe R BoicTynaer ock aberee OX (coorBercrerno och opauuar OY'). [lomaraem,
910 My 11 C Lo ) (R) 1 Masy1 C Lo jy)(R) ecTb KonedwHOMEpHBIE OAIPOCTPAHCTBA, C
Gasucamu {H;(z)}Ly n {H;(y)}}L, coorsercrenno, rae N, M € Z,. B npocrpancrse
Ly ,(R?) paccMoTpuM MHOKECTBO DyHKIHIA

G (My11, Nar1) = Lojy)(R) @ M1 @ Loy (R) @ Nargr,s (4)

rje CUMBOJIAME & U @ 0003HAYEHBI COOTBETCTBEHHO OIepaIlui TeH30PHOTO ITPOU3BE/Ie-
HUsI U IPSIMON CyMMBI MHOYKECTB. DJIEMEHTHI MHOXKeCTBa (4) UMEOT creyforuii BuI:

gn (2, y) = Zs@i(y)Hi(x) + Z¢j($)Hj(y), ()
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TOYHBIE HEPABEHCTBAX THUIIA JIZKEKCOHA ...

rne {pitity € Lape)(R) m {¢;}Ly C Lo (R) ects mpomssosbHble HAGOPHI
dbyHKIWA u3 ykazaHHbIX npocTpancTB. Pynkiun Buga (5) HasbBAOT yriaamu” w3
asrebpandecknx moauHoMoB [3]. OTmernM, 4ro Blepsbie moHATHe yria”; KaK OJHOIO
3 3PHEKTUBHBIX METOJOB TEOPUM AIMPOKCUMAINN (PYHKIINNA MHOIUX IEPEMEHHbIX,
6euto Beegeno M.K.Iloramoseim B pabore [4] m HALIO HIMPOKOE NPHMEHEHHE B
UCCJIEJIOBAHUSAX JIPYTUX MATEMATUKOB.

s npowssoabHoit dynkumn f € Lo ,(R?) cumsomom Eya(f) obosnaumm eé
HaWIydIlee MPUOJINKEHUe 3JIeMEeHTaMi MHOXKecTBa (4) B MeTpHKe HPOCTPAHCTBA

L, ,(R?), re.

Enm(f) =inf{||f —gnml : gy € G My, Nars1) }-

CumvBoraMu Sy oo(f) B Seonr(f) 0b03HATIM dacTHBIE cyMMBI psina (3) dynknun f €
Lg,p(R2) nopsaakoB N 1o x u M 10 Yy COOTBETCTBEHHO, KOTOPbIE UMEIOT CJIeTYIONTNI
BUI;

Sneo(f37,y) = ZZcij(f)Hi(:v)H](y),
Soom(fi2,y) = Z > () Hi(w)H;(y)

Mo Sy a(f) moHmMaeM NPsAMOYTOJIBbHYIO YacTHYIO cyMMmy psia Pypbe-Dpmura (3)
byukuuu f € Ly ,(R?) nopsaakos N 1o z u M 1o y

Swar(fie,y) =Y > ci(F) Hilw) Hy(y).

i=0 j=0

D yHKITITIO

gN,M(f;f,y) = SN,oo(f;xvy) + Soo,M(f;xvy) - SN,M(f;iU,?/) =

= Z Z cii(f)Hi(x)H;(y) + Z Z cii(f)Hi(x)H;(y) — Z Z cii(f)Hi(x)H;(y) (6)

i=0 j=0 =0 j=0 =0 j5=0

2
OyzmeM Ha3bBaTh 0000MIeHHbIM HOMHHOMOM Pypre-Dpmura Gynrmun f € Lo ,(R?)
nopsiika N 1mo x u M 1o y. MoxHo mokazarh, uro byHKIwms (6) IPHHAIIEKUT
MHOXKeCTBY (4), T.e. mmeeT MecTo npejcrasienne (5). Vcnonb3ys uiero JoKa3arebersa
aeMMbl 1 13 paboTsl [5], MOXKHO MOKA3aTh CIIPABEJIMBOCTL PABEHCTBA

o w 1/2
En—im-1(f) = Hf — gNA,MA(f)H = {_Z _Z C?j(f)} ; (7)

T.e. CPeIM BCEX 9JIEMEHTOB ¢n_1a—1 Buga (D), NPHHAJJIEXKAINNX MHOXKECTBY
G(My_1,9M—1), Hamwryamee npubmmkenne ynkuun f € Lo ,(R?) gocrasisier eé
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0006mIeHHbBIN TosIMHOM Pyphe-DpmuTa S N-1.m-1(f) mopsnkoB N —1mo x u M — 1 o

Y.
Pacemorpum omeparop |1]

Cumpomom Ly (R?), 7 € N, obosmaunm xmacc dymxmmii f € Lg,(R?), mverommux
0606IIECHAbIe YacTHBle Npou3BoAnble O™ f/0x'0y!, @+ + j = m; m = 1,..,2r,
upuHaIeKamue npocrpanctsy Lo ,(R?). IIpu stom DOf = f, D" f := D(D"'f) €
Ly ,(R?). meeT MeCTO Clie/yiomas Teopema.

Teopema 1. ITycmv N, M, ke Nur € Z,;0 <t < 1. Toeda cnpasedaruso pasencmeo

. —k
sup 2"(N + M) En-1m-1(f) _ (1 — (1 — )N +D2)qp : (8)

fery (R2)

t k
%conSt {f(:);/k(D’"f, h)dh} 0
0

2de LY ,(R?) = Ly ,(R?).

Jlokasamenvcmso meopemv, 1. B pabore [1| 6buto mosydeHo pasioxkenue QyHKINH
Fyf B pan @ypbe-Opmura. C yaerom Toro, uro f € Lgﬁp(RQ), f # const, u numeer
MecTo pasnoxkenue (3), s Fy, f 3amumem

Faf(e.y) = 323" (D1 = 1) Hia) Hy ). (9)

OrmeruM, 9TO paBeHCTBO (9) NOHMMAETCS B CMBICJIE CXOJUMOCTH B METPHUKE
upocrpanctsa Ly ,(R?). U3 dopmya (3) u (9) norydaem

Ay (f;m,y) iic — B3 1) Hy(x)Hy(y). (10)

=0 5=0

Ucnonbzyst dopmyser (1) u (10), Ha ocHOBaHMEM MeTO/a MATEMATHICCKON WHJLYKIUH
uMeeM

A Fry) =30 e () (- B2 — 1) Hya) iy (), (1)
=0 7=0

rae k = 2,3, ..., upudeM pasencrso B ¢dopmyste (11) moHmMaeM B CMBICJIE CXOAUMOCTH
B MeTpHKe npocrpanctsa Ly ,(R?). C yuerom coornomennit (2) n (11) sanumenm

0o oo 1/2
:ak<f,t>:{ (1-(- >“+J>/2)2kc;3<f>} . (12)

i=0 j=0
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Ucnonbays dopmyity (7), moaydaem

() 3 0 (IR =357 (1) (1 (1) =
i=N j=M =N j=M
N e T S I
i=N j=M

B pabore [1] b0 nokasano, 4ro jyist GyHKImun f € Lgvp(Rz) UMEIOT MECTO
PaBEHCTBA

cii(f) = (—1)TW%(DTJC)7 (14)

rae i,j € N. Ucnonbsys wepasencrso Lesbiepa, paBercrsa (13)—(14) u coorHomeHwst
(7) u (12), 3anumem

1
(N + My7TF”

y {5]%717M71(f)}1—1/ (2k) {5N L 1<f)}1—1/(2k) S

Y 1/(2k)
’ {Z > D) (1= (1= h2)<i+j>/2)2k} <

5/ (D f,h)

5 1-1/(2k)
<{&x1ma(N} TN A

s JaHHOI'0O COOTHOHICHUA IIOJIydaeM

_ DTf h
B alh) < (B ) T R
L3S - (1)

i=N j=M
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Unrerpupyst obe gactu HepaserncTsa (15) mo h B npegenax or 0 o ¢, tie 0 <t < 1,
ucnosib3yst popmyity (7), umeem
t

1-1/(2k) 1 ~1/k 1y
& () <G 0) Y g [ B0 e

0

+8]2V_1’M . / h2 (N+M)/2dh
0

Orcro/ia mojrydaeM OIEHKY CBEPXY

. —k
2'"(N + M) En_1.m—
sup 2+ M) Enorar 1<,;f) < [ (A= @ =p)ND2yan s (16)
rerg @) [ L g
f#const fwk (.DTJC7 h/)dh 0
0
JIJist 110JTyUeHrst ONEHKH CHU3Y YKCTPEMAaJIbHON XapaKTepUCTUKU, PACIOJIOKEHHOM
B JieBoii uactu Hepasencrsa (16), pacemorpum dyurimo fo(x,y) = Hy(z)Hpy(y),
KOTOpas NPUHAJIICIKAT Kiaccy L p(Rz). B cuy dopmysist (7) nmeem
En—1m-1(fo) = [ foll = 1. (17)

[Tockosbky, Ha ocHOBaruU (hopmyIbl (14),
en (D" fo) = (=1)"2"(N + M) en,u(fo),
TO U3 cooTHoIeHus (12) moydaem
(D" fo, h) = (1= (1= B3N ey (D )| =

— "N+ M) (1 — (1= p2)Nem/2)F (18)

Ucnonw3ys pasencrsa (17)—(18) , 3anummem

2"(N + M) En_1m—1(f)

sup ; e
T 2
ey { [&/M(Drf, h)dh}
0
. -k
2 (N + M)"En1m-1(fo) _ /(1 — (1 — R2)N+D/2y gy : (19)

k
{f~1/k Drf(), h)dh} 0

Conocrapisst ornenky cepxy (16) ¢ omenkoii causzy (19), moaydaem Tpebyemoe
pasercTBo (8). Teopema nokazamna.
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CanencrBue. Ilycmv N, M,k € N ur € Z,; 0 < t < 1. Toeda umeem mecmo
PABEHCMBEO

¢ -k

T 2
f€L2yp(]R

k
) [ L
f#const {fwi/k(DTf, h)dh} 0
0

ede ey v (f) — woappuyuenm Pypve-Ipmuma dyrryuu f.
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O BJIOXKeHUU KJjaccoB (PyHKIIHII,
MHTEIPUPYEMBIX C BECOM Ha OTpe3Ke .
YJIOBJIETBOPLAIONINX yCJIoBudA Tuma JInnmmiia

OTpumMaHe y3arajbHEHHs TEOPEMHU PO BKJAJAeHHs1 Xapai-JIiTTaByaa A AedaKux KJia-
ciB dyHKIil, iHTerpoBHNX 3 Baroi Ha [—1;1].

Kiroqosi ciioBa: iHTerpasbHa meTrpuka, ymona Jlimmuiia, dyHKIist Barm.

ITonyueHo o6oOGIileHUME TeopemMbl O BJOXkKeHuUM Xapau-JIuTTaByga ajisi HEKOTOPBIX

KJlaccoB MYyHKIUNA, NHTErPUPYeMbIX ¢ BecoM Ha [—1;1].
Kirouesbre ciioBa: nHTErpajbHasi MeTpuKa, ycaoBue Jlumninuia, GyHKIUS Beca.
‘We obtain generalization of Hardy and Littlewood inclusion theorem for some classes

of functions being integrable with a weight on [—1;1].
Key words: integral metric, Lipschitz condition, weight function.

Iycre o, B € (—1;0]; p € [1;+00); v € (0;1].
Bec w: [—1;+1] = R: w(x) = e(x)(1 — 2)*(1 + 2)?, rae 0 < C; < e(z) <
Bosbmém orpesok [a; b] C [—1;1]. L” P la; b] — npocrpancTBo byt f: [a; b]—R

||f||LP[ab]—(f|f )dx)ﬁ<oo

Pacemorpum dyrknnonasbubie Kiacest: K LP [a; b —{ feLrta;b]: || f] iy S K },
M?-[pwab {f € L2 [a;b]: Vh € (0;%52)

P (fra;0;h) (f (2 + h) — f(@)[Pw(x)de)? <

3=

< MhY,

D=

P(f:a5bih) = ( [ 1f@) = f@ — W)Pula)dz)? < M}

a-+h
MH,L {feLpab] Vh € (0; 552)

o f,abh (f f(@+h) — f(z)w(z; z + h)dz)

a

riie B(A; B)=5+ Afgp tTaKx(ew (f,abh:(f |f(x)—f(z—h)["w(z—h; z)dz)".
a+h

Byzem o6o3natars He la;0] = U M (I la; 0] u F;V?U la;0) = U Mﬂgﬁv[a; b].

M>0 M>0

3=

< Mh¥}

“@\»—‘
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O BJIO?KEHUU KJIACCOB ®YHKIINN, UHTETPUPYEMBIX C BECOM HA OTPE3KE

Eciu e(x) =luwa=p=0,re wx)=1, xracc L? [a;b] obpamaerca B LP[a;b], a
KJIACCHI pr[a bluH Vl)u [a:0] — B HY [a;b] = Lipj,; (v p).
Awnasroruyno, Llpab]( p)= U MLipyy(v;p).
M>0

Kuacc MLZp[a B \V {f € Clap) | Va1, 2 € [a;0]: [ f(z1) — flz2)] < M2y — $2|V}-

Cdhopmynupyem TeopeMy o BiiokeHnn Xapnan u JIurtisyma, moaydenuayio B [1]:
Teopema 1. Ecau f € Lipy,(v;p), mo

a) npuvp > 1 dynxyua f sxeusasenmna gynxyuu f* € Lippy (v — %);

b) npu vp < 1 Ppynxuusa f € Llp[ab]( — zl) + %;q) ona Nq € [ : l_pyp).

3/1ech MBI YCTAHOBUM HEKOTOPOE 0O0DINEHUE STOTO Pe3y/ibraTa Ha BECOBOM CJIyUaii:

Teopema 2. Ecau o € (—1:0], B € (—=1;0] u f € KL£2[—1;1] N MHYL[—1:1], mo
a) npu vp > 1 gynxyua f sxsusasenmmua ynryuu f* € M*Lip[_l.u(y — ]lg);

b) npu vp < 1 ynxyua f € K*LI[—1; 1]ﬂM*’H(V vt )[ 1;1] daa Vg € [p; £ Vp)
2de koncmanmo, K* u M* sasucam om K, M, «, 8, p, v (u q), no ne om dynrxyuu f.

Ucnonp3yeM gacTuaHO MOAUbUIMPOBAHHOE JJOKA3aTEIBCTBO TeopeMbl 1 u3 [2].

JokazareabcTBo. HaunéM ¢ OIIEHOK, CBSI3BIBAIOIIUX W U W.
Iokaxem, uro Vd € (0;3), Vo € (=1;1 — d): w(x; x + d) < C), yw(x).
x—l—d z+d
1) ze(~1;0]: W(z;a+d) = & [ w®)dt<CPL [ (144)Pdt<CP (142)P <CPw(x).
(
5

o1d _
L[ (1=t)edt = COL (1—a) e — (1—z—d) o) V=7

2) z€[0;1—d): W(x; x+d) < B

(1—z)tte

= C(%Q(Z)ya, rae z= € Cogy = 19(2)] < C® mpu 2 € [0; 1].

ge[d, 1) ug(z)=222 0 .
Orciona w(z; x+d) < C’S%ya < C’g[);w(x) B sro6om cityuae wW(x; x4d) < C’S%w(x)
Paccemorpes (1) = w(—x) u w(—x—d; — ) w(—z—d; (—r—d)+d) = w(x; z+d),
AHAJIOTMIHO YCTAHOBUM, 910 W(x;x + d) < Ca Bw(a:—{—d).

10

Nnate I‘OBOpH w(A;B) < C) . Jw(A),C 1 Jw(B). Taee, Vw € (4; B):

(A

a;f
w(A; B) = BAf BA(zw( dH‘f ) A

W) 4 W B) < 0“°> (@) + COu(z) = caﬂw< z) (1)
Orciona HYala; b] C C”’H( »la; ], To ect H]gyw[a b C ﬁ(u) wlas bl (2)

)

(mycrn f € Hél;'l)u[a; b], Torma E(p (f;a;b;h) ( f ’f x+h)— (x)}@(a:,x + h)dxp)% <

O///( f } | dlL’)% C///w(_p)<f; a; b; h) < " p
Tak 4ro f € C””H [a b]) Kpowme toro, ecin otpesok [A’; B'] C [A; B, o
B B
WA B) = g | WA B)dr < Cap gy [ w(w)dw = Cogg(A' BY) (3)
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C apyroit croponst, Vd € (0;3), Vo € [—14d; 1—d]: w(z) < C’(H)@(x; r+d) (4

-1

r+d
z < 0:w(z) [w(z; x—i—d)}_l < CW(142)? [ [ (1+1)Pdt] B <0,

x

z+d
x> 0: w(z) [w(z; x—i—d)]*l <O —z)[L [(1- t)arl < O (1 —g)o—e = 1Y),
B moGoM ciryuae (4) mveer mecto. Ananormuno w(z) < CMw(x — d; ).

[Mockosbky npu a, 8 < 0 Bec w(z) = C3 > 0, TO uHTErpajbl, yKa3blBAOIIUE Ha
npuHaiekHoCTh f Kiaaccam K L w MH (u3 oupeeeHnii STUX KJIACCOB), MAKOPUPYIOT
aHAJIOTMYHble MHTerpajbl 0e3 Beca ¢ HEKOTOpOW KOHCTaHTOH (g, > 0. 3Haunr,
f € MyLip_4)(v; p), nosTomy B citytae (&) JOCTATOMHO BOCIIPOM3BECTH PACCY K ICHHUST
u3 [2] (nemma 1 u reopema 1, 1. 1) u HOJIyIUTh UCKOMOE YTBEDPXK/ICHHUE.

Hasee pacemarpuBaercs ciay4daii (b); He orpannauasi obuHOCTH, cunTaeM vp < 1.

I. [Tycrs BHAUATE f € C( 1) HOCKOJIbe w( ) = C5 >0, 10 Va, b €[-1 1]

b 1 HD 71)7/ %
Jlf iU!dﬂf—f!f ()w™r (z)dx (f\f JPw(z)de) (fw v (x)dr)? <
4(f |f(z)[Pw(x ) = Cull fllpp -1y < 00, Te. f € L[-1;1]. Crenoparensho, s
x € [— 1, 1) mv € (0;1 — x) MOXKHO ONPEJIETUTh «YCPEIHSIONYI0» (DYHKIHIO

v) =1 vaf(t)dt = %ff(x +u)du = jf(x +vz)dz, u nycrs (xz;0) := f(z)
Torna st ;L >0ux+ h0< 1, BBUILY HeﬂgeprBHOCTI/I f() Ha [z;2 + h]
h h
f(x) — %ff(m +u)du = ®(z;0) — O(x; h) = —f‘b;(fb;v)d’l} =
0

:—f(—v%ff(a:—l—u)du—i—%f(aﬂ—v)dv:— vlz{f( w+v)—f(:r;—|—u))du}dv
0 0 0
h h v

otyna f(x :%Offa:jLudu—Of1{Of(f(x+v)—f(x+u))du}dv (5)

¥ aHAJOTMMHO A7ist © — h > —1, B3sB ycpennenne O(z;v) = < f f(t)

h h v -

f(x):%ff(x—u)du—fv%{f(f(x—v) f(x—u))du}dv (6)
.................... O
Ilyers [a;b] C [—1;1]: 3h > 0: [a;0+h] C [-151]. ||f||Lq[ab]_(f|f 2| (z)dr) s 2

brh

\%<af[{‘f:v+u|du} )dac)
+<j Lf%z{ofv‘f(x—kv) - f(m+u)|du}dv}qw(x)dx>; =hL+1D (7)

<af‘%offx‘|‘u bfl{‘oﬂ T+ ) a:—l—u]du}dv!qw(:v)da:)gg
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1) Omnennm cBepxy [, TpUMeHHB Jijisi BHYTPEHHENO WHTErpajia HEPABEHCTBO
1

b h . b4
[énbaepa ¢ nokasarenamu p u p's I} < h! (f U |f(z+ u)|Pdu] ? - U du] P’w(x)dx) -

>
=

1 (I 1@+ wlPwle e o+ u)d] U o+ wpdd] wia)dr)" <

<t s (T 10w ™ - [f e+ P o)) <
< Csh v K —q(f[f\f(x+u)|pw(m)du}dx)3:06 K Z(Of[afb )dx] ”du)5<
<Ceh P K —5(f[< / e+ u) — f@)Pw(a)d)” + ( / F (@) Pw(e)dz)? ] du )é S
- o e a ok

< Csh 7 K0 (M + K)

2) Ouennm I, = (fb Tq(x)w(:v)dx)%, rie T'(z) = thv%{ofv’f(x—i-v) — f(z4u)|du}do.

BHOBB ucnosib3yst To, 9T u3 «, < 0 Boitekaer f € LP[—1;1] u f € Lip[_l;l}(l/;p),
Bocrpon3BeiéM onenky 1'(z) (u 12) B [2, (17) — (19)]. Utak, nus e = 2 (v — % + %) >0
n v = max{0; (1 + I/p)(— — ) — £l obosnavas p=¢e¢— v+ (1 + yp)(l - %)

q

12<O7M1qh#({[0fv<p+“% [ 1f (z+v)— f (z+u) |Pdu}dv} da;) -
- 1
-t (fuct

<ot (o FI(f 10+ ) - f@)ruton+

a

Q=

O >

fv du dv dz) dudazdv)%:(fff dxdudv)é:
0

|~

Q
q

Q%TO%@
o
=)
Q

| f(z+v)—f(az4u) Pw(z dx du}dv)q <

b

([ 1£) = flo+ w)Pu(a)de) ] dufdo) ' <

a

Q=

h 2 v 1 h 2 1
< OLMu ([0 [opdu]do) s = CoM b ([ oo Tt gy) e
0 0 0
h

[(...)dv cxonures <:>(—%+7—€)Q+Vp+1>—1<:>2+€—7<1/§+§; IO OIIpeJIeIEHUIO
0

2 2,3 1 1 1 2
v, mveen 24e—y<EHye—(140p) (=) A S+ (Qv—g+i) -G rv—g v <vi+l &
& —l(u—1+1)<0 9TO BEPHO BCJIEJICTBUE Bb16opa q, OTKy;:La 2+5—7<u§+§. [TosTomy

1_1

< CuMRpE IR G =St @tvp) g — oo MR ™ 5T a = CuMhY "5t (9)
s (7) (8) 1 (9): [1fll g oy < Co' 4 (M + K hi~s 4+ Ca MY~ v " (10)
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Ecmn Baars dynxmmo f(z) = f(—z) u Bec w(z) = w(—z) (re. w(x) ¢ 3amenoii
a < [, e(x) + e(—x)), TO JIErKO BUJIETD, ‘{TO
W= 115 h) = 0P =155 ) m P (=115 k) = 0P (f =1 5) (1)
nosromy qid [a'; 0] C [—1;1] makoro, uro 3h > 0: [’ — h; V'] C [—1; 1], anagoruano
p p_1
(10) nomyuaaem: [|f|| 1o (4 < CoK'™a(M + K)Ehr% + C’lth”_%J“% (12)

By (10)  (12): || /Il gy = (_fll(...))é <2 ((Ofl(...))i + (fi(...))i) -

= QE(HfHqu[O;l] + ||f||LZ,[—1;O}) < CllKliE(M + K)Ehaf; + Cl2MhV?E+E (13)
rae h € (0;1). Orcrona, B wacrtHocTH, || f{| g 1.y < 00, Tak uro f € KoLi[—1;1] (14)

Teneps pacemorpum [a; b] C [—1; 1] Takoit, uro Ik > 0: [a;b+ k] C [1; 1], u onernm
@(q)(f;a;b—k kk) (mpm a = —1, b= 1 — h u k = h sro Gyger @(q)(f; —1;1;h)):

GO (frab+ ki k) = (flfa:+k f(2)| "W (z; +k)dz) T <

Q=

< (fb |f(:c+§)—f(:1:)|q@(...)dx)5 + (f |f(x+k)—f(:1:—|—§)|qw(...)dx)% =Jt+J (15)

Ounenum, nanpumep, J . Ilycrs h = £, Torma x + g +h=x+4+k < 1. Beuay (5):

k
h h 2 v
T) = %ff(x%—u)du— f%{f(f(ijv) - f(x+u))du}dv
0 0
flz+%) = %fhf(:wr + u)du fv%{fv(f(x—i- 5+ —f(:c+§+u))du}dv
0 0 0
ITo mepasenctBy Munkosckoro J* < JiF + J + J5 =

=1 afb[bfh‘ fl@x+E+u) f(x+u|du} x:U—l—k)dx)l

b-h v 1

—|—(afuvi2{oﬂf(x+v)—fx+u|du}dv} xm—l—k)dx)
+<afb [thv%{ofv}f(x+§+v) — f(:v—{— +u ‘du}dv] w(x; x+k)dm> (16)

1) Onennm J;". Ucnonnzys (1) u nepaseHcTBO I‘énbgepa C moKas3aTessiMu p u p',
1

Jf’g%(afb[ofh}f(x+§+u)—f(x+u ‘pdu} Udu}?w(x :13+k)dx> <

<Gl <fb H Iress)-soPuoa] [of a5 f(a-tu) [ du] (.. )d) <

Q=

1-2, - 1i,0-2) brh k .
< CisM " ak™» Q(f[f}f(x+ +u) fx+u’wx:v+k)du]dx> <
b+u 1

< O M ikt a=D (| (0 [ +fu} Ft+5) - (t)\pw(t)dt} du)a <

< 017Mk*%+1/71/§+1/§ (f du)
0

1,1

= O, MK " (17)

Q=
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2) Benencrsue (1): J5 C'Ofﬁ( [f v2{f|f (x+v)— x—i—u)’du}dv} qw(x)dx>q =

= (51>, Tax uro BBUIY (9) JF < CsM MhY"5ta = Cisk”™ »ta (18)
1 brh v 1
3) o (1): Ji < C, (f [f U%{f]f(x+§+v)—f(x+§+u)|du}dv} qw(x+§)dg;) "

1 b+2 h 1
= C’;;ﬁ( [f vg{ﬂf (y+v) — fly+u) ‘du}dv] )dy)q; NabHeiIas oneHKa Jy
a+
aHasornHa onenke I, (¢ a + a+ %, b« b+ %), Boxonur, J5 < < Choh” vt (19)

s (17), (18), (19) u (16) Bbirexaer, uro J+ < CyME” sy
J~ OleHUBAECTCS AHATIOTUIHO J T, TOJIBKO BMECTO Hpe;LCTaBJIeHI/IH (5) mcmomb3yeTcs

(»)

npejcrapierne (6) w MOIyIb HereprBHOCTI/I Yy’ BMecTO wp ), CitetoBaTesibHO,

1

yuantbiBasg (15), @(q)(f;a;b + ki k) < Cyuk” ot 7; B YaCTHOCTH, wq)(f;—l;l;h) <
1 1
Cooh” v,
1o ozHauaet, uTo [ € Mgﬂ;f;5+5)[—1; 1] (20)
Takum obpaszom, f € KoL1[—1;1]N Mgﬂ((;;;;+a)[—1; 1].
I1. Ilycre Tenepn f — HpOI/IBBOJIbHaH dbyskums uz KLP[—1;1] N M H,(,';jl)u[—l; 1].
Bosbmém Vh € (0; hy), e hg = 7, u paCCMOTpI/IM
—(q) ( )
v i1l <20 (wq<f 1 4ih) + 67 (50,1 1) (21)

1) Ornennm zﬁ ( f O7 17 h). Beeém mociie1oBaTeIbHOCTD «CpeHux» it 2 < n € N:
1—x 1

() = & f () 1”96Ofnf(x+u)du:n£f(x+(1—x)v)dv

f,if € Clon) BBUILY a6COJIIOTHOI/I HeIpepbIBHOCTH MHTerpaJa Jlebera.
[TokazkeM, 4To TaK onpejenéuupie f,f (- ) y,ZLOBJIeTBOpHIOT yCJ‘IOBI/IﬂM 1. (I) (c 3amenoit

1
n 1

11 wa [0;1]). | fF — fHLp[Ol]—(f!l n_ f fletudu=szs [ fa 2)dul"w(z)dz)” =

= n(f\f 2 (fla 4 u) — f(x))wr (2)x (5 — du{pdx)g <
00
<nf <f —(1_1:,;);; ‘f(x—l—u)—f(x)!pw(x)xp(l’Tz—u)d:v) " du (110 0606TIEHHOMY HEPaBEHCTBY
0

0, 2<0
’ "x(EZ—u) =0 & “E<y & r>1-nu, nosTomy
n n ’

Muunkosckoro), rie y(z) =
), te x(z) {1’ .50,

1—nu

1 = Fllggon < f( [ =) 211w+ ) = (@) Pul)de) du <

3=
S

O3~

fu*( f }f x+u (x){p )dx) du < M [u"du = M'n™" — 0
n—oo
3HatmT, ||fn f”Lg[o;l] e 0 (22)
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Hf:erLP [051] < Hf;_fHLP [051] +Hf||LP [051] S M'+K = K3 < o0 f+ = K?)Efu[(]? 1] (23)

Basis Yh € (0; h), onerm w(? (f:0;1; h) (f |f+ (x+h)— f;"(x)‘pw(x)dx>1l’ =

1

—n(lof |0fn flx+h+( 1—:1:—h)v)—f(x+(1—x)v)} dv‘pdg;>5\

nf<10fh|f (x+(1—2)v+h(l—v))— f(x+(1—x)v)|pw(:v)dx)5dv

o

Iycrs © + (1—z)v = y, h(1—v) = h, torma: ¢ = =¥, 1 — ¢ = =v=ubv — v,

1—v? 1—v 1—v?

w(z) < Cy(l—z)* mrk. 1> 1-v > 1-1 > 2 10 w(z) < Cou(1 — y)* < Cosw(y)
(u6o (1+y)? = Cy); dx = ( v)~tdy; Hpe,ZLeJIbI O — v, 1—h — 1—h. Taxum oGpasom,

3=

P (fF0:1; 1) <027nf( f \f y+h)— y)‘pw(y)dy>5dv<027]\/[nfh < Cor MR

Anasrornano wgf’)(ﬁ 0; 1 ;h) < CosMh”. Bnaunr, fF € MgHéﬁ;[O, 1] (24)
Urak ((23) u (24)), dyuxmuu f,F neficrBuresbHO yaoBiaeTBopsoT yeaosusm 1. (I).
Bamernm, uro K3 u M3 He 3aBUCAT OT Nn.

Teneps paceMoTpum HereprBHbIe na (0;1) dynkmmm f,f (v) = ff(z) — f}(2).
Bo-nepsbix, Vh € (0; hg): 1 (fﬁ[m, 0;1;h) = || frm(z +h) — 7fm(al:)HLp 0] =
= 1(fi(z+h) = fF(@) = (fie+ h) - fnt(iﬁ)) 00 m S

< VP (fH0: 1 h) + (f+ 0; 1; h) < IMzh” = MyhY
1 P (fn 0 10) <GP (£5505130) + P (£5:0:15 k) < Myhv.
BOSbMeM Ve > 0 u yKazkeM, 9TO, BO-BTODBIX, U3 (22) BBITEKAeT:
IN < N, € N: Vi > Ni |l o = 15 — Ftllizio < €
Mupivm ciosamm, ff upu n,m > N, takxe y,ZLOBJIeTBOpHeT yestousim 1. (I):
[Tosromy, B cooTBETCTBAN c (13), IL.HH TAKUX 1 U M
_» P 11 yo1,1

||f;rm||Lq [051] 02981 (M4 + 8) aha » + 030M4h pTa

Honoxkum h = €7, tiie 7 > 0: Torma (s e < 1) [|fF ] <

LLo1)
1 1 s 1
< 0298 757 (777)(M4+€) +030M4€ u75+5)<031€m1n{17577(575) - 7+ )} 0316
BribepeM 7 HACTOJIBLKO MaJIbIM, 9TOOBI 1—%—7(%—%)>O — rorga u A > 0, a 3HAYUT,
_ A
”f: - fntHLZ,[O;l] - Hfr—:;mHLZ,[O;I] < CY?’l8

To ects {f;F} 7, dynmamentansua B LY[0;1], m0o9TOMY BBHIY IOJHOTHI TOIO
[POCTPAHCTBA OHA CXOAuTCs K Hekoropoit dyukimu f € L1[0;1]. Ho, yunreias (22),

oy 1 7 owmsenrnns (1~ g, < C5 (1717 D CEE Tl
1 MokHO cuntarhb, To || f = fll a0 — 0 (25)
wisH n—oo

Ipumennm 1. (I) k dynxnuam f,. Bo-nepsbix, 1o (14), [|f; || 204 < K5 < co.
Orciona ||l g o < I — £ parom + 1 g oy < 000 1 £ € Kol (26)
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Bo-ropeix, 10 (20), || [f# (z + ) — £ (x)]w (z; 2+h) < Mgh"v%e (27)
Tak 4TO IO HEpaBeHCTBAM TpeyrobHuKa, (1) m (27):
DF:0:1:0) = | [+ h) = F@)]@ (@040 g <
<N[f@+h) = £ @+ W)@ (@5 40 | gt
HI[f @+ ) = S @)@ (5040 | gy + 1 [ @) = F @]9 (@5 240 gy <
S CUolI[f@+h) = ff(z+ h)]wq (z + h)||Lq o) + Mgh” 5o+
KO @) — F@]0h @)y < Meh 555 + 2015~ Flligo
Basas pocrarouno 6obimoe n = n(h), aus xkoroporo || fi7 — fll 1404y < W vt (310
MOXKHO CJIeJIaTh BBUIY (25)), MOy IrM: E(q)(f; 0;1;h) < M7hy_%+% (28)

2) Ouenka E(q)(f, —1;1; h) ananorndsa onenke E(q)(f' 0;1;h).

«Cpemaney DYHKIUHA OIPEJIEIAEM «CUMMETPUTHO : At neNn=>2
14z

||L‘1[0;1—h]

folo) == [ f)dt=35 [ flo—u)du= nff(:z: — (14 z)v)dv
z—ife 0 0
3aTeM HokasbiBaeM, 4T0 || f|[1q ;. 1) < Ky < o0 (29)
u w(q)<f 17 29 h) < Mllhy_%+% (30)

Us (26) 1 (29): [1fllsg vy < 27 (1 llgpry + [ Fllzgom) < 20(Ks + Kio) =

Ko, CHe,ZLOBaTeJIbHO f € KinlLi[—1;1]. A u3 (21), (28) u (30) E(Q)( .
_i41

Mish"™ »74. Dru OLIEHKH II03BOJIAIOT YTBEPZKJIaTh, 4To [ € M127{ +q)[_1; 1.

1,1
[omywaerca, f € K*L4[—-1;1]N M*’H;;w K )[—1; 1], m Teopema 2 oKazama.

Teopema 3. ITycmo «, 5 € (—1;0]. Tozda:
a) npu vp > 1 ﬁ(y) W11 C 0347-[1(,1’3,[ 1;1] (C CyyLip_y.q(v — %));
b) npu vp < 1, ecau vp > —av u vp > —f3, moH [ 1;1] C Ca MY [—1:1].

okazareabcTBo. PaccyxjieHus, UpUBOAAIINE K STOMY Pe3yJbTaTy, B OCHOBHOM

IIOBTOPAIOT CXEMY JIOKa3aTeIbCTBa TeOpeMbI 2. Ilycte f € ﬂ;’;w[—l; 1]:

Vh € (0§%)3 @( )(f —1;1;h) = (f ‘f (x+h) — (x)’pw(x;x+h)dx>; < K

1 —1+h 1 1-h

Ouenum w(_p)(f; —1;1; h)<25([ f1 |f(x+h)—f(a:)\pw(x)d$] p+[ f (- )]
- —14h

B Hs, 1o (4), w(z) < Cas(x; x + h), orxyma Hy < Cyrb™ (f; —1; 15 h) < Carh?.

Ouennm H;. B ciyuae (a) BosbMéM Vq>1+ﬁ, a B caydae (b) v> — ﬁ & <t

T T Vp) [Ipu sTom v — 5 —i— > 0. Ilo mepaBenCTBY Feﬂbﬂepa
—1+h —1+h a=p

\< f | f(z+h)— (31:)‘qd:c)1 (f w ( dx) " =Hyy - Hyo

3=

)=H+H>.

" IIYCTb q € (
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qa-p
1,1 8

h q
H12 ng(ft_%dt> e _Ogghp Poaq, HOKa}KeM qTOo H11 C40hu p-a P,
0

L. Ilycrs Bnauane f € C(_y;;). AHAJIOTTIHO OLleHKe Q,D (f;a;b+ k:k)m Jt B 2

ucnosssys (5) (f € L[—1;1], mx. f € LP[—1;1]) u mepaBencrso MUHKOBCKOTO:
~1thh '
H1;1<%< [ﬂf(m—f—h—l—u)—f(a:—l—u)‘du] dm) +

<_1+h[f {”f T+ ) x+u)’du}dv}qu>‘l’+

—1+h .\
(S ) = o wlauhan] @) =+

-1 —Lirh w(z+u;x+h+u 1 7
1) 1 <h P( J; [Of|f(x+h—|—u) — flz+u) ‘pmma]i)dxy.
z+h+u z+h+u
W(r+u; a+h+u)=3 [ wt)dt=Cy -5 [ (1+8)Pdt=Cp(1+a+h4u)’>Cly hP;
r4u r4+u
—1+h z+h 1 1B

J1 < O42h7%7%< f LS ‘f(Z‘Fh)—f(Z)‘p@(z; z+h)dz]" da:) T Cpht v T

2) B J,, onenuBast T'(x U2 {f‘f r+v)— flx+u) ‘du}dv npuxoanM K T'(z) <
L 1_1 1 h h t
ST ()17 “(x)T5 (x); nanee, To(z) < [t~ =7 f | f(atutt)— f(z+u)| du)dt =
0
h pa z+h—t o
= [t ([ )~ f ()| BEE G dz) dt. U W(2; 2+1) > Cls(14-2+)° = Cls (21,
0 T ’

f =300 rq
Tie) < Cuh™ [0 (67 (F5 =1 1)) dt < CoyhPF

BaTeM JQ NS 045}18 LA 1+Vp)(7_7)_’8(%_%)><
~1+h 1
( f [fv_7+7€q{f|f T +0) f(:v+u)|pdu}dv}dac>q:
v —1+h 1
= Cy5h’) ( [oCH T 1@t v) = S+ ) PR ) du fdv )
0 0 1

Tyt takske W(x + u;x +v) = Cue(1+ 1 +0)? = C46(2h)°, n
h v 1
Ja < C'47h("')_§ (f v(_%ﬂ_f)q{f[w(p)(f; —1+u; —1+h+v;v—u)]pdu}dv> 1<
0 0

h v

_B8 2. _1.1_8

< C47h() P <f U( » Y E)q{f(v — u)”pdu}dv> = C49hu pTa b
0 0

3) J3 olleHMBaeTCsl AHAJIOTUYHO Jo; B UTOre, J3 <

Coenunsga onuenkn Ji, Jo u Js, nomyqaem: Hy,p < Cyph” v Ta 5,

I1. Tlycts Teneps f — mpousBoJibHas DYHKIUS U3 ﬂ]()l;)u[—l; 1]. Beeaém cpenmme
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14+

fo(a) = = f(t) fn x—udu—nff(:c—(l—ir:c) )dv

HelpPEePbIBHbIE U3-3a abCOIOTHON HEelpephIBHOCTH UHTerpasa Jlebera.
Hokaxem, ato f," € qu[_h O 1o e org) < 1 = Fllzeorg + 1l 2e 210 @

||f’r: - f”LP [-1;0] — n(f‘fn%[ f(l" —U)]w%(JI)X(HTI —u)du‘pdxy <

:E s

<n (_fo 1+w)p|f f($—u)|pw(m)xp(1$ —u)d$>;du <
nofn( fo 1+2)7?|f(z) — flz— u)}pw(x)dx> ? du (2

1+nu

O3z~

1

O53fu <f | f(z) x—u‘pw(x—u;x)dx> du <
0 14+u

3=

< anu_H”du =M'n"" — 0. Otcrona || f, || g _1.0 < 00 & fr € LE[-1;0].

Teneps BosbMéM Vh € (0; 3) 1 onenuy w ( i —1;0;h) =

1
P

(x; x+h) dv‘d:z:) <

"d\>—'

_n(_fh\f[ (z+h — (I+az+h)v) — f(z — (1+z)v)|w

S =

_fh‘f (1—v)—v+h(l—v))— f(x(l—v)—v)‘p@(:c;:l,‘%—h)daf)

1
0

[Tycn x(l—v)—v:y, h(1—v)=h, Toria =Y 1ar=1 de=(1—v)"ldy; —1——1,
—h = —h—v; Cs4(142)° < w(z) < CL,(1+2)", u Tak xe nemaem sameny t(1—v)—v = s

yt+h 3 _
B W(z;z+ h) < C'55% J (1 +s)%ds < Csew(y; y + h), orkyma w(p)( w3 —105h) <
y

dv

< 057n0f(_}_v|f(y +h) -

-1

3=

hvdv < Csgh”

O%S\H

1
) [Pw(y; y+h)dy>pdv<0

To ects f, € Mlggl(:;[ 1; 0]. HoaTOMy, npumMenss s f, pesynbrars! 1. (I):
y_141 B
S @) papo1—10m \C5gh »"a v, Anasormano onenxke || f;7 — fll 1.,

1fo (z+h) = [ (2

1

If = Flpoprg < - < fufl( [ 1f(@) - fla—u )|“dr) " du
0 14+u
w(z;x + k) > Cs, Tak 910 ﬁgj[—l; 1] € CaHY[~1;1]. To ects f € CeiLip(v;p),

a 3HAYNT, K Hell mpuMeHnMa Teopema 1: f € 0627-[55)[—1; 1], tme £ =v — ]l) + % > 0.
1

Iosromy || f; — f”Lq[_yo} < Cgs [ u™'edu = Cgyn™¢ — 0.
’ 0 n—

Hakonen, Hy, = || f(z + h) — f(ff)||Lq[_1;—1+h] <
< fo @+ h) = fle+ M) pomrymrm + 1 (2 +h) = @) ooy, —agm +

33



C. B. TOHYAPOB

i @) =@ a1 < Csoh #5572 4201 = fll g0 Bb16paBTaKoen:n(h)7

qro || f- _fHLq[fl;O hl'_fr%_% npuxomM K: Hy, < Cgsh” v a v,

Obvenunsaa onenkun Hyy, Hio umw Hy ¢ Hy, mnomaydaem: w(,p)(f;—l;l;h) <
Cs5h”. AHaJIOrMYHO MOYKHO IIOKa3aTb, YTO 1/15?( f;=1;1;h) < Cs5h”, oruero [ €
M147-L(V) [—1; 1]. D70 3aBepiaeT J0KA3aTETHCTBO TEOPEMBI 3.

Coeuaus 8 ¢ (2), npn vp > max{—a; —3} nonyuaem: Hyola;b] = ﬁ;()ygu [a; b].
[Tosromy B yenosusx 1. (b) TeopeMbl 2, P JIOHOJHATEILHBIX OTpAHITICHILX Ha. P,

) v+ D) ’ (~2+2)
Hp;w[_l;l] - Hq;wp ! [_171] HJIS \V/q € [p b ) u ngﬂl))[_lvl] C qu v [ 1?]‘]
p(1+min{a;B})

’ 1—-vp

s Vg € [ ; ) (Bropoe BKJIIOYEHHE BBITEKAET U3 TEOPEMbI 3 MPHU P <— ¢ U

1—vp
vV v— Il) + %) A mmeHHO, JIOJIZKHO OBITH P < p(HTl—nu{pa’ﬁ}) & vp > max{—a; —f(}.
Tenepb paccMOTpUM KJ1acc M ’pr { f € LPla;b]: Vh € (0; b*Ta)
1
PO (fr036:h) = (Jfo+h fla = m)[w(x)de)r < Mh'}
a+h

Teopema 4. Ilycmo o, f € (—1;0]. Tozda F(V)[ 1;1] = HY )[ 1;1]; mounee,
AL -131) € M [-151] u #%1HCMWNAM

IokazarenbcTBo. 1) ITycts f E ’,Q sw[—1;1]. g Vh € (0;1)
— 1 (1)
P75 —151h) = (f f(z + h) = f(2)|P0(x; 2 + h)da)? <
1-h

< Cio( [ f(w )=~ F@)Pu(e+§)de) = F0(f:-1:1:5) < M'w

2) Ilyers f € ﬁ;l:l)u[—l; 1]. o (4): w(z) < Cerw(z — h;x) n w(z) < Cerw(z; x + h),

w(z)<Csr - L[w(x—h; x) + W(x; 2+h)|=Cerw(x—h; x+h), snaunr, YO (f;—1;1;h) <
1

—h
< Cos( [ |f(@+h)—f(w—h)Pm(a—h; w+h)dz) =Cost® (f;—1; 13 2h) < M"h.
—1+h

Takum obpasom, B cuiay (2) m teopem 3, 4 mpu vp > max{—a;—[f} Kiaccol
HY=1:1), Ho)[=1:1] w H{[~1; 1] cosnasaor,
Bubauorpaduieckne CChbLIKU

1. Hardy G. H. A convergence criterion for Fourier series. // G. H. Hardy, J. E. Littlewood //
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Haditiwnaa do pedxonezii 24.04.2014
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On non-variational solutions to optimal
boundary control problems for parabolic
equations

HocaigKyerbcsi 3aava ONTUMAaJILHOTO KepyBaHHsA [Jisi JIiHifHOro mapaboJjidHoro
pPiBHAHHA 3 HeoOMeXkeHUMHU KoedillieHTaMu B T'OJIOBHiif 9YacTUHI eJinTUYHOTO omeparopa.
Ocob6smBicTh JaHOTO PiBHSIHHSI HOJISITAE€ B TOMY, III0 MAaTPUILS IIOTOKY € KOCOCUMETPUYHOIO,
a i1 koedinienTn HasmexkaTh 10 TpocTopy L2. ITokazaHo, III0 MOCTABJIeHA 3a4a49a KePYBAHHS
Ma€ €AUHUN PO3B’A30K, SIKNI He MOX>KHA JOCATTH YepPe3 IPAHMUIIO ONITUMAIbBHAX PO3B’sI3KiB
JJig L°°- arrpokcMMOBaHUX 3a4ad4.

KirogoBi cioBa:  mapaboJsiiuHe PpiBHSIHHsI, ONTHMAaJibHE KepYyBaHHs, BapiaiiiiHuii
po3’sa30k, HeoOMeKeHi kKoedilliEHTH, KOCOCUMEeTPUYHa MaTPUIIs.

N3ydyaercs 3amadya ONTUMAJIBHOTO YIIPpABJEHUS [Jisi JIMHEHHOro mnapabosim4ecKoro
YPaBHEHUsSI C HEOTPAHWYEHHBIMU KO3 duimeHTaMu B TJIaBHON YACTH JLIAIITUIECKOTO
oneparopa. OcoGeHHOCTh JAHHOTO YPaBHEHUsI COCTOUT B TOM, YTO MAaTPHUIA ITOTOKA
ABJIAeTcs KOCOCUMMETPUYHOI, a ee Ko3(dbHUIIMeHTLI NpHHAIJIeXaT IpoCcTpaHcTBy L2.
ITokazano, uTO JaHHasi 3a/ia4a yNOpPaBJIEHUsS HWMeET €JUHCTBEHHOE pellleHne, KOTOopoe
HeJIb3sl JOCTUYb Yepe3 MpeJiel ONTUMAIbHBIX pelneHuil ajs L°°-animpoKCUMUPOBAHHBIX
3a7ad.

Kirouesbre cjioBa: mapaboinyeckoe ypaBHEHUE, ONTUMAaJIbHOE YIIPDABJIEHUE, BAPUAIMOH-
HOe pellleHne, HeorpaHndeHHbie KO3 PUIUEeHTbI, KOCOCUMMETPUIECKAsT MaTpHUIla.

We study an optimal boundary control problem (OCP) associated to the linear
parabolic equation y; — div (Vy + A(z)Vy) = f. The characteristic feature of this equation
is the fact that the matrix A(z) = [a;;(2)]i j=1,.. ~ is skew-symmetric, a;;(z) = —a;;(z) and
belongs to L2-space (rather than L*>°). We show that under special choice of matrix A
and distribution f, a unique solution to the original OCP inherits a singular character of
the original matrix A and it can not be attainable by the solutions of the similar OCPs
with L*°-approximations of matrix A.

Key words: parabolic equation, optimal control, variational solution, unbounded

coefficients, skew-symmetric matrix.
1. Introduction

We consider the optimal boundary control problem for a parabolic equation with
unbounded coefficients. The characteristic feature of this problem is the fact that the
stream matrix A(z) is skew-symmetric and its coefficients belongs to L2-space (rather
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than L*°). As a result, the existence, uniqueness, and variational properties of the weak
solution to optimal control problem (OCP) usually are drastically different from the
corresponding properties of solutions to the parabolic equations with L*°-matrices in
coefficients. In most cases, the situation can change dramatically for the matrices A with
unremovable singularity. Typically, in such cases, boundary value problem may admit
infinitely many weak solutions which can be divided into two classes: approximable
and non-approximable solutions [5], [12], and [13].

The aim of this work is to consider OCP with a well prescribed skew-symmetric L*-
matrix A and, using the direct method in the Calculus of variations, to show that this
problem admits a unique solution possessing a special singular properties. As a result,
we prove that this solution cannot be attained through a sequence of optimal solutions
to regularized OCP for boundary value problem with skew-symmetric matrices Ay €
L>°(€;S?) such that A, — A strongly in L*(£2;S?). Thus, this result shows that a
numerical analysis of optimal control problems for parabolic equations with unbounded
coefficients is a non-trivial matter and it requires the elaboration of special approaches.

2. Notation and Preliminaries

Let © be the unit ball in R®, Q = {z € R? : ||z||gs < 1}. Let C5°(2;T'p) be the set
of all infinitely differentiable functions ¢ : 2 — R with compact supports in (2. Let
Ce(RY;I'p) = {p € C°(RY) : ¢ =0 on I'p}. We define the Banach space H}(Q; I'p)
as the closure of C§°(£2;I'p) with respect to the norm (see [1])

1/2
P ( vz dx) .

Let H7*(Q;Tp) be the dual space to H}(;Tp).

Let X be a Banach space and let T' > 0 be a given value. We denote by L?(0,T’; X)
the set of measurable functions y € (0,7) — X such that |Ju(-)||x € L?(0,T). Similarly,
one can also define the set of distributions D'(0,7;X) on (0,7") with values in X.
L?(0,T;X) is a Banach space with respect to the norm

T 1/2
Wm0 = ( [ o d:v) .

If X is reflexive, the space L?(0, T; X) is reflexive too. Moreover, if X is separable, then
L?(0,T;X) is separable.

Let C([0,T]; L*(2)) be the space of measurable functions on [0,7] x € such that
y(t,-) € L*(Q) for any t € [0,T] and such that the map ¢t € [0,T] — y(t,-) € L*(Q) is
continuous. Let us define the Banach space

Wr, = {y y € L0, T Hy(:Tp)), % € L*(0,T; Hl(Q;FD))}v

equipped with the norm of the graph. Here, the derivative dy/0t is the distribution in
D'(0,T; H'(2;Tp)). Then the following properties holds true (see [4, 10]).
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Theorem 1. (1) The embedding Wr,, — L*(0,T; L*(2)) is compact.
(2) One has the embedding Wr,, < C([0,T]; L*(Q2)).

(3) For any u,v € Wr,,, one has

d
7 Qu(t,x)v(t,x) dz = (W't,"),v(t, ")) -1 p) B2 (T )

+ <U/<t7 ')7 'LL(t, ')>H*1(Q;FD),H&(Q;FD) :

Let y € L*(0,T; Hy(;Tp)) N C ([0, T]; L*(2)). Then the following density result
holds: there exists ® € C*°([0,7]; C5°(2;'p)) such that

ly = @lleqorsrze) <6, IVy = V207120 < 0, V6 > 0.

Skew-Symmetric Matrices. Let S* be the set of all skew-symmetric matrices A =
[aij]?,jzl, i.e., A is a square matrix with a;; = —aj; and, hence, a; = 0. Therefore,
the set S can be identified with the Euclidean space R3.

Let L? (Q; 83) be the space of measurable square-integrable functions whose values
are skew-symmetric matrices and it is endowed with the norm

1/2
| AllL2(@89) = (/Q | A(z) |25 da:) .

In what follows, we associate with matrix A € L?(;S*) the bilinear form ¢(-, )4
L*(0,T;C5(Q2) x L*0,T;C3(Q)) — R following the rule

T
pola= [ [ (Vo A@T) g dedt, Vg0 POTCHO).
0 Q

It is easy to see that this form is unbounded on L*(0,T; H}(f2)), since, in general,
the ’integrand’ (VU,A(;E)VQ)W is not integrable on (0,7") x 2. This motivates an
introduction of the following set. We say that a distribution y € L*(0,T; H}(Q;Tp))
belongs to the set D(A) if

T T 1/2
/ <w,AVy>dexdt\Sc<y,A> (/ / HWH%sd:vdt) | W
(9] 0 Q

for all ¢ € C*([0,7T7; C3°(2;'p)), with some constant ¢ depending on y and A. As a
result, having set

T

// Vo, AVy)rn dx dt, Yy € D(A),Yo € C*([0,T]; C5°(£2)), (2)
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we observe that the bilinear form [y, ¢] can be defined for all ¢ € L*(0,T; H3(;Tp))
using the standard rule

[y, ] = lim[y, ¢c], (3)
where {¢.}.., C C®([0,T];C5°(2;T'p)) and ¢. — ¢ converges strongly in
L*(0,T; H}(;Tp)). In this case the value [y, o] is finite for every y € D(A), although
the 'integrand’ (Vgp, A(m)Vy)R3 need not be integrable on (0,7 x , in general. This
fact leads us to the conclusion

Iy, y]| < +o0, Vye D(A). (4)

At the same time, if we temporary assume that A € L*(Q;S%), then the bilinear
form [y, ] is obviously bounded on L2(0,T; H(;Tp)), i.e. in this case D(A) =
L2(0,T; HY(S;Tp)). Indeed, in view of the Bunjakowski inequality, we get

T
|y, o] §||A!\Loo(9;ss>/0 /Q||Vy||R3HVv||R3dxdt

< HAHLW(Q;S% HyHLQ(O,T;H[}(Q;FD)) HUHLQ(O,T;H(}(Q;FD))

Moreover, if y = v then [y,y] = —[y,y], and, therefore, [y,y] = 0 for all y €
L*(0,T; HY(;Tp)). However, as it is shown in the next section, there exist skew-
symmetric L2-matrices A such that the equality |y, y]| = [y, y] does not hold true for
some y € D(A).

We define the divergence div A of a skew-symmetric matrix A € L?(;S?) as a
vector-valued distribution d € H~1(Q;R3) by the following rule

<di7<P>H—1(Q);Hé(Q) = - /Q(%VSO)RS dx, Vo € CgO(Q>7 (5)

where a; stands for the i-th row of the matrix A. We say that a matrix A € L? (Q; 83)
belongs to the space H(Q,div;S?) if d := div A € L'(Q;R3), that is,

H(Q,div; S*) = {A |A e L*(2;S?), divA € L' (O R?) } .

3. Setting and Approximation of the Optimal Control Problem

We deal with the following optimal control problem (OCP) for a parabolic equation
with unbounded coefficients

2 .
I(u,y) = [ly — Z/dHL2(0,T;H3(Q;rD)) + |lu — ud”%Q(O,T;LQ(FN)) — inf (6)

subject to the constraints

yy — div (Vy + A(x)Vy) = f  in (0,T) x Q, (7)

y(0,-) =y in €, (8)

y(,2)=0 on (0,T) x I'p, a%(;g;) —=u on (0,7) x Iy, (9)
u € L*(0,T; L*(Ty)), (10)
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where ) be the unit ball in R® and its boundary T' = {||z||gs = 1} is divided onto
two disjoint parts 02 = I'p U I'y which have positive 2-dimensional measures. Here,
w is a control, yo € L*(Q), ya € L*(0,T; H}(Q)) and ug € L*(0,T;L*(Ty)) and f €
L*(0,T; H-Y(Q;'p)) are given distributions, and A € L?(€2;S?) is a skew-symmetric
matrix.

The optimal control problem which we consider is to minimize the discrepancy
(tracking error) between a given distribution y; € L?*(0,7; H}(€2)) and a solution y
of the Neumann-Dirichlet boundary value problem for parabolic equation (7)—(9) by
choosing an appropriate boundary control v € L?(0,T; L?*(T'y)), where

8 ’ 0
= > (8 aij<x>)a—jjcos<v7 ),

d;; is the Kronecker’s delta, cos(v, ;) is the i-th directing cosine of v, and v is the
outward unit normal vector at I'y to the ball €.

More precisely, we are concerned with OCP (6)—(10). The distinguishing feature
of this problem is the special choice of matrix A and distribution f. This entails
a number of pathologies with respect to the standard properties of optimal control
problems for parabolic equation and leads to the non-uniqueness of weak solutions
to the corresponding initial boundary value problem and a singular properties of an
optimal pair. As a result, numerical approximation of the solution to OCP (6)—(10) is
getting non-trivial.

Note that the function y = y(u) is called an approximable solution to the initial-
boundary value problem in (7)—(9) if it can be attained by weak solutions to the
similar boundary value problems with L*>-approximated matrix A. However, this type
of solutions does not exhaust all weak solutions to the above problem. There is another
type of weak solutions, which cannot be approximated by weak solutions of such
regularized problems. Usually, such solutions are called non-variational |7, 12, 13|,
singular [14], |2], 8], pathological [9], [11] and others

To begin with, we introduce the following notion.

Definition 1. We say that (u,y) is an admissible pair to OCP (6)-(10) if u €
L*(0,T; L*(T'w)), y € W,

y(0,-) = yo € L*(Q) almost everywhere in €, (11)

and the integral identity

/ /ytgod:xdt—l—/ / Vo, Vy+ Az )Vy)RNd:Edt

/ <f ‘P> LTp);HY (T p) dt+/ /F UQDdH dt (12)
0 N

holds true for each ¢ € C*([0,T]; C§°(€;Tp)).
We denote by = the set of all admissible pairs for the OCP (6)—(10).
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It is worth to note that in view of definition of the space VW and Theorem 1, the

condition (11) has a sense. Moreover, as was shown in [3], if (u,y) is an admissible pair,
then y € D(A).

Definition 2. We say that OCP (6)—(10) is regular if it admits at least one admissible
pair, i.e. = # ().

We also say that a pair (u’,y°) € L*(0,T; L*(Ty)) x D(A) is optimal for problem
(6)-(10) if (u%,3°) € = and I(u° y°) = inf(yyye=I(u,y).

As immediately follows from (12) and the definition of bilinear form [y, ] (see also
the extension rule (3)), every admissible pair (u,y) € = is related by the following
energy equality

1 [T ) )
5/0 /Q (y )t dxdt + ||y||L2(0,T;Hé(Q;FD)) + [y’y]

T T
=/ (fs9) m1(@rp)mi @) dt+/ / uy dH dt. (13)
0 0 I'n

The next question which we are going to discuss is about variational solutions to the
problem (6)—(10). Since A € L*(Q;S?), it follows that there exists a sequence of skew-
symmetric matrices {4}y C L®(Q;S?) such that A, — A strongly in L*(Q;S%).
Hence, it is reasonably, from numerical point of view, to consider the following sequence
of constrained minimization problems associated with matrices Ay.

{ <<u,iyl>lefak Ik(“’y)>’ b= OO}- (14)

for every (u,y) € L*(0,T; L*(Ty)) x L*(0,T; Hy(;Ty))), Vk € N and (u,y) € =}, if
and only if

Here,

( ye — div (Vy + 4Vy) = f in (0,7) x Q, )
y(0,") =yo in €,
y(-, ) =0 on (0,T) x I'p, 8%5/’/’4%) —won (0,T) x Ty, (16)
we L0, I2(Tw)), y € L2(0,T; Hi(: Tp)),
N ye € L*(0,T; H1(Q; I'p)). J

Theorem 2. Let ug € L?(0,T;L*(Ty)), f € L*(0,T; H(Q;Tp)), yo € L*(), and
ya € L*(0,T; HY(:Tp)) be given distributions. Then for every k € N there exists a
unique minimizer (ul), yY) € Z to the corresponding constrained minimization problem
(14) such that the sequence of optimal pairs {(ug, y})) € Zx}ey is relatively compact with
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respect to the product of the weak topologies on L*(0,T; L*(Tn)) x L*(0,T; Hy(Q;Tp))
and each of its cluster pairs (u*,y*) possesses the properties:

(v y) €Z, [y y]>0. (17)

Proof. To begin with, we show that the sequence of minimal values for the problems
(14) is uniformly bounded, i.e.

sup inf Ix(u,y) < C for some C > 0. (18)
keN (u,y)EEk

Indeed, for every k € N the bilinear form [y, o] := fOT Jo (Vo, Ap(2)Vy) o ddt is
obviously bounded on L?(0,T; H}(2;Tp)). Moreover, since

T T
/ / (Ve, AVy) o dadt = — / / (Vy, AV) oy dadt,
0 Q 0 Q

/T/ (Vu, Ap(2) V) o dadt =0 Yo € L*(0,T; Hy(Q;Tp)) (19)

we have

and, hence, the initial-boundary value problem (16) has a unique solution (see [10] for
the details)

yr € L2(0,T; Hy (4 Tp)),  (yr): € L*(0,T; H*(Q;Tp))

for every uw € L*(0,T; L*(Ty)).

As an obvious consequence of this observation and the properties of lower
semicontinuity and strict convexity of the cost functional I, we have: the corresponding
minimization problem (14) admits a unique solution [6]

Li(up,yp) = inf Li(w,y), (up,yp) € Ep.
(u,y)EEL

Moreover, having fixed a control v € L*(0,T;L*(Ty)), condition (19) implies the
fulfilment of the following identities for every k € N

T T
/ /(yk)tgo dxdt —i—/ / (Vgo, Vy + Ak(a:)Vyk)RN dxdt
0o Ja 0
/ <f, > QFD) Hl QFD dt +/ / 'U/(p d%zdt (20)
I'n

1 T
§||yk;(T, ')||%2(Q) + Hyk‘H%Q(O,T;Hé(Q;FD)) - /0 {f yk)H—l(Q;Fp);Hé(Q;FD) dt

T 1
+ / / ug dH2dt + o2y ¥ € [0,T], (21)
0 I'n 2
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where vy, = yr(u) € L?(0,T; H}()) are the corresponding solutions to the initial-
boundary value problems (16). Hence, following the standard technique [10], it is easy to
show that the sequence {y},cy is bounded in Wr, for every fixed u € L*(0,T; L*(I'y))
and due to the a priori estimates

Y
Ykl 220,131 (im0 )) T HW

L2(0,T:H- (' p))
< CO|Iflora@roy + lulzerizmm + lvlee], 22)

where the constant C'(€2) is independent of Ay, we arrive at the relation

Ik(ugvylg) = (uiyr)lef:k Te(u, y) < In(u, yr) < 2||yd||%2(o,T;H5(Q;rD))

+ 2Hud‘|i2(0,T;L2(FN)) +4C*(Q) [Hf”%Q(O,T;H*(Q;FD)) + H%HL?(Q)}
+ (4C*() + 1) [ulliz 02y <C Yk eN. (23)
Thus, (18) holds true and it implies that

2
Oue

sup (181 mgron + | o] < oo (20

L2(0,T;H-Y(Tp))

So, by the completeness of Wr,, we can assume that there exists a pair (u*,y*) €
L*(0,T; L*(Tx)) X Wr,, such that up to a subsequence
ve —y" in L*(0,T; Hy (% Tp)),
(91/2 oy” 2 -1
—= L0, T;H *(Q; T
ot ot n ( s Ly ( ) D))>
u) —=u* in L*0,T; L*(Ty)).

Hence,
Yy — y*  strongly in L*(0,T; L*(T'y)) (25)

by compactness of the embedding H'/?(I'y) < L?*(T'y).
It remains to prove the properties (17). To do so, we note that due to the strong
convergence A — A in L*();S?), we get

T T
| [ (veavy - avi),, dxdt's [ [ 14k = Al IV 2lev | 9l dt
0 Q 0 Q

T
/ / (AVe, Vy* = Vi) on dxdt‘
0 Q

< ||<P||C([0,T];CI(§)) ilelg ||?Jg||L2(o,T;H3(Q;FD))||Ak - AHL?(Q;SS)

_|_

+

T
/ / (AVe, Vy* = Vi) an dxdt‘ —0 ask — oo
0 Q
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for every ¢ € C*([0,T]; C5°(2)).

Hence, A, Vy) = AVy* in L'(0,T; L*(€2;R?)). It means that we can pass to the
limit in integral identity (20) with v = u?. As a result, we have: the pair (u*,y*) is
related by the integral identity (13), therefore, y* is a weak solution to the original
boundary value problem (7)—(9) under v = u* in the sense of Definition 1. Thus,
(u*,y*) € Z. Moreover, following [3|, we have y* € D(A).

In order to prove the property (17),, we pass to the limit in the energy equality
(21). Takin into account the lower semicontinuity of the norm || - H%Q(&T; iy With

respect to the weak convergence Vyj) — Vy* in L?(0,T; L*(Q2; R?)), we obtain

1 T
5/0 /Q(?JQ)t dxdt + HyH%Q(O,T;H&(Q-FD))

<f7 > Q FD) Hl Q I'p hm / / uk:yk: dedt
INY

k—>oo

T
I'n

Thus, the desired inequality (17), obviously follows from (13) and (26). The proof is
complete.

Remark 1. As immediately follows from the proof of this theorem, some admissible
pairs (u*,y*) € Z can be attained by optimal solutions to the approximate OCPs
(14). Hence, we can conclude that the original optimal control problem (6)—(10) is
regular for every uy € L*(0,T;L*(Ty)), f € L*(0,T; H'(;Tp)), yo € L*(Q), and
ya € L*(0,T; Hy(2;Tp)).

Remark 2. The next observation deals with the inequality (17)s. As Theorem 2 proves,
for any approximation { Ay}, of the matrix A € L? (Q; 83) with properties {Ag}, oy C
L>(Q;S?) and A, — A strongly in L?*(Q;S?), the optimal solutions to the regularized
OCPs (14)—(16) always leads us in the limit to some admissible solution (u*,y*) of the
original OCP (6)—(10). Moreover, in general, this limit pair can depend on the choice
of the approximative sequence {Ay}, . That’s why it is reasonably to call such pairs
attainable admissible solutions to OCP (6)—(10).

As we will see later on, the pair (u*,y*) is not optimal, in general, and the pair
(ud, ya) is a unique optimal pair to OCP (6)—(10). Whereas we will shown that [y4, ya] =
—a, where « is a given strictly positive value, in the mean time [y*,y*] > 0 for any
attainable pair (u*, y*). Thus, for given f, 4, yo, g the optimal pair (u°, 4°) to OCP (6)—
(10) cannot be attained through any L>-approximation of the matrix A € L?(€2;S%).

4. Example of the Non-Variational Solution

Our aim in this section is to show that optimal control problem (6)—(10) has a
unique non-variational solution. Namely, we will show that for a given positive scalar
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value a € R there exist a skew-symmetric matrix A € L?(€;S*) and a function y, €
L*(0,T; H3(€)) such that

ya € D(A) and  [y4,ya] = —a <0, (27)

where the bilinear form [y, v] is defined by (2).
We divide our analysis into several steps. At the first step we define a skew-
symmetric matrix A as follows

0 alx) O
Alz)=[ —a(z) 0 —=blx) |, (28)
0 b(x) 0
where a(z) = ﬁ and b(x) = W Since
R3 R3

2 7\’ Lor2m ™ p? cos? psin®
G R A e o R
R3 o Jo Jo

it follows that a € L?(Q2). By analogy, it can be shown that b € L?(Q2). Moreover, it
is easy to see that the skew-symmetric matrix A, define by (28), satisfies the property
A € H(Q,div;S?), i.e. A € L*(;S%) and divA € L'(Q2;R3). Indeed, in view of the

dy

definition of the divergence div A of a skew-symmetric matrix, we have divA = | dy |,
d3

where d; = diva; = HI ’“xf and a; is i-th column of A. As a result, we get

T ||zs
. LT TP files p) sinpsing |,
[div ail| L1y = 1 p-siny dyp dodp
0 Jo 0 P
< 400,

for the corresponding f; = fi(p, %) (i = 1,2, 3). Therefore, div A € L'(Q;R?).
Step 2 deals with the choice of the function y, € L*(0,T; Hj(2)). We define it by
the rule

22« 5
yd(tv .T}) = t\/ﬁT?’(l _ exp(—27r)) (1 - HxHR3)

2 /2 2 _
2 exp <—g — arctan Y1 R x1> , (29)

2 2
i R Ta

for all (¢,z) € (0,T) x Q. It is easy to see that

52 2 /12 2
UO<L> = \/ 5 a T2 exp <—g — arctan Tt T x1>
T

||| R 1 — exp(—2m)) 23 + 23 T

B 92a oy
B \/7TT3(1 — exp(—2m)) sin® pexp(—p/2), Vo € 0,27
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with respect to the spherical coordinates. Hence, vy € C1(99), and, as immediately
follows from (29), it provides that

yg € L*(0,T; L*(2)) and yq4(t,-) =0 on 9 Vte[0,T). (30)
By direct computations, we get

o (Illgs = 21) = Garws

x 1 > %
Voo () = 00 (||g||2y — a3) — Poayzy |, Vo £0. (31

lzlles /Nl

_Ovg _ Oug
9z L1723 9zg L2X3

Hence, there exists a constant C* > 0 such that

C*
il =
lllze /s = Nzl
Thus,
T
IV yallgs <t vo(—)\ IV (1= lllls) s
]les
C
re(1- el [V ()| <ot
/I Jlles

As a result, we infer that Vy, € L*(0,7T;L*(Q; R3)), i.e. we finally have y; €
L*(0,T; H} ().

Step 3. We show that the function y,, which was introduced before, belongs to the
set D(A). To do so, we have to prove the estimate

_ T 1/2
/ Vo, A(z)Vya) 3dxdt‘ gc(/ /yw\f@ dxdt) :
0 Q

for all p € C’OO([O,T]; Ce(82)).
To this end, we make use of the following transformations

T T
/0 /Q (Veo, AVY)y, dudt = — /0 (div (AVE),0) 41 2 0y O

T (a1)"' Vi
_ / (aiv | (m)ve | o) dt
0 (ag)tvw H=1(Q);Hj ()
T 3 a¢
= divai,gp—> dt—i—/ / ( a; >g0dxdt
/0 ZZI< axz H- 1Q)H1 ZZIJZI ]3 ax]

J/

-~

=0
since A€L2(;83)

(due to the fact that div A € L'(Q; R?))

T
:/ /(diVA, V)s @ dzdt,
o Jo
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which are obviously true for all ¢, o € C*°([0,T]; C5°(£2)). Since

T
/Q (Ve, AVY) 5 dadt

< ¢ ||A||L2(Q;S‘:’kew) ||1/) HL2(O,T;H6 (€2))»

(divA, Vi) ¢ dxdt‘ =

it follows that, using the continuation principle, we can extend the previous equality
with respect to 1 to the following one

/ / Vo, AVyq)gs dedt = / / (div A, Vyg)ps dzdt, (32)
Ve C™([0,T]; C5° (2

Let us show that (div A, Vyg)gs € L®((0,T) x ). In this case, relation (32) implies
the estimate

T T
| / /Q (V, AVya)gs dadt] < [[(div A, Fyagoll ooy o / /Q o] dadt
0 0

<é (/OT/QWQO@N dxdt) e ([0, T]: C(Q), (33)

which means that the element y, belongs to the set D(A).
Indeed, as follows from (31), we have the equality

X i
Vo , =0. 34
( (o) ||:c||;;3)R3 (34)

Thus, the gradient of the function Vug(

z/||z||3s outside the origin. Therefore,

undiv Ao = (9[- elfe) o ()| e T2
R3

[2]lzs (|2 ][es

x x T9

— (v (1 i) ) o
( (1= lelle) s ) oo ) o

T €T T
1 (1 ||z)2s) <w0( ) ) L _ [+ 1,

[elles 7" [ €]lzs / gs [/l

Hxﬁ_?,) is orthogonal to the vector field ) =
R

where I, = 0 by (34). Since V (1 — ||z|3s) = —5||z|3sx, s =
to the spherical coordinates, and function vy is smooth, it follows that there exists a
constant Cy > 0 such that |(Vyg, div A)gs| < Cp almost everywhere in (0,7) x Q. Thus,

= sin p sin ¥ with respect

(div A, Viy)gs € L2((0,T) x Q)

and we have obtained the required property.
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Step 4. Using results of the previous steps, we show that the function y, satisfies the
condition [y4, yq] = —a < 0. Indeed, let {¢.}. ., € C([0,77;C5°(2)) be a sequence
such that

@. — yaq strongly in L*(0,T; Hy(Q)). (35)

Then by continuity, we have

T
[Ya, Ya] = hm/ / (Vpe, AVyq)gs dxdt by 82) 1_1}1(1)/ /gps (div A, Vyg)ps dzdt.
€ 0o Ja

Since (div A, Vyg)gs € L>((0,T) x Q), in view of the property (35), we can pass to the
limit in the right-hand side of this relation. As a result, we get

[Ya, Ya] = / /yd (div A, Vyg)gs dedt = / / (div 4, Vy3) s drdt. (36)

Let Q. = {z € R? | e < ||z||gs < 1} and let T'. = {||z||zs = €} be the sphere of radius
¢ centered at the origin. Then

T T
/ / (div A, Vy7) s dadt = / / (div A, v)gs y3 dHdt
0 e 0 e

_ OT [/F (div A, )gs (1 — [l2]25)*w (II - )d?—[ﬂ 2t
_r

r. (£

T3
:—/( xg,(— = )) 2 vg( > )d?—[2+0(1)
3 Jr. \lzllgs zl[rs/ ) gs [2llrs "\

T3/ T 2( x > 9
= —— U dH* + o1
3¢2 Jr, lzflzs ° \ll[leo @

_ T; o)t () dH2 + o(1), (37)

(div A, )z %( ) dH? + o(1)

where by = sin psiny and v = mraS 50 sin® p exp(—¢). Since

52qv 2m T
bovg dH? = / in’ ‘Pd/'Qd =6aT°>0
/an 0y dH TT3(1 — exp(—27)) ( i sin” e ? dyp i sin” ¢ dip a >0,

it remains to combine this result with (36), (37), and relation

T
/ / (div A,Vyﬁ)R3 dxdt = hm/ / dlvA Vyd s dzdt.
0o Jao

As a result, we finally infer [y4, yq] = —a < 0.
However, as was shown before, the value [y, y] is not of constant sign on D(A).
Hence, energy equality (13) does not allow us to derive any a priory estimate for
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the admissible solutions. In spite of this, the following result proves that OCP (6)—
(10) is well-posed under the special choice of distributions y; € L*(0,T; H}(2)), uq €
L0, T3 L*(Tw)), yo € L*(), and f € L*(0,T; H'(2)).

Theorem 3. Let A € L*(Q;S?) and yq € L*(0,T; Hj(S2)) be defined by (28) and (29),
respectively. Assume that yo = 0 in Q and distributions f € L*(0,T; HY(Q)) and
ug € L*(0,T; L*(Ty)) are given by the rule

fi=(ya)e — div (Vya + AVya) and uq == 7, (ya), (38)

where 4+ L*(0,T; Hy(Q;Tp)) — L2(0,T; H-Y/*(Ty)) is the trace operator such that

S

Lj

3
0
= (0 + az‘j($)>a—y cos(v, ;)

provided y € L*(0,T; H} (;Tp)) N L2( 0,T; 1( ))
Then the pair (u°,y°) := (ug,ya) € L*(0,T; L>(Tn)) X D(A) is a unique solution to
OCP (6)-(10).

Proof. As follows from (29), the function y4 is smooth near the boundary 92 and
(ya): € L*(0,T; H}(S)). Hence, ug := V%N(yd) € L*(Ty) and yg € W (see (30)).
Moreover, the inclusion y; € D(A) (see estimate (33)) implies:

div (AVy,) € L*(0,T; H ().

Therefore, in view of the inclusion (y4); € L*(0,T;H}()), we have f €
L*(0,T; H'(£2)). Since y4(0,+) =0 in © and

/ (f, o) g QD )sH (T p) dt = / / Ya)rp dadt
+/ /(V@,Vyd+A(a:)Vyd)RN dxdt—/ / V%N(yd)gpd’;’-[?dt
o Ja 0 Jry

for all ¢ € C>([0,T); C5°(2;T'p)), it follows that the pair (ug,yq) satisfies relations
(11)—(12). Thus, (ug,yq) is an admissible solution to OCP (6)—(10) in the sense of
Definition 1. To conclude the proof, it is enough to note that

](U,y) ZO V(U,y) 657 [(ud>yd):O7

and the cost functional I : = — R is strictly convex.

References

1. R. Adams, Sobolev spaces — Academic Press, New York, 1975.

2. G. Buttazzo Weak optimal controls in coefficients for linear elliptic problems/G. Buttazzo,
P. I. Kogut // Revista Matematica Complutense, 24, (2011), 83-94.

48



10.

11.

12.

13.

14.

ON NON-VARIATIONAL SOLUTIONS TO OPTIMAL CONTROL PROBLEMS

S. 0. Gorbonos Variational solutions of an optimal control problem with unbounded
coefficient/S. O. Gorbonos, P. I. Kogut // Visnyk DNU. Series: Mathematical Modelling,
Dnipropetrovsk: DNU, 5, (2013), N 8, 69-83 (in Ukrainian).

V. L Ivanenko Variational Methods in Optimal Control Problems for Systems with
Distributed Parameters/V. I. Ivanenko, V. S. Mel'nik — Naukova Dumka, Kyiv, 1988
(in Russian).

M. A. Fannjiang Diffusion in turbulence/M. A. Fannjiang, G. C. Papanicolaou // Probab.
Theory and Related Fields, 105, (1996), 279-334.

A. V. Fursikov Optimal Control of Distributed Systems. Theory and Applications — AMS,
Providence, RI, 2000.

P. I. Kogut On Approximation of an Optimal Boundary Control Problem for Linear
Elliptic Equation with Unbounded Coefficients // Discrete and Continuous Dynamical
Systems — Series A, 34, No.5, 2014, 2105-2133.

P. I. Kogut Optimal Control Problems for Partial Differential Equations on Reticulated
Domains: Approximation and Asymptotic Analysis/P. I. Kogut, G. Leugering —
Birkhéuser, Boston, 2011.

T. Jin Pathological solutions to elliptic problems in divergence form with continuous
coefficients / T. Jin, V. Mazya, J. van Schaftinger // C. R. Math. Acad. Sci. Paris, 347,
(2009), N 13-14, 773-778.

S. Salsa, Partial Differential Equations in Action: From Modelling to Theory — Springer-
Verlag, Milan, 2008.

J. Serrin Pathological solutions of elliptic differential equations // Ann. Scuola Norm.
Sup. Pisa, 3, (1964), N 18, 385-387.

V. V. Zhikov Diffusion in incompressible random flow // Functional Analysis and Its
Applications, 31, (1997), N 3, 156-166.

V. V. Zhikov Remarks on the ubiqueness of a solution of the Dirichlet problem for
second-order elliptic equations with lower-order terms// Functional Analysis and Its
Applications, 38, (2004), N 3, 173-183.

J. L. Vazquez The Hardy inequality and the asymptotic behaviour of the heat equation

with an inverse-square potential / J. L. Vazquez, E. Zuazua // J. of Functional Analysis,
173, (2000), 103-153.

Haditiwna do pedxoneeii 07.04.2014

49



ISSN 9125 0912. Bicauk /lainpomerpoBcekoro yuiBepcurery. Cepis: Maremaruka. 2014, Bum. 19

VIIK 517.5

FO. C. Baropyapko*, A. A. Kodamnop**

* JlmenrporieTpoBCKuUit HAIMOHAMBHBIN yaHUBepcuTeT M. Ojtecs ['ongapa,
Huenponerposck 49050. E-mail: yuliya.zagorulko@gmail.com

** JIHenpoItleTpOBCKUI HAIlMOHAJIBbHBIH yHHBepcuTeT uM. OJjecst I'oHuapa,
Huenporerposek 49050. E-mail: vladimir.kofanov@gmail.com

O mponomxennn auddepeHnnpyeMbIiX
dbyHKIMIII ¢ OTpe3Ka MX MOHOTOHHOCTH 1
HepaBeHCTBa Tuna Kojimoroposna

HocuizzkeHa MOXKJIUBICTb POIOBXKeHHs Oyab-sikol yHKHii f € L) (R) 3 noBinbHOrO
i1 Bigpiskia MmoHoTOHHOCTI | Ha BCIO Bich 3i 36epexkennsim HopM [ i f(") Ha Bigpisky.

Krouosi cioBa: HepiBHocti Tunny KosimoropoBa, Teopema nopiBHsiHHst Kosimoroposa.

WcciienoBana BO3MOXKHOCTh HPOAOJIKEHUsI NPou3BoJIbHON dyHkumu f € Lo (R) ¢
J1060r0 OTpe3Ka | MOHOTOHHOCTH f Ha BCIO OCh ¢ coxpaneHueM HopM f u f(") Ha orpeske.

Kirouesnie cioBa: HepaBencrBa Tuna Koamoroposa, Teopema cpaBueHust Kosgmoropo-
Ba.

It is studied the posibility of extension for every function f € L. (R) from any
monotonicity interval I of function f to the whole axis with retaining norms f and
f) on interval.

Key words: Kolmogorov-type inequalities, the comparison theorem of Kolmogorov.

[Tycts G C R — HEKOTOpOE N3MEPUMOE IIOAMHOXKECTBO 1ucsI0Boit ocu. Uepes L, (G),
1 < p < 00, 0603HAYNM IIPOCTPAHCTBO M3MEPUMbIX PyHKImit f, Takux 4to || fz, @) <
00, TJIe

1/p
| fllz, @) = (/ |f ()P dt) , ecmm 1 <p<oo,
a
I fllL, @) = vrai sug |f(t)|, ecm p= oo.
te

B kauectBe G Gyjiem paceMaTpuBaTh oTpe3ok I = [a, b], neficrBurenbuyio och R wiu
OKPY2KHOCTB ', pea/ln30BaHHYIO B BH/Ie oTpe3Ka [0, 27| ¢ 0TOXK IeCTBICHHBIMI KOHI[AMI.
Ecm f € Ly(T), nonoxum pyia kparkoctu || f||, := || fllz, @) u ana f € Loo(R) BMecro
| f]| 2o (r) TaxKe Oymem nucath || f]|s-

Hnga r € N uepes L7 (G) obosmaumm mpocrparctBo yskmuuii f € Lo(G),
MMEIOIIIX JIOKAJIBHO a0COTIOTHO HENPEPBIBHbIE MPOU3BOJHbIE /10 (1 — 1)-ro mopsiika
prmoanTenbao, npuaeM ) € Lo (). Tlomoxum

WLER) = {f € LL(R) : | 7]l < 1}
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CumBostoMm ¢, (t), t € R, obozHaunm r-it 27-niepuoudecKuii MHTerpas ¢ HyJIeBbIM
CpeJIHMM 3HavYeHueM Ha mepuoje or dbyHKIuu ¢o(t) := signsint, u gisg A > 0 mycrb

Oar(t) = AT (AL).
Hna dbyuxmun f € Ly |a, b] momoxmm

Eo(f)Lolap) = igﬂg If — el ofa)-

Amanormunslii cmpics nmeeT oboznadenue Fo(f)r. m) a1a f € Loo(R).
B pabore [1] mokazana cieayonias TeopeMa.

Teopema 1. IIycmv r € N, a gynwyus f € L. (T) makosa, wmo daa mobozo ompeska
I = [a,b], ydosaemesoparowezo yciosuam:

’

flla)=f(b)=0, f(t)#0, t € (a,b), (1)
cywecmsyem dpynxuyus f; € LT (R), maxas wmo
fl(t) :f<t>’ te (avb)7 (2)
Eo(f1) e < Eo(f)Loclad) (3)
17 loe < 19| zta (4)

Tozda Ons swobvxr g, p > 1 uk € N, 1 < k <r—1, cnpasedisuso mouroe Ha Kiacce
L7 (T) nepaserncmeo

||S0T—k|| « r -
1F ™ g < St LI 1L (5)
lerl5

C MAKCUMANDHO BO3MOHCHDIM TOKA3ATNENEM

, {r—k r—k+1/q}
a = min , ,
r r+1/p

Tounble HepasencTBa Bujia (5), Ha3biBaeMble HepaBeHcTBaMu Tuia Kosmoroposa,
UIPAIOT BasKHYIO POJIb IPH PEIIeHUH MHOIMX SKCTPeMAaJIbHBIX 3a/ad TeOpUHU IIpubdJIn-
xkenud [2|. B pabote [1] takke mokazano, uronpu r =2, k =1lur =3, k =1 wm
k = 2, nepasencrso (5) nmeer Mecto Jyist moboit dynkmuit f € LT (T).

Apropamu 310l PabOTHI BBICKA3aHA IMIIOTE3a O CIIPAaBeINBOCTH HepaBeHCcTBa (5)
Ha kiaccax LT (1) musg mobbix k,r € N, 1 <k <r —1 u j0ob6bix ¢, p > 1.

[TosTOoMy TpeACTaBIAeT MHTEPEC CIAeAYIOMMA BoIpoc. BepHo Jjm, 49TO JIIOOBIX
dbyuxmmit f € L. (T) n orpeska I = [a,b], mis koropeix BbimoHeHbI ycobus (1),
cymecryer dyukiws f; € L7 (R), yrnosierBopsitomast Tpebosanusim (2)- (4)7

[TosmoxKuTE/IBHBIN OTBET Ha 9TOT BOIIPOC B CUJIY TEOpPeMbI 77 ObLI Obl OJTHOBPEMEHHO
HOJIO?KUTEJIbHBIM OTBETOM Ha C(OPMYJINPOBAHHYIO BBIIIE FUIIOTE3Y.

Oamako B JAHHOH cTaTbe II0KA3aHO, YTO OTBET HAa IIOCTABJICHHBIH BOIIPOC
OTPHUIATEILHBINA. A UMEHHO CIIpaBe//IMBa CJIe/IyIOIas TeOPeMa.
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Teopema 2. Jlas nexomopoeo r € N cywecmsyrom dynxyua f € LT (T) u ompesor
I = [a,b], dasn xomopvix ewnosnenv, ycaosus (1), no das nwux 6 xaacce LT (R) nem
dynwyud fr € LT (R), ydosasemeopsrowets mpebosaruam (2) — (4).

JlokazaTebCTBO 3TOM TEOPEMBI OIIUPAETCS HAC CJELYIONIYIO JIEMMY.

Jlemma 1. IIyemo r € N, a dynxyua f € LL_(T) u ompesox I = [a,b], ydosaemeo-
PAOULUE YCAOBUIO , MAKOGHL, 4Mo Oad nux cyuecmeyem dynkuyus fr € L (R), das
Komopot evinoanens. mpebosanus (2)-(4). Tozda cnpasedauso nepasercmeo

b—a

Bolf)i o) < ( ) 1ol 7 o (6)

HokazarenbcTtBo. Tak Kak HepaBeHCTBO (6) OJHOPOIHO, MOKHO CIHTATH UTO
1F N b tap) = 1. (7)
Bribepem A > 0 Tak, 9T0o0bBI
Eo(f)Llat) = loarlloc = A7 [lor [l o- (8)

Tora corsacuo ycoBusm (3) - (4) jeMmbl

17 =1

EO(fI>oo = ||<P>\,r||00'

Caenosarenvro, fr € W2 (R) u jjisi Hee BBINOJHEHBI YCJIOBHsI T€OPEMbl CDaBHEHUs
Kosmoroposa [3]. 113 910it TeopeMbl BBITEKaeT HEPABEHCTBO

;Sb_&a

KOTOpOE € y4IeToM (8) MOKHO IIepernucaTh B BUJIe

(EO(f)Loo[a,b}>T < b—a
1l oo

Orcroma nmeem

b—a\’
Bul i < (722 Il

[Tocnenuee HepaBeHcTBO B ety (7) paBHOCHJIBHO HepaBeHCTBY (6).

Jloxazamenvcmeo meopemov, 2. IIpeamonoknm, 9T0 yTBEPXKICHAE TEOPEMBI HEBEPHO.
D10 03HaYaeT, YTO KakoBO Obl He Obuto 7 € N, s mobeix dyskimu f € L (T) n
orpeska I = [a,b], ynoBrersopsionux ycaosuio (1), nHaiinercss dynkmus f; € L7 (R)
JIJTst KOTOPO# BBINIOJIHEHBI TpeboBanus (2)- (4).
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Bosbmem B kadecTBe (hyHKIMN f TPUTOHOMETPUYECKHI TOJTUMHOM T, JIJIsT KOTOPOTO
cytecTByer orpe3ok I = [a, b], Takoit uTo

T/(a) = T/(b) =0, T/(t) #0, t € (a,b),

IpuIeM

T
b—a< —,
n

rae n — HopsiaoK mosmHoMa. CyImecTBOBaHME TAKOrO IMOJMHOMA OYeBHIHO. ZIcHO, 9TO
st roboro € N cnipase o Britodenne 7 € LD (1), a Jjist HOJIMHOMA T U OTPe3Ka
I BemmosHeHs! ycaoBus jgeMMbl. COIVIACHO JIEMMBI IMeeT MeCTO HEPaBEHCTBO

b—a\’ .
Bu()oion < (=) ol

OnenmBas B 3ToM HepasercTse HopMy ||7(7 ||, mpu momon HepasencTsa Beprrmreitna
17 oo < 2717l
HOJTY 9UM

b—a\"
Bu(r)iin < () Borlalirle

[lepeitgeM B 9TOM HEpaBEeHCTBE K MPEJIE/Ty K 1 — 00. YUuThIBas, 9T0 b —a < = u

4

lim oy floo = —,
T

7—00

IIPUXOJUM K BbIBO/Y, YTO
E()(T)Loo[d,b} = 0

W3 sToro paBE€HCTBa B CUJIYy Te€OpeMbl € IMHCTBEHHOCTU JIJId aHAJIUTUICCKUX (bYHKU;I/Iﬁ
BbITEKA€T, 4YTO IIOJIMHOM T ABJIAETCA KOHCTaHTOfI, 9TO IIPOTHUBOPEYUT HEPaABEHCTBY

7(t) #0, t € (a,b).
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L-miarpynm Ha JesdKUX CKIHYeHHUX I'pynax

PosrasuyTi geski BiacTuBocTi L-miarpyn Ha ckiHdeHHuUX rpynax. OmmucaHni MHOXKUHU
L-miagrpyn Ha HUKIIYHAX IPpyHax OOPsSiAKY p', Ae p — MIPOCTe YUCJIIO, TIOPAIKY pPq, A€ P, q —
pisHi npocTi yncia, kBazinukaiuniil rpyni Tuny p>°, HenukaiuHiil rpyni nopaaky p?, ge p
— IIPOCTE YHUCJIO.

KurouoBi ciioBa: peniiTka, rpyiia, nepeTtuH, L-niarpymna, a-piBHeBa MHOXXWHA.

PaccmoTpenbl HekOTOpbIe cBoiicTBa L-mOATrpYyIIl HA KOHEYHBbIX rpynmnax. OnucaHbl
MHOX@XeCTBa L-mOArpyImnil Ha NUKJINYECKUX IPyHnnax mnopsaaka p", rae p — MpPoCToe YUCJIO,
mopsiika pq, TAe p,q — pa3sHble MPOCTbI€ YNCJIa, KBAa3UIMKJIMNYECKOU rpynme tuma p°,
HEeIUKJINYIeCKoi IrpyIie mopgaaka p’, rae p — IpoCcToe YucIo.

Kumrouesbrie ciioBa: penierka, rpynia, nepecedyeHnne, L-IoArpymnna, a-ypoBHEBOe MHOXKe-
CTBO.

Some properties of L-subgroups of finite groups are considered. Sets of L-subgroups
of cyclic groups of an order p”, where p is a prime number, of an order pq, where p, ¢ are
a prime numbers, of quasicyclic group of type of p>, of uncyclic group of an order p?,
where p is a prime number, are described.

Key words: lattice, group, intersection, L-subgroup, a-level set.

Hexait L — perriTka. L-11iMHOKIHOIO HA MHOXKUHI X HasuBaeTbcs PyHKINA i3 X B
L.

MHuoxkuna Beix L-mimvuoxkua X mno3nadaersest LY.
Hexait u € LX, a € L. Muoxkuna

pa = {zlr € X, p(x) > a}

Ha3WBAEThCA (-PIBHEBOI0 MHOXKWHOIO 4. L-migMHOXKWHA 4 rpynu (G HasuBaeThcs L-
migrpynoio Ha rpymi G, SKIo

(1) ulzy) > p() A ply) s Gymp-sxux 7,y € G,

(2) p(x™) > p(x) nast Gyap-sixoro x € G.

Muozxkuna Beix L-minarpyn na rpyni G nosnadaerscst L(G).

TBepmxkennst 1. Hexait u — L-triarpyma #Ha rpymi G, € — OJUHUYHAN €JIEeMEHT I'PYIIN
G. Toni ms 6yyb-sikoro € G € crpaBeJ[JTABUMU BUCJIOBTIOBAHHS:

(1) p(a™") = p(x).

(2) ple) = p(x).

(3) p(z™) > p(z) nusa Gynb-skoro n € Z.

Hoeenenns. (1) p(z) = p((z7H) 1) > p(z™t), orxe, plx™t) = p(x).

2) u(e) = plx- 21 > plw) Apla?) = ple) A () = )

(3) Hexaii n € N. [ToBesieMo TBEP/ZKEHHST METOJIOM MATEMATUIHO! 1HTYKIIT.
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pla?) = p(x - z) = p(x) A plz) = p(x).

[Tpurycrumo, 110 TBepzKeHHs JI0BeJIeHO st n = k 1 goBejiemo ioro st n = k -+ 1.

plat ) = pla - 2¥) = pla) Ap(a) = p) A\ ple) = p(x).
dAxmo n € Z in <0, To Buciosmosanus summsae i3 (1) i (2).

Trepmxkenns 2. Hexait 1 € LY. Toxi pu € L-minrpynoio wa rpymi G Toi if Tiapku
TOJ1, KOJIN

p(ey™") = p(x) A ply) ans Gyap-sxux z,y € G.
Hoseneunns. [Ipunycrumo, mo p € L(G), z,y € G. Toxi

p(ry™) > p(x) Ap(y™") = p(@) A uly).

Hexait Tenep mis Oynb-saxux z,y € G e cupasemymeun: p(zy~—') > p(x) A ply).
Toni p(e) > u(x) ms 6yap-sxoro « € G. [iiicHo,

ple) = plza™) > pl) A plz) = p().
Haui,
pla™h) = plex™) > ple) A p(x) = p(x).

Orxe,

wlzy) = plz(y=")"") > ple) Aply™") > ) A py).

Teepmxenns 3. Hexait € LY. Toxi p e L-migrpynoro na rpym G Tomi it Timbkm
TOIi, KOJIU fi, — nigrpyna G s 6yiae-sikoro a € u(G) |J{b € L|b < u(e)}.

Hosenenns. Hexait 1 € L(G), a € pu(G)U{b € L|b < p(e)}. Ockinbku e € g,
TO MHOXKUHA (i, HemycTa. [Ipumycrumo, mo =,y € fi,. 3 Toro, mo u(x) > a i u(y) > a
suxouTh, o u(zy ') > u(z) Aply) > a \a = a, ro6ro (xy~') € p4, a, 3HAUATE, 1,
— migrpyna rpymu G.

[Tpunyctumo remep, mo j, € niarpynowo G g Oyab-skoro p € L(G), a €
w(G)U{b € LIb < ule)}. Tomi u(x) < ple) aist 6yap-sikoro = € G. [ificHo, Hexait
(x) = a. Toni p, < G, a, 3HAUUTE, € € [,, TOOTO p(e) > a = u(x). Hexait x,y € G,
(x) wu(y) = b. Hoswaunmo ¢ = a A\b. Tomi x,y € p.. Ockimbku a < p(e) i

e ), to ¢ < p(e). 3Bijgcu BuxomuTh, Mo e < G, T06TO TY ' € YU, A, HAUUTD,
u(my B>c=aAb=u(x) \nly). e oznauae, mo p € L-miarpynoio na rpym G.

ITpuknan 1. Hexait G = S3 = {¢,(12), (13), (23), (123), (132)}, L — permitka i

I
d

@7;7;
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3aamMo [ 3a MpaBUJIOM:

p((23)) = p((123)) = p((132)) = a, p((12)) = b, u((13)) = ¢, u(e) = d.

[Tokaxkemo, 1o p — L-migrpyna na rpymi G.

po = e = G = {e,(12)} =< (12) >< G, pe = {6, (13)} =< (13) >< G, pqg =
{e} < G. Brigno 3 tBepKenuam 3, 1 € L(G).

ITpukaan 2. Hexait G i L — BianosigHO Tpyma i pemriTka i3 mpukaaty 1.

3ajaMo Tenep (4 1Mo iHIIOMY:

p((12)) = p((13)) = u((123)) = p((132)) = a, p((23)) = b, p(e) = I.

Toni p Takox € L-tiinrpynoro uva rpym G. /lificHo,

po = fla = G, py = {e,(23)} =< (23) >< G, pe = pg = pr = {e} < G.

Tepmxkxennst 4. Hexait G — rpyna, x — egement rpynu G nopsaky n, L — penriTka,
pe L(G), ke N, (kn)=1. Toui p(z*) = u(z).

Hoseaennsi. 3 Toro, mo i € L-migrpyna suxomuts, mo u(z*) > u(x). Ockinbku
(k,n) = 1, To icHye HaTypasbHe uucao m Take, mo (x¥)™ = x. 3pixcu

() = p((@)) > p(a).

Orwxe, pu(z*) = p(z).

Hacuinok. Hexaii p — npocre unciio, G — rpyna nopsiiky p, L — pemitka, u € L(G).
Toni p(x) = u(y) musa oynp-sakux x,y € G\ {e}.

Hexait p — mpocre wncno, |G| = p i L — nanmor i3 n enementis. [lokaxkemo, 1o
|L(G)| = n("ﬂ . JificHo, i3 TBepKeHHs 4 BUXOUT, o Koy 4 € L(G), o u(G) € abo

O,ILHOGJIeMeHTHOIO, abo JBoeneMenTHo Tijamuozkunowo L. 3sigcu |L(G)| = n+ C? =

nl _ n(n+1)
Nt o =3 -

Hexait p — nmpocre uucio, |G| = p i L — pemitka i3 npukiamy 1. Toxi |L(G)| = 20.
Hiticro, msg p(G) € onHa i TIIBKK OTHA 13 MOKJIHBOCTE]H:

1) 1(G) = {a}, se a € L; 2) w(G) = {0,a}; 3) p(G) = {0,b}; 4) p(G) = {0,c}; 5)
w(G) = {0,d}; 6) w(@) = {0, 1} 7) u(G) = {a,b}; 8) ju(G) = {a.c}: 9) p(G) = {a, d}:
10) 1(G) = {a,1}; 1) p(G) = {b.d}; 12) (@) = {b, 1} 13) pu(G) = {e,d}; 14)

w(G) = {e, I}; 15) pl(G) = {d, T}.
TBepaxkenns 5. Hexait p — npocte uncio, G =< r > — NUKJYHA IPyTa TOPSIKY
p?, L — pemitka, u € L(G). Toxi u(G) = {a,b,cla <b < cja,b,c € L} i qua

0<k<p®—1
a, skmpo (k,p) =1,

p(a®)y =< b, axkmo k=1Ip, 1 <1<p-—1,
¢, gkmo k= 0.

Hosenennsi. Hexait 0 < k < p? — 1. Ockisnbku p — L — nigrpyna, to p(x®) > u(z). Is
TBepKeHHs 4 BUXOAUTD, o Komu (k, p) = 1, To u(z*) = u(z) = a, ne a € L.
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Hexait k = Ip, 1 <1 < p— 1. Ockimeru | < 2P > | = p, To pu(z*) = p(a?) = b, ne
be Lia<b. I3 Bepmxkenns 1 BuxoauTh, mo b < c.

Jlerko nepesipuTu, 1mo ko a,b,c € L, a < b < ¢ i p 33a7ana 3a TPaBUIIOM
TBEP/KEHHs b, TO i € L-miarpymnoto na rpymi G.

TBepaxkenns 6. Hexait p — npocre uncio, n € N, G — 1MuK/IidHA IPyTIa TOPSIKY
p", L — pemitka, p € L(G). Toxi

w(G) =Aay,as,...;an11lar < as < ... < app1,0, € L1 <i<n+1}
i nys Oyap-sakoro © € G

a, AKIIO || = p,
as, gakmo |z = p" L,
() =

*

apy1, Ko |x| = 1.

TBepaKennss MOXKHa JIOBECTH METOJOM MATEMATHYHOI IHJIYKIll, BUKOPUCTOBYIOUH
TBep/izKeHHd 4 1 5.

Hexait p — mpocre uncno, G = Cpe — KBazinukmiuza rpyna tumy p™. Tomi Bci
miarpynu G yTBOPIOIOTH 3POCTAIOYNI JIAHITIOT:

<e><KCr ><< g >< ... <<, >< ...

ae, vt = w;, i € N. Bukopucrosyoun TBep/KeHHs 6, OTPHMYyeMO HaCTYIHUIA
pesyJibTar.

TBepnxxkenns 7. Hexait p — npocte uncio, G = Cpe — KBa3INMUKITIYHA IPYyTIa TUILY
p*°, L — pemitka, p € L(G). Toxi

M(G>:{a17a27"'7an7”'|a/12a2> Zanz,CLZGL,ZEN}

Teepakenns 8. Hexaii G — rpyna, L — pemiitka, u € L(G), x,y,z2 € G, © = yz,
w(x) = a, p(y) =0b, u(z) = c. Toxi € cripaBeIMBIMI TaKi BUCIOBIIOBAHHSL:

(H)aAb=bAc=a/c.

(2) dxmo a < b < ¢, 10 a="0.

Hosenenns. (1) Ockinbku © = yz, To a > b\ c. 3 immoro 6oky, b > bAc¢, a,
snaunth, a \b > b\ c. 3 roro, mo z = y~'x, Buxomurk, mo ¢ > a /\ b. Bpaxosyioun
Te, mo b > a \ b, maemo b A\ ¢ > a A\ b, o610 @ A\ b = b \ c. Ipyra piBHicTb 10BOAUTHCS
QHAJIOTIYHO.

(2) Iz (1) Buxomurs, mo a = a Ab=0b/\c="b.

TBepmxkenns 9. Hexait G — rpyna, z,y,z € G, x = yz, L — pemitka, u € L(G),
w(x) = a, p(y) = b, u(z) = c. Toxi, 3 ToUHICTIO 710 TIEPECTAHOBKY €JIEMEHTIB a, b, ¢, Mae
MicIle OJMH 1 TIJIBKK OJIMH i3 BUIAJIKIB:

1)a=b<g

2) a i b e nopiBusHHi i ¢ = a \ b;

3) a, b, ¢ monapuo ue nopiBusgnHi i a Ab=bAc=ac.
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HoBenennsi. /Ii1s1 a i b, 3 TouHiCcTIO /10 IX IIepeCTaHOBKH, MAE€MO JIBI MOYKJIMBOCTI:
a <babo aib He HOPIBHSIHHI.

Hexait a < b. Adxmo b < ¢, o0 a < b < ¢ 113 TBep/KEeHHsI 8 BUXOJUTD, IO a = b.
BuaunTh, B poMy BuIaaky Mae Micte 1). dxmo ¢ < b, toa=aAb=bAc=cia=
¢ < b, To6T0 3H0BY Maemo 1). Hexait b i ¢ ne nopiusuani. Ockinsku a = a A b= a A c,
to a < ¢. 3Bigcu BuxoAuTh, Mo a < b A c¢. 3 inmoro 6oky, a = u(z) = pu(yz) > bAc,
10670 @ = b A\ ¢ 1 Mu Maemo 2).

[Ipunyctumo, mo a i b He nopiBuanHi. /g @ 1 ¢ B I[bOMY BHIQJIKy MAEMO TPHU
MOKJIMBOCTL: a < ¢, ¢ < a abo a i ¢ ne nopisugnni. Hexait a < ¢. Tomia =a \Nc=a A\,
To6T0 a < b, mo € cynepeunicrio. [Ipunycrumo, mo a > ¢. Toxi ¢ = aANc = a \ b,
To6To Maemo 2). Hexait a i ¢ we mopiBusuHl. fkmo b < ¢, T0o, OCKiIbKE T = ¥z,
T0o a > b/\c = b, 70610 @ > b, MO HEMOKJINBO. Y BHIAJKY b > ¢ TaKOXK MaeMO
cylepevHicTb. 3HAYUTh, a, b, ¢ MOMApHO He TOPIBHsIHHI 1 Mae micre 3).

TBepmxxkenns 10. Hexait p, ¢ — pizui npocti aucia, G =< x > — NUKJII9HA IPyTIa
nopsaaky pq, L — pemitka, p € L(G), p(x) = a, p(z?) = b, p(x?) = ¢, p(e) = d. Toxi
w(G) =A{a,b,c,d} i nyist enementiB a, b, ¢ € ofiHa ¥ TUILKK OJIHA 13 MOKJIMBOCTE]:

)a=b<g

2) a=c<b;

3) b1i ¢ ue nopiBusiHHI 1 @ = b )\ .

Hosenenns. Ockinpkn | < 2P > | i | < 29 > | — nmpocri gucia ¢ i p BignosigHO, TO
i3 TBepmKeHHA 4 1 HacCIiIKa 3 HOTO MAEMO, IO I OYIb-akoro y € G

a, Ko |y| = pg,
w(y) = b, sxwmo |y| =q,
¢, Ko |y| = p.

Ockinbku (p,q) = 1, To icHyOTh HaTypaJsbHi Ynucaa m i n taxi, mo x = (zP)"(x1)",
wpsony (7)™ £ e, (1) # ¢, 10610 0 = p(x) > p((@?)™) Apl(a?)) = bAe 3
irmoro 6oky, a < bia < ¢, a, 3nauntb, a < b A\ ¢, o610 0@ = b \\ C.

[TogambIn BUCHOBKY BUILIMBAIOTH i3 TBEP/KEeHHS 9.

Teepmaxxenna 11. Hexait p — npocre uncio, G — HeNUK/IUHA IPyla HOPAAKY P2,
L — pemitka, p € L(G). Toni mma u(G) € oqua it TibKH OHA 13 MOXKIIMBOCTEI:

1) u(G) ={a,b,cla,b,c € Lya <b<c};

2) u(G) = {a1,aq,...,a,41,b}, 1€ ay,ag,...,ap11,b € L; ay, a9, ... ,a,+1 TOHADHO
ue nopisusuni; a; Na; = ap ANay upu i # j, k # 1,1 < i, j k1l <p+1; ap, < b,
I<m<p+1

3) w(G) = {ay,as,...,an,b}, e m < p+1, aj,as,...,a,,0 € L; as,...,an
HOLIAPHO He MOpiBHsHHL; a1 = a; \ aj mpu @ # j, 2 < 1,7 < m.

Josenennsi. ko G — HenuK/TivHa rpymna nopsaaky p2, ro G mae (p +1) miarpymy
HOPSIAKY P 1 € NpsIMEM JOOYTKOM JIBOX OyJIb-IKUX TAKUX PI3HUX IiIIPYIL.

Hexait Hy, Hs, . .., H,+1 — Muoxuna Beix niarpyn rpymu G, H; =< z; > 1 p(z;) = a;.
Toni i3 HacsiiKa TBepzKeHHs 4 BUIIMBaE, mo p(x) = a; ayis 6yap-gaxoro x € H;, x # e.

BukopucTroByioun TBepzKeHHsT 9, OTPUMAEMO [IOJIAJIbIIN BUCHOBKHU.
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Anajioriuni pe3yIbTaTu MalOTh MICIle TAKOXK I HEIMKJIIHOI TPYIN TTOPSAJIKY pPq,
Je p, ¢ — Pi3Hi OpocTi Yucia.
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O kaaccax M.K. IloranoBa

OTpuMaHO OIIHKHM JJis iHTerpaJbHUX MOJYJIiB HelepepBHOCTI (pyHKIIi, 1110 iHTerpo-
BaHi 3 Barorw Ha CErMeHTi.

KirouoBi ciioBa: MoOmynb HeepepBHOCTI, iHTerpaJs, Baropa QyHKILis.

IMosy4deHb! OeHKH AJisi MOAYJIE€N HENPEePhIBHOCTU (PYHKIIbI, THTETPUPYEMbBIX C BECOM
Ha CerMeHTe.

Kirouebre ciioBa: MOyib HENIPEPBIBHOCTH, MHTErPajl, BecoBasi PyHKIUS.

Estimates for modulus of continuity functions, that are integrable on the segment,
are obtained

Key words: modulus of continuity, integral, weight function.

1. BBenenue

[Iycrs dynknus f umHTerpupyema Ha cermenre |a,b]. VHTerpaabHbIM MOILyIEM
HEIPEPBIBHOCTU (PYHKIUHU f HA3HMBACTbCS (PYHKITHS

b—h
w(f,[a,b],h) = sup / |f(z+u)— f(x)|lde, 0<h<b-—a.
O<u§h a
Ecmu [a,b] = [-1,1], To w(f,h) = w(f,[-1,1],h). Oboznaunm wepes Hy xiacc
dbyuxwit st kotopsix w(f, h) < w(h), rae w(h)— 3aJaHABIH MOLYIb HEITPEPBIBHOCTH.
Hepes Q(f,h), 0 <h <1 obosmaamm supg, <, A(f, u), rie

= [ VI /T~ o)
7u =

1 w(v1 — 2?|u| + u?)
a w(h)— s3amasHbIil MOIynb HempepbiBHOCTH. Xapakrepuctuka A(f, h) misa w(t) =
t*,0 < a < 1, Beemena B paborax M.K. TIloramosa [1| - [2]. B wacrmocrn,
M.K.IToramoseim 66111 BBeIeHBI Kiiacchl AS— dyuknuii, s koropeix Q(f,h) < 1, e

dzx,

w(t) = t*. 3amerum, uro A(f, h) cymecTByer, ecjiu CymecTByeT HHTErpal f_ll \‘/J%d:v.
JeiicTBUTEILHO, B 3TOM CJIydae CyIeCTBYeT HHTErpaJl foﬂ | f(cosu)|du u, B yacrHOCTH,
cymecrsyer unrerpait [i | f(cos(u + v)|du, Vu. Torma, nonoxus h = sinv, byuximio

A(f,h) MOXKHO IPEJICTABUTH B BUJIE

[T | f(cos(u+v)) = f(cosu)| .
A(f, h) = /0 RETIESD) sin udu.
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Hamee O6yaem paccmarpuBarh (QyHKINE 3a/aHHble Ha cermente [—1,1] u unrerpu-

1
PYEMBIE C BECOM —r=—s. OboznaunM gepes

e Y f(r 4 u) — o) Yo fe—u) — fz)
(st =max sy [T gy oy [ HEZZ g,

Hepes Q*(f, h) obozHaanMm

! I—u2 —uy/1—22) —
sup / [flov] —u? —uyl —27) f(:E)‘d:E, 0<|h| <1,
o<lul<h J—1 w(V1—2?|u| + u?)V1 — a2

rjae w(t)— HEeKOTOpBI MOJy/Ib HempepbiBHOCTH. Kiace (yHKIWiA, s KOTOPBIX
w*(f;h) < w(h) obosnammym vepes HY, a xnacc dyrkimii, as kotopsix QF(f, h) < 1
0003HAYNM Uepe3 /Nl°f [pn w(t) =t* 0 < a < 1, 91u KyIaccel BBejieHb B [1].

B 3] nokasano, uro ecim f € HY, mo Q(f,h) < Cln+.

Samevanue 1. 3mech m B gaJbHeiiiemM Oykpoit (' obo3Haval0TCa abCOTIOTHBIE
KOHCTaHTHI. [Ipu 3TOM B pa3ubIx hopmysiax OHU MOTYT UMETh PA3HbIE 3HAYCHU.

B nacrosieii pabore ycTaHOBJIEHO, 9TO, ecau f € ﬁ[i" , 10 Q*(f,h) < Cln Ik

2. OcHoBHBIE orpeaeJieHnd 1 BCIIOMOraTeJ/IbHbI€ yTBEepP2KICeHM A

Crauaja paccMOTPUM HEKOTOPLIE BCIOMOTaTebHble moHATHA. Ilycth n = 2F0,
rie kg— mHarypambHOe umcno,ag = 0,ap = 1 — 272Kk = 1,2,... kg — 1,ap, =
lya_p = —ay. Kaxmmii cerment [ag,api1],k = 0,1,...,kg — 2, COOTBETCTBEHHO
[a_(k+1), —k],, Pasnesnm Ha pasuble cermentsl aymun 1/n2F.. Touku nesenns, Bmecre
C TOYKaMU aj obo3HauuM uepe3 x;,¢ = 0,1,..., N, zyg = —lLax = 1. Ionoxum
L, = A%le;il ft)dt,Ax; = x; — x;-9,4 = 1,2,...,N n nycrs F,(f;z) = L;, ecin
x € |xiq;2),i=1,2,...,N.

Jlema 1 | [4], reopema 1|. Ilycts cerment [a,b] pa3bur Toukamu y; Ha DaBHbIE

cermentsr jymHon0 0 1 Fo(f,x) = Lj,x € [yj—1,v5),J = 1,2,...,m, Y = a,Ym = b.
Torma

b
/ F(2) = F(@)lde < Coo(f, 0,8, 6).

Jlema 2 | [4], Teopema 2|. Imeer MecTo HEpaBeHCTBO

D L = Lil £ n2%0(f, [ag, arga], 1/n2").

txi€(ak,ak+1)
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Jlema 3| [5], nenmer 3%,37]. Jlua motoii dymknmn f € HY mueer mecto
HEpABEHCTBA
1
L

/—1+h
—1

Jlemma 4. Ilycrs [ € ﬁ{’, h = 1/n2k, k 4+ 1 < ko. Torma mmeror mecto
HEPABEHCTBA

1
- f )z — f

i1

< Cw*(f;h),

1

[ e g 'ﬁ

< Cw*(f;h).

1

\/ 1- a%+1

1

\/ 1— GZH

JokazaTeabcTBO. /lokakem mepBoe HEPABEHCTBO, BTOPOE JOKA3BIBACTCS AHAJIO-
ruano. s mo6oro u € (0; h], ucnonssyst MoHoTOHHOCTH byHKINE /1 — 22 Moy M

1 Ap41—U
—/ |f(z+u
\/ 1- ai+1 @

ap41—u |f x—}-u) f( )|dl’ < 4w*(f; h) < 4w(h)'

l—a /
/ _ 2

w(f; lak, akia], h) < 4w (f;h) < dw(h),

w(f;la—g-1,a-k], h) < 4w*(f;h) < dw(h).

) = f@)]dr <

A Torna

sup ) — f@)|de < 4w (f; h) < 4w(h).

1 ar41—U
—— / |fx+u

Jlemma 5. Ilycrs f € H®Y, h = 1/n2k, k +1 < ko. Torma mmeror mecto
HEpaBeHCTBA

kg1 ’f(,jlj—ﬁn(f, )‘ .
/ak Vi—a? m [ak, aria] h) < 4CW7(f5 h) < 4Cw(h),
/ak |f(-T—Fn(fa )‘ CL 1, G k] h) S40w*(f,h) §4C'w(h)

—k—1 V1-—a \/ 1 - ak+1
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JokazareabcTBO. B 3ToM ciyuae ToKe IOCTATOYHO JTOKA3aTh IEepPBOE Hepa-
Bercrso. CHavasa MCHOIL3YyeM MOHOTOHHOCTH M ONPAHUYEHHOCTH (pyHKImMH /1 — 22
Ha cermenre [0;axy1], a 3areMm, Giarogapsi TOMY, YTO CErMEHT |Gy, Qpy1] pasdouT
Ha TOJIYUHTEpBaJbl paBHON jumHbl h = 1/n2F, npumennm sgemmy 1 u, Haxomer,
UCIIOJIB3yeM JieMMy 4:

/“’““ |f (@ = Fa(f; )]

1
dr < ——
k 122 \/1—@i+1

C

\/ 1— aiﬂ

Jlemma 6. /st smro6oit pyuknun f € HY umeror Mecto HepaBeHCTBa

/ " @ = Bu(fia)lde <

< w(f; [ak, ak+1], h) < 4CW*(f;h) < 4Cw(h).

PGt 2O PR :
/ T des W) s Cull/n),

/ ot |f(a — Fu(f; )]
-1 vV 1 — 1’2
HokaszaresbcTBo. I B 9TOM Ciydae pacCMOTDUM I€pBOE M3 HepaBeHCTB. 110
onpejiesenuio ag, 1 = 1 —4/n% F,(f;z) = n?/4 f11_4/n2 f(u)du, Tlosromy, npumenss
JIEMMY 3, TIOJTyIuM

dx < Cw*(f;1/n?) < Cw(1/n?),

/ VRl / el S Cu(f1/n?)

x
V1 —a? aky1 V1— a2

Jlemma 7. | [3], menma 6] Iyers f € HY, hy = 1/n2*, k+1 < k. Torna nveer
MeCTO HEPABEHCTBO

—ak+1+hk —Qk41
[ = n2" / F(#)dt — n2t ! / Ft)dt] <

agt1 —ag1—hg4+1
< ”2k+lw(fa [—arg1 — hig1; =g + P hy).

Jlema 8. | [3], nemma 7] Iycts f € H¥, hy = 1/n2, k+1 < ky. Torga nveer
MECTO HEPABEHCTBO

—agr1+hy —agy1—hE41
I= |n2k/ ft)dt — nz’““/ f(t)dt] <

Ak+1 —agpy1—hgi1

< n2" o (f, [=ap1 — hi; —aper + b he).
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Jdemma 9. Ilyers © € (—apy1; —ax) U (an;aps1), k < ko — 2, hy = 1/n2k u

y=xV1—h?>—hyv1—2% r1e0 < h=sinv < 1/2n. Torga
0<x—1y < hg.

HdoxkazarenbcTBo. Ilycrs, cnauana © = cosu € (—apy1; —ax), Tae u € [7/2;7 n
sinv = h, tae v € [0;7/2]. Torma x —y = cosu — cos(u + v) = 2sin(u + v/2) sinv/2
U TI€pBOe U3 HEPABEHCTB Oy/eT MMeTh MeCTO, eCju u + v/2 < 7 win sinu > sinv/2.
HaumenbInee snadenue sin u noaydum jjg u = — arccos(1 — 4/n?). Herpymmo Bugers,

: . 1-4/1=1/4n2
aro sinu > 1—aj _; =1—(1—4/n%)?* > sin*v/2 = T/n s Beex n > 2. Ecnm

T € (—app1;—ay), 0 x —y =x(1 — /1 —h2) +hv/1 — 22 < hy1—22 < Iy,
[Iycrs Teneps x € (ag; agi1), tiae u € [0;7/2]. Torma

xr—y=cosu—cos(u+uv)=

= 2sin(u +v/2)sinv/2 = sinusinv + cosu(1 — cosv). (1)

U3 pasencra (1) mosiydaem OIEHKY CHU3Y PA3HOCTH T — Y. UTOOBI HOyYIUTH OIEHKY
CBepXy Ipeobpas3yeM MpaByio 4acTb paBeHcTBa (1).

1
sinusinv + cosu(1l — cosv) < 2—\/1 —al+(1—+/1-1/4n?) <
n

Jlemma 10. Iycrs f € H*Y, h = 1/n2F, k +1 < ko. Toryma umeer mecto
HEPaBEHCTBO

ag+hg ag
]:|n2k/ : f(t)dt—n2k_1/ fe)dt] <

ag ap—hk_1

<a [T b - S0l

k—hr_1

HokazareabcTBo. [IponsBojis mpocreiiniue mpeodpa3oBaHusd, MOy IUM:
ak+hk ak*hk hk
I n2k|/ F(t)dt — 21/ F(#)dt — 21/ F(t)dt] =
ay ap—hr—1 ax—hyg
ak—hk

hi
=nfu*/‘ U@+hwaﬂmﬁ+24/‘ G+ i) — F(0))de] =

k—ak ap—hk_1

= n2k[27! /k [f(t+ hy — f(t)]dt+

k—hk
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+21/%kva+hko—f@+hw+f@+hw—f®W“=

k—hi_1

ag ap—hg

= n2¥| [F(t+ by — f(8)]dE + 27 / [f(+ i) = f(D)]dt] <

agp—hg k—hi—1

gnf/” (4 he) — F(D)]dt.

k—hr—1

3. /loka3zaTesbCTBO OCHOBHBIX TE€OPEM

Teopema 1. /[t smroboii pyuknuu f € HY umeer mecTto HEpaBeHCTBO

' |f(2) = Fu(f32)]
/1 w(v1—2%/n+ 1/n2)mdx < C Ilnn. (2)

okazareabcTBo. [IpejicTaBuB nHTErpasl CyMMOIO M MOJIB3YSCh MOHOTOHHOCTBIO
MOJLY/Isi HEIIPEPBIBHOCTH, TIOJIYIHM

/1 |f(x) = Fu(f;2)]
1 w(ﬂ/n—k 1/n2)m

dr =

k:()Q

#=0 </+ /k+> ﬁ;wr 1(/{;2)%‘5“

) </’“° : / . Wl) \/% >n+ 1(/{12:)6% dz <
ko 2 S 2k+1 </ak+1 / ) |f(z (fo)|d$+

7 </’ l/amﬂ)|f Loy,

[Ipumensiss gemMMy b JIj1d OIIEHKHU cjiaraeMbix i wajaekca k= 0,1, ..., kg — 2 u Jjemmy
6 /I OTIEHKH CJIaraeMoro ¢ MHJeKcoM kg — 1 ToJiyduM HepaBeHCTBO 2.

k=0

Teopema 2. /[irsr mroboit pyarnum f € HY umeroT MecTo HeEpaBeHCTBO

de < Clnn, (10)

/1 |f(xv/1—h2 = hy/T —a2) — F,(f; 271 — b2 — h/1 — 22))]
1 wv1l—22/n+1/n?)vV1 — 22

e 1/4n < h =sinv € (0;1/n].
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HokazarenbctBo. CrenaB 3aMeHy mnepeMeHHOH z = cosu, wuHTerpas (1)
1peobpaszyeM CJIEIYIONIM 00Pa3oM

™| f(cosu) — Fy(f;cosu)|
Clnn 2 /0 w(sinu/n + 1/n?) du =

L[ e R,
2 ). w(sndl/n+n2) T
B 1/” | f(cos(u 4 v)) — Fu(f;cos(u +v))|
2/ w(| sin(u + v)|/n + 1/n?)
1 /7r | f(cos(u 4 v)) — Fu(f;cos(u +v))|
>
— 2/ w(]| sin(u + v)|/n 4+ 1/n?)
Ecan w € (7/2 —v/2,m — 2v), 10 sin(u + v) < sinu 1 MOTOMY
1 < 1
w(f,sinu/n+1/n?) = w(f,sin(u+v)/n+ 1/n?)
Tak kak sinv < 1/n, To sin(u +v) + 1/n < 2(sinu + 1/n), ecin u € (0,7/2 —v/2), u
|sin(u+ v)| + 1/n < 2(sinu + 1/n), ecom u € [1 — 2v, 71]. CremoBarenbHoO,

du >

du. (3)

(4)

1 2
w(f,sinu/n+1/n?) = w(f,sin(u+v)/n+1/n?)

U3 nepasencts (3 - 5 ) cremyer

(5)

itz [ Mt ) Bllastu 1)
0 w(|sin(u 4+ v)|/n + 1/n?)
< /7r |f (cos(u +v)) — Fu(f;cos(u + v))| (©)
~Jo w(sinu/n + 1/n?)

BameHa I = COS u IIlepeMEeHHON HHTErPUPOBAHUS U IapaMerpa i = Sin v B HHTerpaJie
(6) mpuBouT K uHTErpasy (2).

Teopema jioKa3aHa.

du >

Teopema 3. /[s sr060ii pynknun f € HY nmeror MecTo HepaBeHCTBO

/1 [Falf32) = Fu(f;0v/1 =% — b1 —a?)]
1 w(f,v1—2%/n+1/n?)V1 — a2
e 1/4n < h = sinv < 1/2n.

Hoka3zareabcTtBo. O6o3HaunM pasHocTb v/ 1 —h? — hy/1 — 22 depes y u

peJicTaBuM HHTErpas (7) CyMMOIO MHTErpaJIioB:

dr < Clnn, (7)

ko—1

ko —a;_1 aj+1 ’Fn(‘ﬂw) — Fn(f, y)‘
(; /aj T JZ:; /aj ) w(vV1—22/n + 1/n2)mdx,
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OmernM KazkIpiit 13 Hux. B ey jgemmbl 9 y npunajgiexut [—1, xq], ecim x € [—1, x1].
A Tak Kak Ha KazKJOM HmHTepBase (I;;x,11) dbynxmus F,(f; ) paBHa KoHcTamTe, TO
pasuocts F,(f;2) — Fo(f;y) = 0 u, cegoBaresHo, WHTErpaj o cerMenty [—1; 1]
paBeH Hyso. MlHTErpas mo cerMenty [—ag,—1; —ag,—2| HE TPEBOCXOANT

—Oky—2

/ ) - Bu(fip)lde. 8
w(f, 1/n2 w/l—ako 1 Y kg1
[To ompejesienuio —ay, = ro = —1,—ag,_1 = v1 = —1 +4/n% —ap,_o = —1 +

16/n? = 4. Touku x9, T3 JAETAT OTPE3OK [—Qk,_1; —Uj,—2] HA TPU OTPE3KA, PABHDIX
[0 JIUTMHE, COBIQJAIONIEN ¢ JUIMHOI OTpe3Ka [To;x1]. Torga mo jgemme 9, ecomm x €
(xi;2441),1 = 1,2,3, TO y HAXOIUTCS /OO Ha ITOM 2Ke MHTepBaJe, Mbo Ha MHTepBaJe
(ch 15T;). HoaTOMy st i =1,2,3: F,(f;x) — F.(f;y) =0, ecm z,y € (z5201) 1

F.(f;x) — F(f;y) = Liy1 — L, ecm x, € (24;2441),y € (x4-1;2;). CrienoBaresbho,
HHTErpaJl MOXKET TOJILKO YBEJUUUThCs, €CJid OyJIeM 10JaraTh, 9To HOMHTerpaIbHast
dbyukIws Ha uaTEpBase (;;x;11) paBasercd |L; 1 — L;|. VI3 nociaeaaero 3amedanus u
6aromapst jgemMmMe 2 uaTerpad (8) He IPEBOCXOIUT

U Eu(fix) — Bul(fiy)lde <
f,l/n2 ,/1—a/,CO 1 /ako 1
hko—Q Z
= |Lz+1 L | <
w(f,1/n?)\ /1 —ai | =1
< W(f : [—ako—l; —ako—2]>hko—2) (9)

w(f, 1/n?)y /1 —af,

Besencreun siemMbr 4 tipaBasi 9acTh HepaBeHCTBa (9) HE MPEBOCXOUT KOHCTAHTHI.
[ycrs by = 1/n2%,0 <h < 1/2nu Ay = {i : 2; € [—apy1 + hi, —ai)} . Torna

/“’“ [Fu(f52) = Fu(fs oV T =0 = h\/l—xQ)‘ e
—Qp41 (f Vl_l‘ /n+1/n2)\/ -
fak+1‘ (f .%‘) n<f;x\’1_h2_h\’1_x2>|dx

w(foy/1—ap 1 /n)y/1—a;.,
B W
w(f, \/1 —aiﬂ/n)\/l —ap,,

Inrerpan W npencraBuMm B Bujie

—ak+1 +hk x’L—‘—l

W= B = Fulfilde + 3 [ IR = B

k41 €A
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Tak kak 0 < 2 —y < hy/1 — 22 < hy, , 10, B cuity siemmbl 9, ecin @ € (145 T441), €
Ag 10 y HaxomuTcd JMOO HA ITOM Ke MHTepBaje, Jubo Ha uHTepBase (T;_1;x;), U
HHTerpaJt ffi”l |E,(f;2) — Ey(f;y)|de Tombko yBemmanres, ecim GyaeM CAOMTATh, 9TO
noxuHTerpasbias Gyuknus pasua |L;1 — L;| . Torma, 6raronaps jeMMbr 2

2 / TR = Ff)lde <

€A, " "

< he ) Mivn = Lil S w(f; [=ann + s —ai]; by). (11)
i€A

YT06BI OLeHNTH HHTErpa | a1t B (Fx) — F(f;y)|de samernn, uTo,ecom @ €

Ak+1
(—ars1, —ars1 + hi), 0 Y € (—ary1 — hiy1, —Apy1), OO Y TPUHAIIEKUT UHTEPBAILY

(—ags1 — hi, —agr1 — hgy1). B mepBom corygae

5 5 —ag41+hg —Qk41
Bufia) = Bul i)l = 2 [ f(tyde —n2t [ Ftyt
—Qg41 —ag41—hg41
U, B CWIY JIEMMBI 7,
|Fo(fi2) = Fu(f59)] < n28 T w(f, [=ani1 — hieyt; —ars + Pigls ). (12)
Bo Bropom
~ ~ _ak+1+hk _ak+1_hk+1
Bufia) = Bulfi)] = n2* | ftyde —n2t [ Ftyt
—Qg41 —ag41—hg41

1, B CUJIy JIEMMBI 8,

|Fu(f32) — Fu(F39)] < 028 w(f, [—aris — ha; —agrs + by hirn). (13)

Takum obpasom, B J10060M cirydae,

—agy1t+hi N
/ Bu(fs2) — Bul(fsy)lde < 40(f, [—aner — b —anen + haa): hust). (14)

Ag+1

U3 nmepasencts (10 — 14) cienyer onenka

x < C, (15)

/ Eu(fi2) = FalfioV/T =12 — W1 —a?)] |
—aki1 w(f,vV1I—2%?/n+1/n?)V/1— 22
rae C'— HeKOTOpasi KOHCTAHTA.

OueHuM HHTErpasl Mo CerMeHty |ay, axy1], 1 < k < kg — 2. Ilycrs By = {i : x; €
(ax; ak+1)}. Torma

68



O KJIACCAX M.K. IIOTAIIOBA

/akﬂ \Eu(fs2) — Fo(f;2v/1 — h2 — hm)]dx -
ax w(f,vV1—2a%/n+1/n?)v1— 22 -
W
< , (16)
w(f, \/1 —azﬂ/n)\/l —apy,

rie

ag+hr N Tit1 ~

W= [ R - Bl 3 [ BF0) - Bulfip)lds

1€ By

Ecau 1/4n < h = sinv < 1/2n,z € (ay, agy1), TO, B cuity jeMmbl 9, 0 < z —y =
(1 — V1 —h2) + hv/1 — 22 < hg. VI3 mociennero HepaBeHCTBA CJIEJYET, UTO, €CJIH
T € (T4, Ti41), TO Y € (24, Tig1), WM Y € (T5_1,7;).

[TosTomy

ag+hg ag
Bufia) = Bulfilda =n2* [ pae =2 [ ga

a arp—hk_1

u, B cuiry jgemm 10, 2 u 4

|F(fi2) = Fu(f )] < n2¥0(f, [ar — heer; axl; hu). (17)
CirenoBaTeIbHO
ag+he 5
[ 1B - Rulfsylde < n2bl . fan — husia: ) (18)

ag

CymMMa mHTerpaJion

S [ IR - Ralds

i€By,

oleHnBaeTcst aHajormaHo. Takum obpasom, u3 uepaseHcrB (16 - 18) mia k =
1,2,...ky — 2, noyuaem

/ak+1 ’Fn(f,.’ﬂ) _ ﬁ‘n(faa:\/l —h - h\/l _ (EQ)‘diL‘ <C. (19)

. w(f,v1—2a%/n+1/n?)v1— 22

Ocrasoch ONEHNTh HHTErPAJ [0 CEIMEHTY [ag,—1; 1]

/1 Fulfso) = B(fip)l
argr W(VI—22/n+1/n2)y/1—22  ~

1 Y E(fi2) — Fu(fiy)l
= L(1/n?) / Vi

dz.
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Hng v € (0;7/2) rakoro, uro sinv < 1/2n onpenenum u = u, Tak, 910 cos(u + v) =
Agy—1. OUEBHIHO, 9TO TAKOE U CYIIECTBYET ¥ eaumHCTBeHHO. llycTh T, = cosu,, = =
cosu, h =sinv. Ecim x > x,, 10 u < u, u, CJIeI0BATEIHHO,

V1 — h? — hv/1 — 22 = cos(u +v) > ag,_1

u B 910M citydae F(f;x) — F,(f;y) = 0, a Torma

/1 F(f; @) — Fu(f59)]
o V1— a2

OrenuM cHU3Y 3HAYMEHHE U, Korja v Mensercs or 0 go arcsin(1/2n). Tak xak

dz = 0.

cos2v =1—2sinv >1-1/2n*>1—4/n® = a3, 1,

TO U, > U, & TOTJIA COS Uy < cOSv U /1 — cos?u, > /1 — cos2v > 1/4n. U3 noceauero
HepaBeHCTBA U JIEMMbI 9 mosrydaem

/%rawm—mmmwz
Akg—1 \% 1 — a2

1 Lo ~
] 2/ |Fu(fsz) — Fu(f;y)|de <
Ly Q-1
1 1 Og—1
< tnfe, — an il [ fluda— [ (). (20)
akofl ak()flihkO—Q

Tak Kak T, — ag,—1 — Qky—1 < 1 — apy—1 = hiy—2 = 4/n?, T0 NpaBasg 4acTh HEpaBEHCTBA
(20) me mpeBOCXOAUT

in /akOI | f(u A+ hyy—2) — fu)|du <

ko—1—hkg—2

< 16/“’“01 |f (u+ hgy—2) — f(u)|du
- ako,lfhko,z \/ 1 - .’L’Q
| B (f52) = Fo (f;2vV/1=h2—hv/1—2?)|

w(f,V1—22/n4+1/n2)V/1—22
[ak,—1; 1] orpanmuen. Tak Kak 4YuCa0 UHTEPBAJIOB (g, aky1) U (—apy1; —Qx) DABHO

2ko = log, n, TO yTBEp:KEHE TeopeMbl 3 ciejyer u3 HepaBeHcTs (9, 15, 19 ).

< Cw(1/n?). (21)

CneoBaTeIbHO, WHTErpas OT (DYHKIUH II0 CErMeHTYy

Teopewma 4. /L5 jr06oii pynknun f € HY nmeror MecTo HeEpaBEHCTBO

/1V@¢r—M—h¢r—ﬁ»—ﬂm|
1 w(v1—22h + h?)V1 — 22
e 1/4n < |h| =sinv < 1/2n.

HokazareabcTBo. B ciyaae h > 0 teopema 4 ciemayer u3 teopeMm 1 - 3.

der < Clnn,
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dr <

/1 f(avI—h2 — hv/T—a%) — f(z)]
SO e Y S W e

</1 |f(x)_ﬁn(f,$)|
= w2 /n+ 1/n)i- 2
+/1 |Fn<f7x) _Fn(f;w\/l — h?2 — hy1 —x2)|

0 w(VI—Pnt 1 VI— 2
+/1 [f(xV1 = R% = W1 —a?) = Fy(f;2V1 = B2 = h/1 = 2?)]
-1 (V=2 /n+1/n2)Vi= a2

Ecimm h < 0, paccyx)jienus anajorudabl. TakuM o6pa3oM yCTAHOBJIEHO, YTO, €CJIU

feH?, 1o (f,h) < Clng.

dz+

dr+

dz.
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IIpo meski rpynm 3 4epHIKOBCHKOIO I'PYIIOIO
aBTOMOP(I3MIB

Ipucsavyemves 65-pivuro npopecopa Kypdavwenxa Jleonida Andpitiosuua.

OTrpumano aBromopduuii anajor reopemu Illypa y Bunaaky, Ko JOoBijbHA HiArpymna
A rpynu aBromopdismiB Aut(G) rpynu G Ta dakrop-rpyna rpynu G nmo A-meHTpy €
YEepPHIKOBCHKUMH I'DYIIaMMu.

Kiro4osi cioBa: A-tieHTp, A-KOMyTaTOpHA HiArpyIra, Y4epHiKOBChKa rpyna.

ITony4uen aBromopdHsIii anaigor teopemsbl IIlypa B citydae, Kor/ia mpou3BOJIbHAS I10/I-
rpynmna A rpynnel aBromopdusmosB Aut(G) rpynnel G u dakrop-rpynmna rpynmnsl G 1o
A-1IeHTPY SBJISIOTCS Y€PHUKOBCKUMHU TPYHIIAMU.

Kmouesnie cioBa: A-ieHTp, A-KOMMyTaTOpHAasi NOArPYyNIa, YePHUKOBCKAasl IPyMIia.

‘We obtained automorphic analogue of Schur’s theorem for the case when an arbitrary
subgroup A of automorphism group Aut(G) of a group G and the factor-group of a group
G modulo A-center are Chernikov groups.

Key words: A-center, A-commutator subgroup, Chernikov group.

1. BCTVII

Hexait G — rpyma, A — niarpyna rpymnu asromopdismis Aut(G). Tokmamemo
Ca(A) ={g € Gla(g) = g,Va € A},

(G, A] = (g7 alg) = [g,0]lg € G, € A).

Baysazkumo, 1m0 B 3arajbaoMy Buniajiky Cg(A) He Gy/ie HOPMAILHOL MNPy TPy
G. Ase skmio rpyna BHyTpinmHiX aBroMopdismis Inn(G) mictutees B A, Inn(G) < A,
to Cg(A) < Cq(Inn(G)) = ((G), 1060 Ci(A) € HOPMATBHOW TiArPYIOK IPYIN
G. Takox oueruano, mo Cg(A) € A-imBapiantHoro miarpynoro. Iligrpymna Cg(A)
HasuBaeThea A-uenmpom epynu G.

Harowmicts miarpyna [G, A] 3aBxk1u Oy1e HOpMAJIBHOIO it KOXKHOI miarpymm A <
Aut(G). Hiiicro, nexaii g,z € G, a € A, Tomi

-1

g, alz =2 g a(g)x “a(gra)z = (ga)a(gr)ala e =

=[gz,o](a(z)) "z = [gz,al(z" (@) " = [gz, [z, o] ! € [G, A].
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ITPO JEAKI I'PYIIN 3 YEPHIKOBCBKOIO I'PYIIOKO ABTOMOP®I3MIB

[Tlixrpyna [G, A] masuBaetbes A-komymamoproto nidepynoro epynu G.

[Tozraummo uepes 7, BHyTpimmHii aBToMOpdi3M, dAKWil BU3HAYEHUN €JIEMEHTOM X,
10670 T, (9) = " tgw, Wia Beix g € G. Bigmitumo, mo akmo A = Inn(G), Toai A-nentp
rpynu G coiBnagae 3i 3pnvaiinum mearoM ((G) rpymu G, a Takok A-KoMyTaropHa
nigrpyna rpynu G cnisnajae 3 komyraarom |G, G] rpynu G.

[lepimi mocsizkeHHsT 3B’s3KiB MizK IieHTpasibHO0 (akTop-rpynoo G/((G) rpymnu
G ta komyTanToM [G, G| Gysu po3mnodari Iie Ha MOYaTKY MUHYJIOTO CTOJITTS B POOOTI
[. IIypa [1]. Bokpema, BiH BUBYAB BJIACTHBOCTI TaK 3BAHOTO Myavmunaikamopa Ilypa
(muB., Hanpukaa, [2]) rpynu G, gkuit nosuadaerbess M(G). Bin orpumas HacTymHMi
pesyabratr: axwo epyna G ckinvenna, mo [G,G] N ((G) i3omoppro eriadacmoves 6
M(G/¢(G)). Hisnime mousarrsa Mmyasrumuiikaropa [lypa 6y1o mommpene Ha J0BLIbHI
rpynu. Jlocizkennst 38’s3KiB Mix 1eHTpasibHo0 (akTop-rpynoo G/((G) rpymu G
ta kKomyTaHToM [G,G] B HecKiHUeHHUX Ipymax Oy/u BIEpIe MpeJcTaBieHi B poboTi
P. Bepa [3|. Bokpema, Bin josiB, mo skmo G/((G) ckindenna, to [G,G] Takox
ckinueHHa rpyna. Lle TBepKeHHsT B HAINl Yac HA3UBAIOTh meopemoro [llypa, xoua cam
[. [lyp B Taxiit popmi itoro He orpuMyBas. [HIlle TUTAHHS, IKE TPUPOTHO TYT BUHUKAE,
HACTYIIHE: AK N06 A3aNT MIdHc 00010 nopadku yenmparvhoi garmop-epynu G /C(G) ma
komymanma [G,G|? llpomy nuranHio Oyiao npucssdeHo Gararo pobit. Haiikparmii
pesysbraT 6ys0 orpuMano B pobori [4]: axwo |G /((G)| = t, modi |[G, G]| < w(t) =™,
de m = %(Zogpt — 1), p — ye natimenwe npocme wucao, axe diaums t. Bigpmn Toro, B
1iit ke poboTi OYJIO JIOBEJIEHO, IO B OCTaHHIl HEPIBHOCTI PIBHICTH JIOCATAETHCS TOJI i
TITBKU TOJIl, KO t = p", Jie p — MPpOCTe TUCJIO.

Ha meit uwac orpumaHo psiji aHasjoriB ta ysarajgbHeHb rTeopemu Illypa (mwus.,
HanpukJai, [5]). Bigbmn Toro, icaHyroTs pi3Hi MIX0/H 10 OTPUMAHHS TAKUX PE3Y/IHTATIB.
Cepen Hux € miaxin, sgxuit moB’si3anmit 3 rpynamm apromopdismis. II. Xerapri
B poboti [6] mosiB, mo saxmo A = Aut(G) ta G/Cg(A) ckingenna, to [G,A]
Takoxk ckindenHa. [Ipore ymosa ckinuennocti dakrop-rpymu G/Cq(Aut(G)) € nyxe
cuIbHOIO. 3BijcH, 30KpeMa, BUILUIMBAE, IO cama rpymna aBromopdismis Aut(G) Gyme
ckinuennowo. Binmitumo takox, mo y Bunaiky, ko A = Aut(G), migrpyna
C(A) masuBaetnest abcoaromnum yerwmpom rpynu G, a |G, A] — asmokomymamoproro
nidepynoto rpymu G. B pobori [7| Oyino posriistHyTO OGibIn 3arajbHUil BUIAIOK:
Inn(G) < A t1a A/Inn(G) ckinuenna. Jns 1mporo Bumajky Oyam orpuMani
y3arajgbHenHsa TeopeM [llypa, Bepa ta Xosura.

BayBaxkumo, 10 aBroMopdHMil anagor teopemu Illypa s goBiabHOI rpynn
aBTOMOP(}i3MiB He BUKOHY€eTbhCs. e imocTpye HACTYIIHMI TPUKJIAT.

Hexait p — nmpocre uncio, G = (a) x K | ne |a| = p, K = Dren(b,) — etemenrapna
abesieBa p-rpyma. Toxi rpyma G mae aBToMopdisM v, AKnil BU3SHAYAETHCA HACTYITHIM
qnaoM: «(a) = abj, a;(z) = x, pa koxuoro x € K. Jlerko mepesipurn, mo KoKeH
aBTOMOP®I3M (v Mae HOpsIoK p, a miarpyna A < Aut(G), sxa mopojpKena MHOXKHHOIO
{aj|j € N}, e ernemenrapuoio abesnesoio p-rpynoto. Bimem toro, Cq(A) = K = [G, A,
o610 bakTop-rpyna G/Cqs(A) ckindenna, asne miarpyna [G, A] HeckindenHa.

Omxke, jyst moBuibHOT miarpynu A rpynum aBromopdismis Aut(G) morpibmo e
BBOJIUTH JI€AKi JTOJATKOBI OOMEXKEHHS.
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B pobori d.JI. IMonosuipkoro [8] 6yso oTpuMaHO HACTYIIHE y3araJbHEeHHsI
reopemu [lypa: axwo uenmparvha gaxmop-epyna G/((G) epynu G uepnikoscovka,
mo komymanm |G, G] makooc e wepnikoscororo epynoro. Haragaemo, mo rpyna G
HA3UBAETHCSA YEPHIKOBCHKON, SKIO BOHA MICTUTH B CODI TaKy HOPMAJIbHY abeseBy
niarpyny Div(G) = Q1 X ... X Qp, mo dbakrop-rpyna G/Div(G) ckindenna. [Ipn
mpoMy Q; , 1 < 7 < m — me xBasinukuivni rpymm. Yucnao m e imeapianTom rpynm
G, i Ha3UBAETHC MiHIMaKCHUM panzom Tpymu G ta mosuadaerbest mm(G). Taimoro
XapaKTEePUCTHKOIO YePHIKOBCHKUX Ipyl € Muoxkuua [[(Div(G)). Mu 6ynemo nosnadarn
i1 crnenjanpauM cumBosioM Sp(G). e oxmum iHBapiaHTOM YEPHIKOBCHKUX TPYIl €
nopsiiok dakrop-rpymun G/ Div(G), o(G) = |G/ Div(G)|.

Hacrymnna Teopema mpejicraBisie co0010 TOJOBHUAN PE3Y/IbTAT JIAHOT POOOTH.

Teopema A. Hexai G — epyna, A — nidepyna epynu asmomoppizmie Aut(G), i
nexat Inn(G) < A. Arxwo gaxmop-epyna G/Cq(A) ma nidepyna A wepriroscoki, mo
(G, A] makoorc weprikoscvra 2pyna.

2. JOIIOMIZ2KHI PE3VYJIBTATN TA JIEMU

Jlema 1. Hexati G - abesesa epyna, A — nidepyna 2pynu  asmomoppiamie
Aut(G). Ipunyemumo, wo daxmop-epyna G/Cq(A) uepnikoscora. SHdxwo nidepyna
A ckinuenna, mo nidepyna (G, A] makoorc weprikoscvka.

Jlosedenns. Hexait a@ € A. Posrusnemo Bimobpaxkenus d(a) : G — G, ske Jie 3a
nactynanm npasuiom d(a)(g) = g ta(g) = [g, o], g € G. Posrnanemo

d(e)(uv) = (uv) " a(w) = v a(u)a(v) = u a(w)v alv) = da)(u)d(e)(v).
Inaxime kazy«n, piobpasers d(a) e ertomopdismom rpymn G. Bisbi toro,
Im(d(a)) =[G, o], Ker(d(a)) = Cg(a).
TAKHM THHOM, MH MA€EMO
[G,a] = Im(d(e)) = G/Ker(d(a)) = G/Ca(a).

Ockinbru a € A, 1o Cg(A) < Cg(a), 3Biaku orpumyemo, 1mo G/Ca(a) < G/Cq(A).
Otrxe, dakrop-rpyna G/Cq(a) 4epHIKOBCBKA, a TOMY YepHIKOBCHKOIO Oyje 1 rpyma
G, al.

Ockinbkn A — ckinuenna rpyna, 1o A = {ay, ag, ..., a,}. 3a Jlemoro 1.1 poboru [9]
MaeMOo

G, A = [G,aq] - [G,as] - ... |G, ap].

Tobro [G, A] € 100yTKOM CKIHUE€HHOTO YnC/Ia YepHiKoBCchbKux rpyi. OTxe, rpymna [G, Al
TaKOXK depHiKoBcbKa. Bimbmr Toro, mm([G, A]) < rmeg, Sp([G, A]) C 7, o([G, A]) <
(0g)", ne mg = mm(G/Cq(A)), m = Sp(G/Cs(A)) ta og = o(G/Cg(A)). Jlemy

nosejiero. [
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Jlema 2. Hexau G — abeaesa epyna, A — nidepyna epynu asmomopgizmis Aut(G).
Sxwo  daxmop-epyna G/Cq(A) ma nidepyna A weprikoscori, mo [G, A] maxooc
YEPHIKOGCHKA 2PYnd.

Josedenna. Hlokmagemo D = Div(A), H = G/Cg(A). Ockimpkn rpyna H
JepHIKOBCHKa, TO ICHY€E TMOKOJIBHUN PJT

ne miarpynu H; ckingenni ta A-imBapianti. Ockinbku ingexc |D : Cp(H;)| ckinaenHmit
Jutst KokHOrO ¢ € N, To rpymna D nofgiibHa. A OCKIIbKY O/Il/IbHA YePHIKOBCHKA I'PyTa
He MicTuTh cKindeHHuX (akropi, To D = Cp(H;), naa koxuoro ¢ € N. Inmumvn
coBaM|, Tpyna [ 1menTpaJisye Koxkuy marpyny H;. Biasnr toro,

H=|]JH,

ieN
a ToMmy rpyna D nentpasisye Bcio miarpyny H, Tobro D = Cp(H).
Posrisinenmo raxi enementn x € G, o x € C(A) Ta BUSHAUNMO BiIOOpasKeHHS 1),
D — G, axe jgie 3a npasmwioM 1, () = [z, ], a € D. dkmo f — inmmit aBromopdism,
TO
(aof)(z) =a(B(z)) = a(zn.(8)) = a(z)a(n.(8)) = zn.()n.(5),
a TOMy

77x<a © B) = x_l(a © B)('T) = x_lwﬁx(@)m(ﬁ) = 771(05)7796(6)'

Takum yunoMm, 17, — romomopdizm. Binbir Toro,
[2%, o] = 27%a(2?) = 2% (z)a(z) = 27w (@) 1n.(a) = (na(@))* = [z, .

Aximo 3acrocyBaTu iHIYKI0O, TO MH OTPUMAEMO, 110 2™, o] = [z, a]™. Ockinbku rpyna
H wuepnikoBcbKa, To icnye Taxe k, mo 1 = [2* o] = [z, a]*, sBigku orpumyemo, 1o
¥ € Cg(A). Inakme xaxyuau, obpas Im(n,) = [z, D] Mae cKiHYeHHY EKCIIOHEHTY.
Takum aunom, mu maemo Im(n,) = D/Ker(n,). A ockiabKH mOaiIbHa 9€PHIKOBCHKA
rpyna He MIiCTUTH cKiHueHHUX dakTopis, To D = Ker(n,), T06TO

D/Ker(nx> = <1> = Im(nm)

A ne osnauae, mo D < Cg(z), mis koxxuoro x € G, mo = € Cg(A). 3Bijgcu
BuiLnBae ckindennicts miarpynu A. Kopucryrouancs Jlemoro 1, orpumyenmo, mo [G, A]
gepHikoBebka. Biabm toro, mm([G, A]) < rmg, Sp([G, A]) C 7, o([G, A]) < (og)",
e r = |A], mg = mm(G/Cg(A)), 7 = Sp(G/Cx(A)) ta og = o(G/Ca(A)). Jlemy

nosejieHo. [

Bure 6ys10 3a3naveno, 1mo 3 Toro dakry, mo nearpaibia dakrop-rpyna G/((G)
YepHIKOBChKa, BUILIHBAE, 110 YePHIKOBCHKOIO Oy/e i rpyma [G, G| [8]. [Ipore y Brazamiit
poboTi He OYJI0 OTPUMAHO YKOJIHUX YUCJIOBHUX CIBBiiHOIIeHb. HacTynHe TBepmKeHHS
Jlae HaM TakKl CIHIBBIIHOIIEHHd, fK1 CTOCYIOTbCH YUCJIOBUX 1HBAplaHTIB YEPHIKOBCHKOI

IpyIN.
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Jlema 3. Hexait G - epyna, i nexati G/((G) - uepniroscvka epyna. Todi [G,G
makooic uepniroscvra 2pyna. Bisvw mozo, o([G,G]) < w(o(G/((G))), mm(|G,G]) <

mm(G/((G))o(G/¢(G)), Sp(|G, G]) € Sp(G/¢(G)).

Jlosederna. Tloknamemo mm(G/¢(G)) = mg, o(G/((G)) = o, Z = ((G) 1a D/Z =
Div(G/Z). Husa nosuibHoro enementy d € D posristHeMo Bijobpaxkentst {g : D — D,
sIKe BU3HAYAEThC 3a mpaBuioM () = [d, z], x € D. Mu maemo

Salwy) = [d,zy] = [d, ylld, z]¥ = [d,y][d, ] = [d, z][d,y] = Ea(x)Ea(y),

ockinmbru Im(&;) < ((G). Takum ansoM, &4 — 1ie ermomopdism D i Mu OTPUMYEMO, 0

[d, D] = Im(&) = D/Ker(&q).

—=

Ouesnjno, mo Z < Ker(&y), Tomy skimo Ker(&;) # D, ro D/Ker(£,;) 1epHiKOBCbKA
[OJIIbHA TPyIia. 3 iHIIOro OOKy,

[d? x] = [dd, x] = [d, z]?[d, 2] = [d, z][d, x] = [d, z]*.

CKOpHCTABIINCH 1HJYKIEO, MOXKHA NoKaszatu, mwo [d*, x] = [d,z|", maa Beix
narypasbuux n. Ockinbku D/Z nepiojudna, To iCHye Take HATypasbHE YUCIO0 k, 110
d* € Z. A tomy [d,z]* = [d*, 2] = 1, nna Beix x € D. 3okpewma, [d, D] mae ckindenuy
eKCIIOHEHTY, a TOMYy He MoxKe OyTu mnomiabHon. OTpumasn nporupidus. Ile osnaqae,
mo Ker(&y) = D, 10610 Cp(d) = D. A OCKiIBKI 1Ie BUKOHYETHCS I JIOBLILHOIO
enementy d € D, To ninrpyna D abesieBa.

Hexait V = {vy,...,vs} — Tpancsepcais niarpymu D B rpymi G. Toxi V' ckinyenna
is < og. Hnsa nosiibHoro enementy v € V' posrisinemo Bijobpaxkenns &, : D — D,
sIKe BI3HAYAETHCA 3a mpaBmioM &, = [v,z], © € D. Ockinbku D abesnea, T0

&olzy) = [v,29] = [v, yl[v, 2" = [v,y][v, 2] = [v, 2][v, y] = & (7)€ (y)-

Taxkum aunomM, &, — 1ie engomopdism rpymu D ta Im(§,) = [v, D], Ker(£s) = Cp(v), a
TOMY

[v, D] = Im(&,) = D/Ker (&) = D/Cp(v).

Ouesnnno, mo Z < Ker(§,), 3Biaku orpumyemo, 1mo [v, D] — 9epHIKOBChKa TOLIBHA
rpyna (Ko BoHa HeoguHH4HA). Bimbmr toro, mm([v, D]) < mg, Sp([v,D]) C
Sp(G/Z).

Ockimbku [G, D] = [v1,D] - ... - [vs, D] (mus., mampukiaz, [9]), To [G,D] —
YepHIKOBChKa ofiabHa rpyna. Binbir roro, mm([G, D)) < smqg < ogme, Sp(|G, D]) C
Sp(G/Z).

Leurp dakrop-rpymu  G/[G,D] wmicrurs B c06i D/[G,D], a Tomy
(G/|G,D))/¢(G/|G, D]) ckinuenna i i1 TOpsIIOK He TEpeBHINye Og. 1ol miarpymna
|G/|G, D],G/|G, D]] rakox ckinuenna i Mae nopsiok He Oiibine, nix w(og) = (o)™,
e m = %(logPOG — 1), p — ne HajiMeHIIe pocTe YKCIO0, fKe ALTUTh og [4]). Hapemrri,
pisuicts [G/|G, D], G/|G, D] = |G, G]/|G, D] nokasye, mo [G,G] - 1e 4epHIKOBCbKa
rpyna, Jyisi sKol MaroTh Micte Hacrynsi coieiamomenus: mm([G,G]) < ogmg,

o([G,G]) < w(og), Sp(|G,G]) C Sp(G/Z). Jlemy noseneno. [
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3. JOBEJEHHA OCHOBHOI'O PE3VYJIBTATY

Hexait G — rpyna, A — miarpyna rpymu asromopdismis Aut(G). Ipunycrumo,
mo K — me mopmasibHa miarpyna rpynu G, i mexait K rtakox A-imBapianTtHa. s
KOXKHOrO aBTOMOpdisMy « € A BusHaumMo Bifobpakennst ax : G/K — G/K 3a
HacTynHuM npasmwiom: ak(rK) = o(z)K, mia koxuoro x € G. OueBugHO, MO
e engomopdizmom dakrop-rpynmu G /K. Hexait x — takuit ejement rpynu G, 1o
ag(zK) = K, to6t0 K = a(r)K ta a(r) € K. Ockinmbkn K e A-iHBapiaHTHOIO
miarpymnoo rpymu G, to r € K ta x K = K. Takum amHOM, )¢ — 1€ aBTOMOP(i3ZM
dakrop-rpymu G /K. Binbmt Toro, skio «, f € A, To

(@of)k(2K) = (aof)(x) K = a(B(2)) K = ax(8(z)K) = ak(Pr(2K)) = (akofk)(zK).

Takum gnsoM, Bimobpakenust ¢ : A — Aut(G/K), sike BU3HAYAETHCS 3 MTPABUIOM
O(a) = ag, a € A, € romoMopdizmoMm.

Jlosederns Teopemu A. Ockinbku mu maemo Brioderns Inn(G) < A, to Cg(A) <
Ce(Inn(@)) = ¢(G), sBigku orpumyemo, mo G/((G) < G/Cg(A), Tobro G/((G) —
yeprikoBcbka Tpymna. Tomi 3a meopemoro Ilonosuibkoro rpyna K = [G, G| takox
YEepPHIKOBCHKA, & 3 JleMu 3 BUILIMBAIOTH BCI YUC/IOBI CIIIBBIIHOIICHHSI.

[oknagemo Gy = G/K. JIng KoxkHOrO o € A BU3HAYMMO BiJIOODAXKEHHS (lgp
Gap — Ggp 38 HaCTYIHEM TPABUIIOM Oy (K ) = a(x) K, iyt koxkaoro x € G. OckinbKu
|G, G| — xapakrepuctuana niarpyna rpymu G, to [G, G| Hopmasbha Ta A-iHBapiaHTHA.
Bepyun /10 yBaru Bullle BUKJIaJIeHI MipKyBaHHsI, MU OTPUMYEMO, 110 oy, € Aut(G/K).
Binbmm Toro, icaye romomopdism @ 1 A — Aut(G/K), aknit aie 3a npasmiom (o) =
gy, o € A. Tormagemo Ay = P(A). Ockinbku G/ K abesnesa, To

(T9)av(2[G, G) = 7(2)[G, G] = g™ '2g(G, G] =z, g][G, G] = 2[G, G,

1t Beix x € (. 3ijcn Bummsae, mo Inn(G) < Ker(®), 3okpema, Ay, € eriMopdanm
obpazom A/Inn(G). A ne o3navae, mo Ay, — Y€PHIKOBCHKA IPYIIA.

Axmo z € Cg(A), 10 ag(2K) = a(x)K = K, niag Beix a € A, 3BiIKE OTPUMY€EMO
srmodens Co(A)K/K < Cg/k(Aw). Orxke, (G/K)/Cq/k(Aaw) € depHIKOBCHKOIO
rpynomo. Kopucryiouancs Jlemoro 2, Mu orpumyeMo, 10 [Gap, Agp] TAKOXK T€PHIKOBCHKA.
bBinbm Toro,

[Gaba Aab] = [G/[G’ G]v Aab] = [G7 A] [G7 G]/[G7 G]

dkmo g,x € G, 1o [g,z] = g 'z gxr = g7 7.(9) = [g, 7). Ue nokazye, mo [G,G] <

|G, A], ockinbru Inn(G) < A. Takum aunoM,
[Gaba Aab] = [Ga A]/[Gv G}

Haperri, [G, A] € posuipeHHsSM 9epHIKOBCHKOIO I'PYIH 38 JOMOMOIOI0 Y€PHIKOBCHKOI,
a oMy cama rpymna [G, A] 6yje 4epHIKOBCHKOIO.

3acToCcoBYIOUM MipKyBaHHs, siKi BUKOPUCTOBYBAJUCh IPHU JAoBeJeHHI Jlemu 2, mu
MOKEMO CTBEP/IZKYBATH, IO Iiarpyna Ay, CKiHUYEHHA, a TOMY MOXKEMO IOKJIACTH 1" =
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| Aup|. Bepyan s0 yBarn toit daxr, mo [Gap, Aw] = [G, A]/[G, G], Ta Jlemy 3, orpumyemo
HACTYTHI YUCJIOBI CITIBBITHOIIIEHHS:

mm(|G, A]) < rmg + ogma = mg(r + og),

Sp([G, A]) Cm,
o([G, A]) < (0a) w(og) = (0a)"(06)™ = (06)™*™,

e m = %(logpoG — 1) (p — ue HaiimMeHIIEe TPOCTE YHUCIO, SIKE JUIATH 0g), MG =

mm(G/Cs(A)), m = Sp(G/Cs(A)) ta og = o(G/Cx(A)). Teopemy nosezeno. [
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BiiacTuBocTi gegkux MOAYJIB HellepPepBHOCTI
IHTerpOBHUX (PYHKIIIT B mpocropax L,

O6uuciieHo OIiHKY 3Bepxy iHTerpajibHoi xapaktepuctuku IloramoBa mas yHKILil
Kjacy H“ B merpuili npocropy L,.

Kmouosi caosa: ®YHKIIISA, MOAYJIb HEINEPEBHOCTI, HOPMOBAHUII
IIPOCTIP, HOPMA, PO3BUTTA, XAPAKTEPUCTUKA ITIOTAIIOBA.

BpruncieHa oOIleHKa CBepXy JJisi HWHTerpajibHoli xapakTtepuctukm IloramoBa s
dynknuit kinacca H“ B MeTpuke MpocTpaHCTBa L.

Kirogespre caoBa: @YHKIINA, MOAVYJIb HEITPEPBIBHOCTU, HOPMUWPOBA-
HOE ITPOCTPAHCTBO, HOPMA, PASBBUEHUNE, XAPAKTEPUCTUKA IIOTAIIO-
BA.

The Potapov’s characteristic of functions of class H) is estimated from above in L,
space.

Key words: FUNCTION, CONTINUITY MODULE, NORMED SPACE, NORM,

SPLITTING, POTAPOV’S CHARACTERISTIC
1. ITo3naveHnHs Ta JesKi JaHi, BAKOPUCTaHI B POOOTi.

Bynemo noznagaru:
Lyla;b],1 < p < 0o - mpocTip cyMOBHEX B p-Tiif cremneni (yHKIii, 3 HOPMOIO:

156l =| [ b Pl RPN

L,=L,[—-1;1].
Moy menepepsrocti B Ly|a; b]:

B =

w(f, h)p = sups<n {/aH [f(t+9) - f(t)lpdt}

30Kp€EMa,

b—5
Pfuty=supsen { [ 150+6) = fopan
Hng  6ynb-sikoro  [c; d] € [a;b]  mosmaummo  w(f,[c;d]; h), =
Sups<p, {fcd_6 |f(t+6) — f(t)|pdt}5. Acno, mmo:
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(,U(f, [C; d]v h)P S w(f? h’)P

Binoma mepiBnicTs l'estbiepa:

/abu(t)v(t)dt'g{/ab|u(t)|pdt} {/ ot |th}

e u(t) € Lypla; b],v(t) € Lgla; 0], 14 l = 1; 3Bizgcu, mpu v(t

‘ {/ ult 'pdt} b—a3={/ Ju(t m} b—a)5

b p b b
/ u(t)dt| < / lu(t)Pdt(b — a) = / u(t)[Pdt(b — a)P~!

Hy - mpocrip ¢yHKkmiit, Taknx, mo

w(f,h) < w(h) me w(h) - Kesdruit MOIYIb
HEIePEPBHOCTI - HellepepBHA, MOHOTOHO 3pOCTaloya, HariBajuTuBHa GyHKIia. Ocranne
O3HavaE, 1IO:

wh+9) < w(h)+w(6)
Yepes Q(f, h), nozraunmo supociu<n A(f, h)p, 1€
flav/1 —u? —uv/1 —22) — f(2)

Al k) = {/a w(f, V1 — 22|u| + u?) dt}

Xapaxrepucruka Q( f, h), BBenena y poborax Iloramosa. Q( f, h), iciye, axmio icmye
fl @P 1.

1 Va2

B crarri (1) mokasano: s Vf € HY Taxoi, mo icaye [ 11

- mdaj, i BUKOHYIOThCH
YMOBH
T |f(@) !
L oSl
b f@)] 1
WA g < A
- T xzdx < Cnw(f; n2>
Ma€ Miclie:
1 _h2 _ _ 2
/ f(xv/1 —h2 —hy/1 —22) — f(x) dt < Clan
1 w(f,v1—x?|h| + h?)

o 1
Aehfsmvg%

PesynbraTom manol pobOTH € TOMMUPEHHS OIIHKK Ha BUIMI0K p > 1. Mae micre

’

f(xv/1 —h2 —h/1 —22) — f(x)
w(f, V1 —x?|h| + h?)

p

dt < Clnn
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ae h =sinv < % i1 f € H Taka, mo icuye ffl %dw, 1 BUKOHYIOTHCSI YMOBH
T @) !
————dx < Cnw®(f; — 1
T e <O (), (1)
1 P 1
P10 < onur(1: ), )
n

1_7%2 val — 2

Hauni ckpisp mig w(f, h) posymiemo w(f, h), Mg IpocTOTH HO3HAUECHHSI.
Hexait n = 2%, ne ky - marypassne umcio. Posibemo Bimpizok [—1; 1] macrymHuM
YUHOM:

1

akzl_ﬁa

k= Oko - 1,ak0 = 1,
a_p = —ag, k= Ok’o

Toi:
1 1 3

22k—2 92k 92k

1 5 1
%< \/1—a; < =,

Koxwny 3 muoxkut Ey = [—agy1; —ag]| [ar; agy1], &k = 0..kg — 1 posibemo Ha Biapizku

JTOBYKHIHOIO n—ék, TOYKH I[LOI'0 PO3OUTTS Pa30M 3 @ IMO3ZHATUMO X;:

Qr — Q-1 =

—l=xy<m<a2< - <ay_1<zry=1

i mexait Ax; = x; —x;,1=0..N — 1.
Hna nosutenol ymknii f € Hy nosmaunmo L; = 1 [ P f(H)dt - cepenne

Az Jz;
sHadeHHs f Ha [x;; ;41| Byaemo posrismatn crynimuary dyukiio F,(f,z) = L,z €
(235 Tig1)-

2. ToBeneHnHs TeopeM
JIema 1. [2, meopema 2] Mae wmicuye nepiericmo:

1
> |Lipr — Lif? < n2kw? (f; ﬁ)

1.2 €(ag;0k41)

JloBenenHsi.
» 1 Tit2 p 1 Tit1 p p
Li, — L;]P = )dt — t)dt
Y meenp= Y | [Tiwa- 2 [0
1:2;€(ag;ak41) ©:x;€(ag;0k41) i+l ¢

3 orsry Ha e, o Vi : x; € (ag; agr1)Ax; = n—ék BKa3aHa CyMa JOPiBHIOE
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p

oF)P <

p 1 p—1 L 1

Jlema 2. [2, meopema 1] Hexat deaxut 6idpisox [a;b] posbumo wa pieni wacmunu
dosorcunu § 1V € [xj_1;25)Fy(f,x) = L;, de j = 1.m,xo = a,x,, =b. Todi

/;m f (t+ L) — f(t)dt

;€ (ak;ak41)

f@+¥L>—ﬂw

n2k

Tit1

<@m2fy Ny

i:mie(ak;ak+1) Ti

b
/ |f(z) — En(f, z)Pde < CWP(f, |a;b], 9)

Teopema 1. Mae micue:

P
1
- Fn )
/ /(@) 2(f n) dr < Clnn (3)
oBenennsi. Posrisinemo
P p

Y f@) = Fu(fin) o [ f@) = Fafin)
/1 w<f§ ety L = /ak wlf;

ﬂaﬂi, Vo € Eki

ToMmy w? (f7 —VIn*xQ + #) > wP (f, #), TaK 9K w(f;t), P - Hecnaani HYHKIGT npu
t>0.
3acTocyeMo Jiemy 2 J10 KOXKHOTO [ay; Qgy1]:

/Wlf@—&mm Z Sl f (@) = Fa(fn)Pde G (f; o)
T < T < :
N =y SGae] U

Anasnoriuno st [agy1; ag). IIpocymysasim o k, orpuMaemo:
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ko—1 ko—1

Y G+ ) Cr<Chky<Clun

k=0 k=0

Teopema j0BesieHA.

Jlema 3. Axwo v € [0; %] iu € [0;m — 20|, mo mae micye nepieHicmy:

2sin (u +v) > sinu
HoBenenusi. dximo u € |0; 2 — v| TO
2

sinu < sin (u+ v) < 2sin (u + v)
TakK sK sin (4 + v) MOHOTOHHO 3POCTA€ Ha IHOMY MTPOMIKKY, 1 u < u+wv. Jai, akio
U € [% — VT — 21}], 10 2sin (u + v) — sinu - MOHOTOHHO crajar4da GYHKIN, 1, TaK K
B TOUIl ©4 = T — 2v
2sin (u + v) — SinU|y—r_2, = 28inv — sin2v > 0

JIaHa HEPIBHICTh BUKOHYETHCSI, TO BOHA Ma€ MicIle 1 Ha BCbOMY ITPOMIKKY.

Jlema 4. Axwo sinv € [0; %], mo Mae MICUE:

/71’—2’1)
0

HoBenennsi. 3 nepiHocTi (3), 3aMIHIOIOYN T = COS U:

f(cos (u +v)) - F,(f;cos (u+v)) g
RIIZET—y

n n?

|sinuldu < C'lnn (4)

" — F.(f; g . 1 (7 — FL.(f; P .
Clun > /0 f<ijg;;si% Y ;SW jsinafda = 5 [ W f<ijEﬁ]2; Y ;Sw [sinuldu
L[ fleos (u+v)) — F,(f;cos (u+v)) ’ .
=5 /ﬂv y (f; Gt | %> | sin (u 4 v)|du >
. /W_zv f(cos (u+v)) — F,(f;cos (u+v)) (sin (u + )| du %)
0

w (f; sin(ZJrv) + #)
I3 semu 3: sinwu < sin (u 4 v),u € (0; 5= v) ssinu < 2sin (u+v),u € (% —v;m— 2v)
1, B OyIb-IKOMY BHIAJIKY,

2| sin (u + v)| > | sinu| (6)
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Axmo u € (% — v;m — 2v), To sin (u + v) < sinw i Tomy

1 1 2
sinu 1 < i < i (7>
WP (f7 n ﬁ) WP (f, sin (utv) n_12> WP <f7 s1n(:+v) + n_12>

n
Haai, Tak gk sinv < L 1o sin (v +v) + = < 2 (sinu+ 1), axkmo u € (0;F — %). Tomy:

WP <f7 sin(u+v) + #)

1 B 1
wp (f;Sne 4 L) wp< s (i) > 'S“”‘+#) B
1 wP (f 2(smu %)) _ op

* ta
. . siny 1 - in (u+v
wP (f’ Sln(z+v)+n_:t2) wp( +n ) wP (f75(n—+)+#>

To6TO HepiBHicTh (7) Mae Mmicrie 1 B mpoMy Bunajky. 3 HepiBaocteit (5-7) Maemo:

/7r—2v
0
p

T—2v _ :
- 2p+1/ f(cos (u+ U)). Fo(f; coc(u +v)) |sin (u + v)|du < Cy Inn
0 w <f, sin (:-i—v) + #)

f(cos (u+v)) - F.(f; coc(u+ v)) P il <
w (f; =+ 05)

Jlema moseneHa.

Jlema 5. Axwo sinv € (O; ﬂ , Mo:

/2 |f(cos (u+v)) — F,(f,cos(u+v))|Pdu < 2/1 y%dx
loBenenns.
™ T+v
/ F(cos (u+v)) — Fu(f, cos (u+ v))[Pdu = / |f(cost) — Fu(f,cost)|Pdt —

" T f(x) = Fa(f, @)
=2 t) — Fu(f, cost)Pdt = 2 d
| Uteost) = B(fostypir =2 [ L g
Baminioemo f(x) wva f(z) + d, Toxi Bemwmunan w(f;z), Q(f;z) we 3miHATbCH, a

d obupaemo Tak, 1mob cepeane snavenusa f(x) ma [—1; —ag,— 1] JopisaioBaso 0, Tosi
(f;x) = 0Vx € [—1;—1+ nl} Kpim Toro, —cosv < —1 + 2, KOJIA Sinv € (0;%),

TOMY

[ B, [ e,
_ V1— a2 ) \/1—x2

1

Jlema moBemena.
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Teopema 2. fxwo h =sinv € (0; %] , Mo

p

/1 faVi=R = W1-2) = F(fiey1 =R —h/1=a?)| o
i w(f;“?+#)

HoBenennsi. Hexait h = sinv € (0; %} Bukonyioun 3aminy & = cosu,h = sinwv,
OTPUMAEMO

p

/1 f(xx/l—h2—h\/1—x2)—Fn(f;xM—hM)
dx =
. w (£ 4 )
:/7r f(cos(u—i—v))—.Fn(f;lcos(u—i—v)) p|sinu\dx:
o
B T2 T f(cos(u+v))—Fn(f;cos(u—i—v))p o
_/0 —i—/ﬁ_% w(;ﬁ%—{—#) ‘\s u|dx

[leprmmit momanok orineno B jiemi 4. BukopucroByroun ymosy(1l) i stemy 5, oriammo

JpyTruii:
™
/7r2v

* /:21; | f(cos (u+v))—F,(f;cos (u+v))Psinudu < ﬁfﬂ%) /:an %c& <C

T0OTO 3arasbna cyma ne repesuirye C'lnn. Teopema mosesena.

b C
| sin u|du < Y

wP(f;2)

f(cos (u +v)) - F,(f;cos (u+v))
w(f; 2 4+ 1)

. _ 1 - ey
Jlema 6. /[laa wodtcno20 [—ayi1; —ax] nosnawumo hy = —5. Mae micye ouinxa:

—ag41+hg —Qg41 P —apq1thegt
I =|n2* / f(t)dt — n2kt! / f(t)dt| < 2Pn2kt! / |f(t+heyr)—f()[Pdt
—ag41 —ag+1—hg41 —agt1—hr41
JloBeneHHsl.
—ag41+hg —Qp41 P
n2" / f(t)dt — n2kt! / ft)dt| = (n2F)P«
—apy1 —apt1—hE41
1 —agp41+hg 1 —ap41+HhEg1 —Qg41 p
5/ f(t)dt+§/ f(t)dt—/ f(t)dt] = (n281)Px
—apq1thegt —Qg41 —ap41—hEq1

p

% /—ak+1 [+ hiyr) — f(t)dt + 1 /—ak+1 flt+hy) £ f(t+ hgar) — f(2)dE

ak+1—hgt1 2 ag+1—hgt1
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= (n2k+1)p

3 sy - g@ieeg [ g ) - e

2 apt1—hgr1 2 ap+1—hgt1

= (n2kth)p @)p *

—apt1+heyr 1 [ 9%+t
/: f@+hﬂn—f@wr+1[ F(t+ i) — F()dt

apr1—hE11 2 ap+1—hii1

p

1 [~ %+1thet
4/ £+ i) = (D)

Ak+41

p

* <

apt1—hgt1

—ap1+hes P
< (n2kyP (2/ |f(t+ hgtr) — f(t)|dt> < (2P (hy )P

—agy1thgi

—apy1t+hgi
*/’ u@+hmn—fwvw=2%%“/‘ L+ hw) — FOPdE

ap+1—hg41 —ap+1—hg41

Jlema mosenena.

Jlema 7. 3a ymos aemu 6, mae micuye HepeHicmMb:

—ag+1+hi —ap1—Pr+1 b
I = |n2F / f(t)dt — n2k+? / ft)at] <
—Qk41 —ag41—hg
—ap41+Hheg1
S £+ hsr) — £t
—agy1—hg
JloBemeHHs.
—ag41+hg —ap41— P41 P —ag41+hi
n2" / f(t)dt — n2k+! / f(t)dt] = |n2* / f(t)dt—
—agt1 —agy1—hg —ap41

p

— 2kt /_ak+1 f)dt + nok+1 (/_akH f&)dt — /_akﬂ_hk+1 f(t)dt)
—agy1—hK41 —ag1—hk41 —apy1—hg

—ag1+hg —ag41 —agt1—hr41 P
= an/ f(t)dt—n2k+1/ f(t)dt+n2k+1/ ft+ hyyr) — f(H)dt] <
—agi1 —agy1—hKi1 —agy1—hg
—agt1+hi —Qk41 —ag4+1—hE41 P
< | |n2" / f(t)dt — n2k+! / f(t)dt| +n2kt! / ft+ hpr) — f(t)dt
—ag41 —ag41—hg41 —ag4+1—hg

3rigHo Jjrlemi 6, epImii 101aHOK He MTePEBUTIILYE

. —agy1+hgi
w2t [ G+ hasn) — F@)de,

agy1—hgi1

JApYyruil He IIePEeBUIILYE
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il —ap41—hrg1
w2t [ 1+ i) — S0l

ap+1—hg
TOMY

—ak1+hipr P
I<(n2"hy (/ [f(E+ hryr) — f(t)|dt) < (n2"7)P (3hy )P

agy1—hg
—ap41t+hE41

—ap41+HhEg1
*/‘ U@+hm0—f@wﬁ§3%ﬁﬂ/ﬁ F(t+ hiya) — (Bt

apt1—hg —apy1—hg

Jlema moBemena.

Teopema 3. Sxwo f € H,0 <h=sinv < %, mo

dr < Clnn

/1 Fo(fi2) — Fu(fs2v 1 — b2 — hy/1 — 2?) !
- w (12 k)

HoBenennsi. [loznaunmo y = zv/1 — h? — hv/1 — 332 Bynemo kazaru, mo i € Ay,
AKIIO X; € (ag; agy1). s koxuoro i € Ay @ Az, = Qk = hy. InrerpaJt y miBiit vacTuHi
HEPIBHOCTI TIPEJICTABUMO Y BUTIAI CyMMU:

L R

—ko+1

Akmo z € (—1;—cosv), 01y € (—1;—cosv), tomy F,(f;2) — F.(f;y) = 0. Ha
BiApi3ky (—coswv;xy) @y < xz, romy F,(f;x) — F,(f;y) = 0. Ha npomixky [x1; 25| :

_ 1 _ _1 2 . ;
or; = —kg~T = jama-T = jz; OKPIM TOrO, TaK sK

R - Rl =] 0

TO iHTerpas TibKN 301MBIINATECH, AKINO Mu BBaxkaruMmemo [, (f;z) — F,.(f;y) =

L2 —Lli

/ (< ;3 1-L) / 2’Fn(f$$)—F(f;y)\pdx§
< A@M — Az, sz f;f ft)dt — _fxl f(t dt‘ B (sz)lfp(Al.l)pfl*
> wp(f;#) wp(fyn_lz) — wp(f;#)
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’ < JINF(E+ Z) = f)] at L (:
wp(f’#) (.L)p(f;

Ll 2) o

Haui, po3riagHeMo

p

/—ak E(fiw) = Falfi9)| 0 /‘“k“*’““ Py /““ Fu(f:
—ap+1 | W (f, —1;352 + #) —ap+1 : x; (

€A

f1y)
%
2

1 —ag1+hi Tit1
< : / + 3 [ IR - Bfpas
wp (f’ A/ l—ak+1 + l) —Qk41 ZeAk Ty

n n?

Tak sk 0 < z —y < hv/1 —2a2 < hy, o Vr € (x;;2441),1 € Ap,y € (x;;2441) abo
y € (z;—1;x;), TOOTO

R -Flin = 0

1, IKIIIO MU TTOKJIAIEMO

F.(f;x) — Fo(f:y) = Liy1 — L,

TO CyMa TiJTbKU 30LIBIMATHCS. 3aCTOCOBYIOUH JieMy 1, OTpUMAaEMO:

Z /x“rl W(fi2) — Eu(f;y)Pde < by Z |Liy1 — Li|” < WP(f; hy).

1€AL 1€EAL

B (f2) = Fu(f;y)Pde. SKmo @ € (—aker; —argn +

Ak+1
hi), 70 y € (—aps1—Pry1; —ari1) a60 Y € (—apy1—hy; —agy1 — heyr) 1 TAIETErPATbHA
dyHKIS mpuiiMae 3HaYCHHS BiJIIIOBITHO:

—ap41+hE —Qk+1
n2" / f(t)dt — n2k+? / f(t)at

Qi1 agy1—hgi1

Posrusinemo renep [

p

|En(fs ) = Fu(f5 )P = (8)

abo
p

(9)

—ag41+hg —ap41—PE41
B = Eap = 2 [ par o [ F(t)d

ag41 ap+1—hg

Ominroemo (8) 3a siemoro 6, (9) 3a jiemoro 7. Y BCAKOMY BHIIAJIKY,

—ap+1+he —agr1+theg1
/ Fu(fi2) — Fu(f:y)Pde leq2 % 37 / (4 hoss) — F(O)PdL <

A1 —agy1—hg

< 2% 3PWP(f; hyyr) < 3PWP(f; ha)
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TobTO:

[

,y < f ak+1| (f .13) n(fvy>|pd‘7j < 3pwp(f; hk) _
%) WP (f; VIt + %) —wr(f; 2§+1hk)

p
Anatoriuno onjnoerses inrerpamm [F 2164 ’x)fi“(f Y| de. Nai,
k w(f; 1;1 +n%)
1 P 0 k:()—l
Fn ) - Fn )
/ (ijiz Ul gr<ov y > G+ Ci<Cho<Clnn
1w <f; Yo 4 #) k=—ko+1 k=1

Teopema j0BesieHA.

Teopema 4. fxwo f € H,0 < h = sinv < ln, ICHYE f_ll %dz I BUKOHYEMDCA
flzv/1—h? — /1 —22) — f(2)

(1), mo: :
/1 w(f;h\/l—:cQ—i—hQ)

Hosenennsi. Hexait h > 0, Togi:

/1 faVT=1 == — f@)] / f(@) = Fu(fi2)
1 w(f;h\/l—x2+h2) ) w(f;h\/l—x2+h2)
+/1 Fn(f;a:)—Fn(f;x\/l—hQ—h\/l—xQ)p
1 w(f;hm+h2)
+/1 FavT =12 — hvT—a2) — Fo(f;ov/T — 12 — hy/1 — 22) ”d
1 w (f; hv/1 — 22+ h?)

OmiHroeMo MepImii JTOJaHOK 3a TeopeMoro 1, APYruil - 3a TeopeMoro 3, TpeTiii- 3a
Teopemoro 2. Maemo:

/1 flxv/1 —h?2 —h/1—22) — f(x)
-1 w (f, h\/ 1— a2 + h2)

[TIo it Tpebda Oysio g0BECTH.

p

dx < Clnn (10)

dr+

dz+

P
dr < Cilnn+Colnn+Cslnn=Clan

Axmo h < 0, To orinka (10) mae wmicte 3a ymosu (2). JoBenennst anaoridge.
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3arajJgbpHuii BIJ JIHITHOTO HeIlepepBHOIO
dyHKITIOHAJY 1 KpUTepiii ejileMeHTa
HallKpallioro HabJIM>KeHHH Yy IpocTopax 13
3MIIIAHOIO 1IHTErPaJIbHOI0 METPUKOIO 3 Baroio

B crarTi HOoC/Ti Ky OThCS IUTAHHST XapaKTepus3allil eJieMeHTa HallKPaIoro HabJIm>KeH-
HS y HpOCTOpax i3 3MmimiaHoio iHTerpajJbHOIO METPUKOIO 3 Barorw. Orpumani 3arajgbHU
BU/I JIiHilTHOTO 06Me>keHOoro (pyHKITIOHAJIa i KpuTepiil eJfeMeHTa HafKpanioro HabJaM>KeHHsI
Y BKa3aHUX MPOCTOPAaX.

KirouoBi cioBa:  sriHiliHMIT (pyHKIioHaH y TmpocTopi 3i 3MimaHoio iHTerpajJbHOIO
METPUKOIO 3 Baroio, KPUTEpiil ejeMeHTa HAWKpaIoro HaOJIMXKeHHs y IIpocTopi 3i
3MIlTIaHOIO iHTErpaJIbHOI METPUKOIO 3 Baroo.

B craTrbe uccieayroTCsi BOIIPOCHI XapaKTEPU3AlUU SJI€MEHTa HAWJIydIlero mnpuodjm-
KEHUsl B IIPOCTPAHCTBAX CO CMEIIAHHOH WHTerpaJjbHOii MeTpukoii ¢ BecoM. IlosryueHbl
obOmuii BUA JIMHEWHOTrOo OrpaHUYEeHHOTO (DYKITMOHAJA U KPUTEPUI dJIeMeHTa HAWJILy YIIero
npubIN>KEeHUsI B yKA3aHHBIX IMIPOCTPAaHCTBAX.

Kirouesbre ciioBa: TUHEMHBINA (PYHKIITMOHAJ B HPOCTPAHCTBE CO CMEMIAHHOW MHTErpaJb-
HOIT MEeTPHUKOI C BeCOM, KPUTEPU 3JI€MEeHTa HANJIYYIIero Mpub/InKeHnsI B IPOCTPAHCTBE
CO CMEIIIaHHOM MHTErpaJibHOIl MEeTPUKOii ¢ BecoM.

The questions of the characterization of the best approximant in spaces with mixed
integral metric with weight were considered in this article. The general form of a bounded
linear functional and the criterion of best approximant in these spaces are obtained.

Key words: the bounded linear functional in spaces with mixed integral metric with
weight, the criterion of best approximant in spaces with mixed integral metric with
weight.

Hexait Q(z,y) - HeBix'emua cymoBHaA Ha [a,b] X [c, d] dyHKIid, sKa Biapi3HAETHC
BiJl HyJd Ha MHOKHUHI moBHOI Mipu. Ilosmaummo uepes L, , o IPOCTOPH BUMIDHHX Ha
kBajipari [a,b] X [c,d] byskuiit f(x,y), 1ist SKUX HOpMa 331a€ThCst (DOPMYIIOI0:

d b

{ / [ / e, y)|f(x.y)Pdalidy}t, 1< pq <o,

c a

1 CKIHYEeHHA.
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Axmo ) = 1, o 3amicTb L, , o orpuMyeMo Ly, ,.
Hapany 3 koxHHM i3 mpocTopiB Ly, o PO3MISHEMO HPOCTIp L,y gy, e dncia
D, 7, q,q 33JI0BOJIBHAIOTH YMOBAM:
1

! + L _ 1 + L _ 1 (1)
p v 7 q
BpaxoBytoun piBHOCTI

b

lim { / / (2. 9)\ (@, y) Pda)bdy}s = ess sup | / (e, y)|f(x,y)Pda]?,

e y€le.d]
d b d
. g 1 1
s (1] 0t 11 o)ttt = { [ 0w yless s 15l
z€|a,

Oy/le JIOPEIHO BBECTH JI0 PO3MVISY TakoxkK Kiaacn GyHKmiil f(x,y), HOpMEH SKHX
BU3HAYAIOTHCA 38 (DOPMYJIaMU:

b
1
1£1lz, o = ess sup /Q 2.y)|f (2, y)[Pda]

y€le,d]

e = 1 / 2, y)less sup | (z,y)[)dy}+

z€la,b]

i ckingenni. Came Tomy, 3 npocropamu Ly o Ta Lj 4o OyleMo po3risnaTi IPOCTOPH
Ly .0 Ta Loo g 0.

Tenep mias Oyap-axux nap byukuiit f(z,y) € Ly, ¢(2,y) € Ly g0 HeBaxkKKo
OTpUMATH y3araJbHeHHs HepiBHOCTI ['eybiaepa Buy:

b d
[ [ 0t yete)dudy) < 17,0 lelsy o 2)

Hagani OyiyTh moTpibHi Taki OIMIHKY JijId HOPM (DYHKINN B PI3HUX ITPOCTOPAX

11 11
(d =) 2| fllrppe < [ fllzp00 < (0=a)r el fllL, 0 (3)
Teopema 1. Byodv-axut amitinui nenepepsnuti dyrnxyionan, sadanuti 6 Ly, ,q Mmae
6U2NA0:
d b
=//Q(x,y)f(x,y)'Oé(x,y)dfvdy, (4)

de f(x,y) — dosinvna pynryia 3 Ly, q, a a(x,y) - deara pynkyia 3 Ly g o, usnavena
3a pynrytonarom F i npu yvomy

E] = [l o)L, g0 ()
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Jlns crucaocti obMexkumocs BunajkoMm 1 < p < g < oo. Hexait F' — iniitnnii
HerepepsHuil pynkiionas, 3ajgannit na L, ,. Posriagnemo snadennda 11s0ro pyHKIionasry
Ha XapakTepucTuuHux (GyHKIisSX Xg(x,y) Bumipaux miaMmuoxua E C [a,b] X [c,d].
BacTocoByoUr HEPIBHICTE (3), MaeMo:

[EOca)l < 1L HIxelle,, < VFI- (0 =a)r™e - fIxellL,, =

=
Q|-

d b
= [|F]|- (b—a)r™ -{/(/|XE|qu)dy}é <||F||- (b—a)r 7 - (mesE)x.

3Bigcu BunmBae, mo dyukiia MaokuH P(E) = F(xgp) agnTuBHA Ta abCOTIOTHO
HenepepBHa Ha [a,b] X [¢,d], Tomy 3a Teopemoro Panona-Hikomima icaye cymoBHa
dbyukiig oz, y) Taka, mpo:

Fixe) = o(B) = [ [ ala,y)dody - / / xi(@,9) - oz, y)dedy.

Jami mpu J10Be/IeHHI TTOBTOPIOIOTHCA MIPKYBAHHS BiJIIOBIIHUX KJIACHIHUX TEOPEM
opo BUIVIsi JiiHifiHOrO HernepepsHoro ¢yHkmionany ( [2], crop. 188). A cawme
JOBOIUTECs, 1o dopmysa (4) Mae Micre Jyist KOXKHOI TIPOCTOol, a moTiM i 0OMeKeHOT
dbyukmii. dami Beramosmoerses, mo «o(z,y) — Gyukiia 3 Ly g, 1 micas mboro
JOBOAUTHCH, 1m0 opmyita (4) BipHa 11 6ynb-skol goBinbrol GyHKIT f(2,y) € Ly g0
Hesazkko Takox nepexonatuch B romy, mo ||F|| = [|la(z, y)l[r,, -

B nomabimomy Ham 3Ha100UThC HacTyHA Teopema, orpuMmana C.M. Hikombecbkum
B poboti |[3].

Teopema 2. 1) Hxwo x,x1, %, ..., Ty — EAEMEHMU AIHITHOZ0 HOPMOBAHO2O NPOCMOPY
E, mo

n
m/\in ||z — Z)\kka = max{F(x) : |[|F|| <1, F(xx) = 0}, (6)
k=1
e MIHIMYM POZNOBCI0ONCENUT] HA 6CT MONCAUBT CUCTIEMU YUCEN i, G MAKCUMYM — Ha
8¢l MOHCAUGT NIHITHT Pynrkyionanu F', susnaveni na E 3 ||F|| < 1, wo 3adososvharoms
pisnicmy F(xy) = 0.
IIpasa wacmuna (6) docazaemuves Ons desrko2o PYHKUIOHAAY.
2) Axwo das enemenma x ichye miavku odun gymryionan Fo, ||Fol| < 1, daa axoeo
Fo(x) = ||z|| i aiea wacmuna (6) docazae minimymy npu A\, = 0 (k = 1,2,...,n), mo
Fo(zg) =0 das sciz k= 1,2, ....n.

Tertep moBemeMo Takmii JOMOMIXKHHUI DaKT.
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Jlema 1. SAxwo ||f||L
Ppyrruitd eudy:

van > 0, mo maxcumym 6 npasii wacmuni docazacmoca Ok

b . |
Hfl\%l‘l [ Qa, )| f (@, y)Pda]e ™" - |fP~ signf(x,y), [ 1f(z,y)Pdz > 0;
go(z,y) = past a
0, [1f(x,y)Pdx = 0.

Qynruyia 6yde edunoro (koau p = 1 abo q = 1 3a npunywennam, wo f(z,y) # 0
matiorce ckpizv ma [a,b] X [c,d]).

HoBenenns. 3a nepisuicrio lenbaepa, skmio ||g]]y 4.0 < 1,

b d
/ / Qz, ) f(2,9) - 9@, y)dady < || Fllpas - 119l

Hami
1 d b b
190/15 .0 = / | / Qz, y)|f (z,y)Pdz) G - (Qa, y) / 1007 da) dy =
pq, " ,
d b b

~ T [ e f oy -

a

Hfl\pqg// z,y)| flPdz)rd

Kpim Toro, B cuity ymoBu B HepiBuocTi ['esibiepa:

d b
//Q(:I;,y)f(a:,y) ' go(x,y)d:r;dy = HfHLp,qﬂ’

[IPUYIOMY PIBHICTH BUKOHYETBCSI TOJIl Ta TITBKHU TOJ1, KON

b

) = fHMQ[ / (e, y)| fPda] 1 - |f P signs (. ).

Maiizke cKpisb Ha [a,b] X [¢, d] Tam, ne f(x,y) # 0.

Came tomy, dyHKiig go(x,y) Oyme emmnoro (kosm p = 1 abo ¢ = 1), 3a
HPUITYIIEHHAM, 110

mes{(z,y) : f(z,y) =0} =0
3 TOYHICTIO JI0O MHOXKUHU MipU HYJIb.
TobTo B pocropi L, , BoHa €1uHAa.

94



KPUTEPIN EJJEMEHTA HAHKPAIIIOTO HABJIVN>KEHHSI

Hexait na xBajparti [a,b] X [c,d] 3amana miHiiiHO-He3aseKHa cucreMa QYHKII
op(x,y) € Ly, 1 dyuxuia f(z,y) € Lyga (1 < p < g < o00) 1 He € IOTIHOMOM BUILy

z,y) = chi(w,y), (7)

ne ¢ (1 =1,..,n) — qncia.

Teopema 3. /[laa moeo, wob noainom Pp(x,y) = Zc vi(z,y) 6ys noainomom

natikpauoeo nabauscenns oas Gynwuit f(r,y) 6 Mempuw L,,, docmamnvo i (koru
p =1 abo q =1 y sunadky, xosu pisnuys f(x,y) — Pi(x,y) # 0 matiorce ckpiso na
[a,b] x [¢,d]) neobxiono, w06 das dyrwuii

b q_ b
[ Q- |f — Pilpda]e ™" - |f — PP~ tsgn(f — B), [ |f — Pi|Pdz >0,
a(z,y) =4 ° “ (8)
0, [|f = Pglpdz =0,

i 6ydv-axozo noatmoma Py(x,y) eudy (7) manra micye piricmo:

d b
/ / (e, y) Pl y) - e y)dudy = 0. (9)

Teopema 3 yzarajabHIOE KpUTEPiil e/leMeHTa HAWKPAIIOTO HaO/IMKEHHS B IIPOCTOPAX
L,la,b] na Bumagox QyHKHiil ABOX 3MIHHHX y IPOCTOPAxX i3 3MINIAHOI0 METPUKOIO 3
Barolo.

HoBenennsi. CriouaTky J0BeIeMO JOCTATHICTb.
[Tpunycrumo, mo dyukiist «(z,y) 3am0Bosbhse yMosu (8) Ta (9), TOMY HEBAXKKO
[IepeBIpUTH, 1110

(10)

P,q,Q2"

d b
/ / Oz, 9)f(2,9) - oz, y)dedy = || f — L

Kpim Toro,

lally m—{// (2, ) |af? da]¥ dy} ¥ =

d b b
:{//szzyf P*]plpdxi’ /Qxyf Pk\pdx] )'q/dy}iz
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d d b
a4 (2-1)-¢ S " q L
// @lf = BPaal? 60 ag)? = { [1[ 0.l - Pipdsliany? -

Lyq0°

d
// (wy)lf — PrPdalpdy} s = ||f — BI1S

TobTo
ez 9)lle,, o = IIf — PEIlE!

Hami, s 6yb-sikoro nosinoma Py (x,y) sumy (7) 6ygemo maTu

/d/bﬂ(x,y)f(x,y ax,y)dzdy = /d/bﬂ(x,y)(f(x,y) — Pu(z,y)) - oz, y)dady <

< = Pilley o - lldlz, o = 1 = Pillz, 0 - [1f = BT o0

P,q,Q"

TOOTO

// (,9)f () - o, y)dedy < ||f — Bellpas - If — BEIS. (12)

[Topisuroroun (9) i (11), orpumaenmo, 1o
1f = Filly g0 S f = Pellpas - 11f = Fill} o0

||f_Pg||p,q7Q < ||f_Pk||p,q7Q’

To6ro P (7,y) — mosinoM mafikpamioro Habsmxkenus ia Gynknil f(x,y) B Merpui
Lpg0-
JoBegeMo HEOOXITHICTD.
Hexait P} (z,y) — moainom naiikpaimoro nabikenuas f(z,y) i a(x,y) — by,
nobyjoBana 3a dpopmysiown (8).
o(z,y)
ERN (N

a) ||O{*(:L‘7y)||Lp/7q,’Q =1
b d
6) [ [z, y)(f(z,y) = Pi(z,y)) - o (z,y)dady = ||f = Pz, 0 = En(f)r, 0

Hiiicro,

[okmagemo o (z,y) = . Toai BUKOHYIOTBCS Taki yMOBH:

P,q,$2

b

[l (waL,,Q—{//Qxym P da]¥ dy v —

d b b
’ q % q9_1Y).o 1
T B Q{/ / eIy =PIl (17 Bty =
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d b
1 * L (2-1)q' =
:W{/[/Q(ﬂc,wlf—&lpdx]p”P Uyt =
m p7q7

d b
Tl - P*II {//Qxy‘f P Pda)rdy} s =

Hosenemo ymoBy 6).

/ / O 9)(f () — P () - 0" (e, )dwdly —

b

d b
://E I (f_P;)[/Q(%y)‘f—Pl:’pdm]g1'|f—P1:’p_1SgH(f—P,:)dxdy:

a

d b
1 N a
:—Hf e /[/Q(I,y)|f—Pk|pdx]pdy:
—LElQ
1 * q *
T =Pty =1 = Pillepge = Em(f)L, 0
- B 2,4,

Toni 3 apyroi wactuau Teopemu i jemu 1 Burumsag, 1mo o*(x,y), a pa3om 3 Hero i
a(x,y) 3a10BOJBHSIOTH BJIACTUBICTH (9).
Teopema 1oBHICTIO JOBEJIEHA.
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On the structure of artinian-by-(finite rank)
modules over generalized soluble groups

Hexait R — ximbriie, G — rpyna. R-moaynbr A HA3MBAEThC MOMAYJIEM CKiHYEHHOTO
panry Hapn aprinoBum, ko Torp(A) € aprinoBum i A/Torg(A) mae ckinuenHuit R-pawnr.
Hocaimxkyrorscsa monyni A Hazg rpynoBumu Kinbuamu Z,-G taki, mo A/Cy(H) € moaynem
CKIHYEHHOrO paHry HaJ apTiHOBUM (K Z,--MOIYJb) AJjisl KOXKHOI BJIacHol miarpynu H.

Kiro4oBi ciioBa: MOysib, TPyNOBE KiJIbIle, MOAYJIb HaJ 'PYHOBUM KijJbI[eM, y3arajJbHEHO
po3B’s3Ha rpylia, pagukaJj rpynu, apTiHOBUM MOAYJIb, y3arajbHEHO paJguKaJibHA IpyIlia,
MO/IyJIb CKIHYEHHOI'O PaHIYy.

IIycts R — xoabno, G — rpymnmna. R-moaynp A Ha3bIBaeTCss MOAYJIEM KOHEYHOI'O paHTa
HaJ apTUHOBBIM, eciu Torp(A) siBisiercss aptuHoBbIM U A/Torp(A) umeer KoHeuHbIH R-
paur. Vccaenyrorcss mMomysmm A Hajn rpynnoBbIMU KOJIbHAME Zp-~G Takue, uro A/C4(H)
SIBJISIETCSI MOJYJI€M KOHEYHOIO PAHra HaJ, apTUHOBBIM (KAK Zp<-MOIYJIb) AJIsl KAXKHOI1
cobcTBeHHOM moArpymmbl H.

KimrodeBbie cjioBa: MOMyJib, T'PYIIIOBOE KOJbIIO, MOIYJb HAaJ T'PYIIIOBLIM KOJIBIIOM,
00O0OIIIEHHO paspenmMasi TpPyIa, paguKaj TpPyNnbl, APTUHOB MOAYJb, ODOBIIIEHHO
PaukaJibHas rpynna, MOAYJb KOHEYHOrO paHra.

Let R be a ring and G a group. An R-module A is said to be artinian-by-(finite rank),
if Torp(A) is artinian and A/Torgr(A) has finite R-rank. In this paper modules A over a
group ring Z,-~G such that A/C4(H) is artinian-by-(finite rank) (as an Zy~-module) for
every proper subgroup H are investigated.

Key words: modules, group rings, modules over group rings, generalized soluble
groups, radical groups, artinian modules, generalized radical groups, modules of finite

rank.
1. Introduction

Let R be aring, G a group and A an RG-module. The modules over group rings are
classic objects of study with well established links to various areas of algebra. The case
when G is a finite group has been studying in sufficient details for a long time. For the
case when (G is an infinite group, the situation is different. Thus study modules over
group rings of infinite groups requires some different approaches and restrictions. For
instance, the classical finiteness conditions are largely employed and popular. The very
first restrictions here were those who came from ring theory, namely the conditions like
"to be noetherian"and "to be artinian". Noetherian and artinian modules over group
rings are also very well investigated. Many aspects of the theory of artinian modules
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over group rings are treated in the book [5]. Recently the so—called finitary approach
begun to be employed intensively in the theory of infinite dimensional linear groups
where it brings many interesting promising results.

Let A be a module over group ring RG, if H is a subgroup of G, then consider
the centralizer Cy(H) = {a € A | ah = a for each element h € H} of H in A. Clearly
C4(H) is an RH-submodule of A and H really acts on A/C4(H). The R-factor-module
A/C4(H) is called the cocentralizer of H in A. Then H/Cy(A/Ca(H)) is isomorphic
to a subgroup of automorphism group of an R-module A/C4(H). It is not hard to see
that Cy(A/Ca(H)) is abelian, and therefore the structure of the automorphism group
of the R—module A/C4(H) defines the structure of whole group H.

Let 2t be a class of R-modules. We say that A is an 9M-finitary module over RG,
if A/Ca(x) € M for each element z € G. If R is a field, Cg(A) = (1) and M is a
class of all finite dimensional vector spaces over R, then we come to the finitary linear
groups. The theory of finitary linear groups is quite well developed (see, the survey [9]).
B.A.F. Wehrfritz began to consider the cases when 91 is the class of finite R-modules
[11, 13, 14, 16|, when 91 is the class of noetherian R-modules [12]|, when 9 is the class
of artinian R-modules [14, 15, 16, 17, 18|. The artinian-finitary modules have been
considered also in the paper [6]. The notion of an minimax module extends the notions
of noetherian and artinian modules. An R-module A is said to be minimaz, if A has
a finite series of submodules, whose factors are either noetherian or artinian. It is not
hard to show that if R is an integral domain, then every minimax R-module A includes
a noetherian submodule B such that A/B is artinian. The first natural case here is the
case when R = 7Z is the ring of all integers. This case has very important applications
in generalized soluble groups. Every Z-minimax module M has he following important
property: rz(M) is finite and Tor(M) is an artinian Z-module.

Let R be an integral domain and A be an R-module. An analogue of the concept
of a dimension for modules over integral domains is the concept of R-rank. One of the
essential differences of R-modules and vector spaces is that some elements of A can
have a non-zero annihilator in the ring. Put Torgz(A) = {a € A | Anng(a) # (0)}.
It is not hard to see that Torg(A) is an R-submodule of A. Actually, the concept of
R-rank works only for the factor-module A/Torg(A). In particular, the finiteness of
R-rank does not affect the submodule Torg(A). We say that an R-module A is an
artinian-by-(finite rank), if Torg(A) is artinian and A/Torg(A) has finite R-rank. In
particular, if an artinian-by-(finite rank) module A is R-torsion-free, then it could be
embedded into a finite dimensional vector space (over the field of fractions of R). If A
is R-periodic, then it is artinian.

Let G be a group, A an RG-module, and 91 a class of R-modules. Put

Com(G) ={H | H is a subgroup of G such that A/C4(H) € M}

If A is an 9M-finitary module, then Con(G) contains every cyclic subgroup (moreover,
every finitely generated subgroup whenever 9 satisfies some natural restrictions). It
is clear that the structure of G depends significantly on which important subfamilies
of the family A(G) of all proper subgroups of G include Con(G). The first natural
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question that arises here is the following: What is the structure of a group G in which
A(G) = Cyn(G) (in other words, the cocentralizer of every proper subgroup of G belongs
to )7 In |7] it was considered the case when R = Z and 90 is the class of all artinian-
by-(finite rank) modules. The next natural generalization of the case when R = Z is
the case when R = Z,~ — the ring of p-adic integer, where p is prime. The proofs of
the results we used the same technique as in [7].

Recall that a group G is called generalized radical, if G has an ascending series
whose factors are locally nilpotent or locally finite.

The following results were obtained:

Theorem 1. Let G be a locally generalized radical group and A a ZyG-module. If the
factor-module AJ/C4(H) is artinian-by-(finite rank) for every proper subgroup H of G,
then either AJCa(G) is artinian-by-(finite rank) or G/Cq(A) is a cyclic or quasicyclic
q-group for some prime q.

Corollary 1. Let G be a locally generalized radical group and A a Z,~G-module. If
a factor-module AJ/C4(H) is minimazx for every proper subgroup H of G, then either
AJCA(G) is minimazx or G/Cg(A) is a cyclic or quasicyclic q-group for some prime q.

Corollary 2. Let G be a locally generalized radical group and A a Zy~G-module. If a
factor-module A/C4(H) is finitely generated for every proper subgroup H of G, then
either A/C4(QG) is finitely generated or G/Cg(A) is a cyclic or quasicyclic q-group for
some prime q.

Corollary 3. Let G be a locally generalized radical group and A a Z,~G-module. If
a factor-module AJCa(H) is artinian for every proper subgroup H of G, then either
A/CA(G) is artinian or G/Cg(A) is a cyclic or quasicyclic q-group for some prime q.

2. Some preparatory results

Lemma 1 ([7]). Let R be a ring, G a group and A an RG—module. If L, H are subgroups
of G, whose cocentralizers are artinian—by—(finite rank) modules, then A/Cx((H, L)) is
also artinian—by—(finite rank).

A group G is said to be §-perfect if G does not include proper subgroups of finite
index.

Let G be a generalized radical group. Then either G has an ascendant locally
nilpotent subgroup or it has an ascendant locally finite subgroup. In the first case,
the locally nilpotent radical Lnr(G) of G is non-identity. In the second case, it is not
hard to see that G includes a non-trivial normal locally finite subgroup. Clearly in
every group G the subgroup Lfr(G) generated by all normal locally finite subgroups
is the largest normal locally finite subgroup (the locally finite radical). Thus every
generalized radical group has an ascending series of normal subgroups with locally
nilpotent or locally finite factors.
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Observe also that a periodic generalized radical group is locally finite, and hence a
periodic locally generalized radical group is also locally finite.

Let ¢ be a prime and A is an additive abelian ¢g-group. For each positive integer n
we define n'* layer Q,(A) by the following rule: Q,(A4) = {a € A | ¢"a = 0}. Clearly
Q,(A) is a characteristic subgroup of A.

Futher by Dryca Gy we denote a direct product of groups Gy, A € A.

Lemma 2. Let G be a locally generalized radical group and A be a Z,~G-module.
Suppose that A includes a ZyG-submodule B which is artinian-by-(finite rank). Then
the following assertions hold:

(i) G/Cq(B) is soluble-by-finite.

(i1) If G/Cq(B) is periodic, then it is nilpotent-by-finite.

(i) If G/Cq(B) is §-perfect and periodic, then it is abelian. Moreover
[B,G],G] = {0).

Proof. Without loss of generality we can suppose that C(B) = (1). We recall that the
additive group of artinian Z,~-module is Chernikov, that is K = Torz, ., (B) includes a
divisible subgroup D, which is a direct sum of quasicyclic subgroups such that K/D is
finite. The additive group of B/K is torsion-free and has finite Z,e-rank. In particular,
the II(D) = {p}. Clearly D is G-invariant. The factor-group G/Cq(D) is isomorphic
to a subgroup of GL,,(Qp~) where Qe is the field of fractions of Z,~ and m satisfies
p" = |Q1(D)|. Let Qpe be a field of fractions of Z,e, then G/Cq(D) is isomorphic to
a subgroup of GL,,(Q,~ ). Note that char(Q,~) = 0. Being locally generalized radical,
G/Cq(D) does not include the non-cyclic free subgroup; thus an application of Tits
Theorem (see, for example, [10, Corollary 10.17|) shows that G/Cq(D) is soluble-by-
finite. If G is periodic, then G/Cq(D) is finite (see, for example, [10, Theorem 9.33]).
Since K/D is finite, G/Ce(K/D) is finite. Finally, G/Cs(B/K) is isomorphic to a
subgroup of GL,(Qy~), where r = rz . (B/K). Using again the fact that G/Cg(A/K)
does not include the non-cyclic free subgroup and Tits Theorem or Theorem 9.33 of the
book [10] (for periodic G), we obtain that G/Cq(B/K) is soluble-by-finite (respectively
finite whenever G is periodic). Put Z = C¢(D) N Cq(K/D) N Cq(B/K). Then G/Z is
embedded in G/Cq(D) N G/Cq(K/D)NG/Cq(B/K), in particular, G/Z is soluble-
by-finite (respectively finite). If x € Z, then z acts trivially on every factor of the
series (0) < D < K < A. Then Z is nilpotent [4]. It follows that G is soluble-by-finite
(respectively, for periodic G, it is nilpotent-by—finite). This completes the proof of (i)
and (ii).

Now we prove (iii). Suppose now that G is an §-perfect group. Again consider the
series of G-invariant subgroups (0) < K < B. Being abelian and Chernikov, K is an
union of ascending series

of G-invariant finite subgroups K, n € N. Then the factor-group G/Cq(K,,) is finite,
n € N. Since G is §-perfect, G = Cq(K,) for each n € N. The equation K = |J,, .y Kn
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implies that G = Cg(K). By the above G/Cq(B/K) is soluble-by-finite, and being
§-perfect, it is soluble. Then G/Cq(B/K) includes normal subgroups U, V such that
Ce(B/K) < U <V, U/Cs(B/K) is isomorphic to a subgroup of UT,(Q,~), V/U
includes a free abelian subgroup of finite index [1, Theorem 2|. Since G/Cq(B/K) is §-
perfect, it follows that G/Cq(B/K) is torsion-free. Being periodic, G/Cq(B/K) must
be identity. In other words, G = Cg(B/K). Hence G acts trivially on every factor of
the series (0) < K < A, so that [[B, G], G] = (0) and we obtain that G is abelian [4].

Corollary 4. Let G be a group and A a Zy-~G-module. If the factor-module A/C4(G)
is artinian-by-(finite rank), then every locally generalized radical subgroup of G/Cq(A)
is soluble-by-finite, and every periodic subgroup of G/Cq(A) is nilpotent-by-finite.

Proof. Indeed, Lemma 2 shows that G/Cg(A/C4(G)) is soluble-by-finite. Every
element © € Ci(A/C4(G)) acts trivially in the factors of the series (0) < Cy(G) < A.
It follows that Cg(A/C4(G)) is abelian. Suppose now that H/Cg(A) is a periodic
subgroup. Since A/C4(G) is artinian-by—(finite rank), A has a series of H-invariant
subgroups (0) < C4(G) < D < K < A where D/C4(G) is a divisible Chernikov
subgroup, K/D is finite and A/K is torsion-free and has finite Z,e~-rank. In Lemma 2
we have already proved that G/Cq(D/Ca(G)), G/Cq(K/D) and G/Cs(A/K) are
finite. Let Z = Cq(D/CA(G)) N Ce(K/D) N Cg(A/K). Then G/Z is finite. If x € Z,
then x acts trivially on every factor of the series (0) < C4(G) < D < K < A. therefore
Z is nilpotent [4].

Next result is well-known, but it is not able to find an appropriate reference.

Lemma 3. Let G be an abelian group. Suppose that G # KL for arbitrary proper
subgroups K, L. Then G is a cyclic or quasicyclic qg-group for some prime q.

Proof. If GG is finite, then it is not hard to see that G is a cyclic ¢g-group for some
prime q. Therefore suppose that G is infinite. If G is periodic, then obviously G is a
g-group for some prime ¢. Let B be a basic subgroup of GG, that is B is a pure subgroup
of G such that B is a direct product of cyclic g-subgroups and G/B is divisible. The
existence of such subgroups follows from |3, Theorem 32.3|. Since G/B is divisible,
G/B = Drycp D)y where D, is a quasicyclic subgroup for every A € A (see, for example,
[3, Theorem 23.1]). Our condition shows that G/B is a quasicyclic group. In particular,
if B = (1), then GG is a quasicyclic group. Assume that B # (1). If B is a bounded
subgroup, then G = B x C' for some subgroup C' (see, for example, [3, Theorem 27.5|),
and we obtain a contradiction. Suppose that B is not bounded. Then B includes a
subgroup C' = Dr,¢en(c,) such that B = C x U for some subgroup U and |¢,| = ¢",
neN. Let E = (c,'- ¢!, | n € N). Then the factor-group C//F is quasicyclic, so that
B/EU is also quasicyclic. It follows that G/EU is a direct product of two quasicyclic
subgroups, which yields a contradiction. This shows that B = (1), which proves our
result.

Corollary 5. Let G be a soluble group. Suppose that G is not finitely generated and
G # (K, L) for arbitrary proper subgroups K, L. Then G /|G, G| is a quasicyclic g-group
for some prime q.
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If G is a group, then by Tor(G) we will denote the maximal normal periodic
subgroup of G. We recall that if G is a locally nilpotent group, then Tor(G) is a
(characteristic) subgroup of G and G/Tor(G) is torsion-free.

3. Proof of main Theorem

Again suppose that Cg(A) = (1). Suppose that G is a finitely generated group.
Then we can choose a finite subset M such that G = (M), but G # (S) for every
subset S # M. If [M| > 1, then M = {z} U S where x ¢ S and S # @. It follows
that (S) = U # G, thus A/C4(U) is artinian-by-(finite rank). The factor A/Cs(z) is
also artinian-by-(finite rank), and Lemma 1 shows that (x,U) = (2,S) = G has an
artinian-by-(finite rank) cocentralizer.

Suppose that M = {y}, that is G = (y) is a cyclic group. If y has infinite order,
then (y) = (yP*)(y??) where p;, po are primes, p; # pz, and Lemma 1 again implies that
A/C4(G) is artinian-by-(finite rank). Finally, if y has finite order, but this order is not
a prime power, then (y) is a product of two proper subgroups, and Lemma 1 implies
that A/C4(G) is artinian-by-(finite rank).

Assume now that G is not finitely generated and A/C4(G) is not artinian-by-
(finite rank). Suppose that G includes a proper subgroup of finite index. Then G
includes a proper normal subgroup H of finite index. We can choose a finitely generated
subgroup F such that G = HF'. Since G is not finitely generated, F' # G. It follows
that cocentralizers of both subgroups H and F' are artinian-by-(finite rank). Lemma 1
shows that FFH = G has an artinian-by-(finite rank) cocentralizer, and we obtain a
contradiction. This contradiction shows that G is an §-perfect group.

If H is a proper subgroup of G, then Corollary 4 shows that H is soluble-by-finite. In
particular, G is locally-(soluble-by-finite). By Theorem A of the paper [2], G includes
a normal locally soluble subgroup L such that G/L is finite or locally finite simple
group. Since G is an §-perfect group, then in the first case G = L, i.e. G is locally
soluble. Consider the second case. Put C' = C4(L). In a natural way, we can consider
C as Zp~(G/L)-module. Cg/(C) is a normal subgroup of G/L. Since G/L is a simple
group, then either C/(C) is the identity subgroup or Cg/r(C') = G/L. In the second
case C' < C4(G) and A/C4(G) is artinian-by-(finite rank). This contradiction shows
that C/(C) =< 1 >. Let H/L be an arbitrary proper subgroup of G/L. Then H is a
proper subgroup of G, therefore A/C4(H) is artinian-by-(finite rank). It follows that
C/(CNC4(H)) is also artinian-by-(finite rank). Clearly Co(H/L) < CNC4(H), so that
C/Cc(H/L) is artinian-by-(finite rank). Since H/L is periodic, it is nilpotent-by-finite
by Corollary 4. In other words, every proper subgroup of G/L is nilpotent-by-finite.
Using now Theorem A of the paper [8], we obtain that either G/ L is soluble-by-finite or
a g-group for some prime ¢. In any case, G/L cannot be an infinite simple group. This
contradiction shows that G is locally soluble. Being an infinite locally soluble group,
G has a non-identity proper normal subgroup. Corollary 4 shows that this subgroup is
soluble. It follows that G includes a non-identity normal abelian subgroup. In turn, it
follows that the locally nilpotent radical R; of G is non-identity. Suppose that G # R;.
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Being F-perfect, G/ Ry is infinite. Using the above arguments, we obtain that the locally
nilpotent radical Ry/R; of G/R; is non-identity. If G # Ry, then the locally nilpotent
radical R3/Ry of G/R5 is non-identity, and so on. Using ordinary induction, we obtain
that G is a radical group. Suppose that the upper radical series of G is infinite and
consider its term R,, where w is the first infinite ordinal. By its choice, R, is not
soluble. Then Corollary 4 shows that R, = G.

Since R, is a proper subgroup of G, A/C4(R,,) is artinian-by-(finite rank), n € N.
R, is normal in G, therefore C4(R,,) is a Zp~G-submodule. Lemma 2 (i) shows
that G/Cq(A/C4(R,,)) is abelian. Suppose that there exists a positive integer m such
that G # Cg(A/Ca(R,,)), then [G,G] is a proper subgroup of G. An application of
Corollary 4 to Lemma 2 shows that [G,G] is soluble, thus even G is soluble. This
contradiction proves the equality G = Cg(A/Ca(R,)). In other words, [A,G] <
Ca(Ry). Since it is valid for each n € N, [A,G] < ey Ca(R,). The equation
G = U,en Ry implies that C4(G) = (e Ca(Ry). Hence [A,G] < Ca(G). Thus G
acts trivially on both factors C4(G) and A/C4(G), which follows that G is abelian [4].
Contradiction. This contradiction proves that G is soluble.

Let D =[G, G]. Then by Corollary 5 G/D is a quasicyclic g-group for some prime
q. It follows that G has an ascending series of normal subgroups

D=Ky<K <. . <K,<Kp1<...

such that K,/ D is a cyclic group of order ¢", n € N, and G = |,y K- Every subgroup
K, is proper and normal in G, therefore C4(K,,) is a Zy~G-submodule and A/C4(K,,)
is artinian-by-(finite rank). Lemma 2 shows that [[A, G],G] < C4(K,). It is valid for
each n € N, and therefore [[A,G],G] < (), ey Ca(Ky). The equation G = |, oy Kn
implies that C4(G) = [,y Ca(Ry). Hence [[A, G], G] < C4(G). It follows that G acts
trivially on factors C4(G), [A, G]/Ca(G) and A/[A, G]. It follows that G is nilpotent
of class at most 2 [4].

If G is abelian, then Lemma 3 shows that G is a cyclic or quasicyclic g—group for
some prime ¢. Suppose that G is non-abelian. Let T = Tor(G). If we suppose that
T # G, then G/T is a non-identity torsion-free nilpotent group. In particular, G/T" has
a non-identity torsion-free abelian factor-group, which contradicts Corollary 5. This
contradiction shows that G is a periodic group. Moreover, GG is a g-group. Since G is
nilpotent of class 2, then [G, G| < ((G). In particular, G/{(G) is a quasicyclic group.
In this case, [G, G] is a Chernikov subgroup (see, for example, [5, Theorem 23.1]). It
follows that whole group G is Chernikov. Being §-perfect, GG is abelian, which completes
the proof. It is not hard to proof that in the Theorem 1 if G/Cgs(A) is a quasicyclic
g-group for some prime ¢ than g = p.
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