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Аɧɨɬаɰіɹ. Ɋɨɡɜ’ɹɡɚɧɨ ɜɚɪɿɚɰɿɣɧɭ ɡɚɞɚɱɭ ɡ ɜɢɡɧɚɱɟɧɧɹ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɟɠɢɦɭ ɪɭɯɭ ɤɪɚɧɨɜɨɝɨ 
ɜɿɡɤɚ ɿɡ ɝɧɭɱɤɢɦ ɩɿɞɜɿɫɨɦ ɜɚɧɬɚɠɭ ɡɚ ɞɢɧɚɦɿɱɧɢɦ ɤɪɢɬɟɪɿєɦ. ɉɪɨɚɧɚɥɿɡɨɜɚɧɨ ɜɩɥɢɜ ɫɩɿɜɜɿɞɧɨ-
ɲɟɧɶ ɦɚɫ ɜɚɧɬɚɠɭ ɬɚ ɜɿɡɤɚ, ɱɚɫɬɨɬɢ ɜɥɚɫɧɢɯ ɤɨɥɢɜɚɧɶ ɫɢɫɬɟɦɢ ɧɚ ɯɚɪɚɤɬɟɪ ɨɩɬɢɦɚɥɶɧɨɝɨ 
ɪɭɯɭ ɜɿɡɤɚ. Ɋɟɡɭɥɶɬɚɬɢ ɪɨɡɜ’ɹɡɤɭ ɩɨɤɚɡɚɧɨ ɝɪɚɮɿɱɧɢɦɢ ɡɚɥɟɠɧɨɫɬɹɦɢ. 
 

Клɸɱɨві ɫлɨва: ɤɪɚɧɨɜɢɣ ɜɿɡɨɤ, ɜɚɧɬɚɠ, ɤɨɥɢɜɚɧɧɹ, ɨɩɬɢɦɚɥɶɧɢɣ ɪɟɠɢɦ, ɜɚɪɿɚɰɿɣɧɚ ɡɚɞɚɱɚ. 
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Аɧɧɨɬаɰиɹ. Ɋɟɲɟɧɚ ɜɚɪɢɚɰɢɨɧɧɚɹ ɡɚɞɚɱɚ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɨɩɬɢɦɚɥɶɧɨɝɨ ɪɟɠɢɦɚ ɞɜɢɠɟɧɢɹ 
ɤɪɚɧɨɜɨɣ ɬɟɥɟɠɤɢ ɫ ɝɢɛɤɢɦ ɩɨɞɜɟɫɨɦ ɝɪɭɡɚ ɩɨ ɞɢɧɚɦɢɱɟɫɤɨɦɭ ɤɪɢɬɟɪɢɸ. ɉɪɨɚɧɚɥɢɡɢɪɨɜɚɧɨ 
ɜɥɢɹɧɢɟ ɫɨɨɬɧɨɲɟɧɢɣ ɦɚɫɫ ɝɪɭɡɚ ɢ ɬɟɥɟɠɤɢ, ɱɚɫɬɨɬɵ ɫɨɛɫɬɜɟɧɧɵɯ ɤɨɥɟɛɚɧɢɣ ɫɢɫɬɟɦɵ ɧɚ 
ɯɚɪɚɤɬɟɪ ɨɩɬɢɦɚɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ ɤɪɚɧɨɜɨɣ ɬɟɥɟɠɤɢ. Ɋɟɡɭɥɶɬɚɬɵ ɪɟɲɟɧɢɹ ɩɪɨɞɟɦɨɧɫɬɪɢɪɨ-
ɜɚɧɵ ɝɪɚɮɢɱɟɫɤɢɦɢ ɡɚɜɢɫɢɦɨɫɬɹɦɢ. 
 

Клɸɱевые ɫлɨва: ɤɪɚɧɨɜɚɹ ɬɟɥɟɠɤɚ, ɝɪɭɡ, ɤɨɥɟɛɚɧɢɹ, ɨɩɬɢɦɚɥɶɧɵɣ ɪɟɠɢɦ, ɜɚɪɢɚɰɢɨɧɧɚɹ  
ɡɚɞɚɱɚ. 
 

PARAMETRIC INFLUENCE ON THE OPTIMAL DYNAMIC MODE OF MOTION 

OF THE CRANE TROLLEY WITH FLEXIBLE SUSPENSION LOAD 

 

V. Loveykin, Prof., Dr., Eng. Sc., O. Shevchuk, Jun. res. work., 

National University of Life and Environmental Sciences of Ukraine, Kyiv 

 
Abstract. A variational problem has been solved to determine the optimal motion mode of crane trol-

leys with flexible load suspension by the dynamic criteria. The impact of load-trolley weight ratios as 

well as frequencies of natural oscillations made on the nature of the optimal trolley motion has been 

analyzed. The results have been demonstrated as graphs. 
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ɉɿɞ ɱɚɫ ɪɭɯɭ ɤɪɚɧɨɜɨɝɨ ɜɿɡɤɚ ɜɚɧɬɚɠ ɧɚ ɝɧɭɱ-
ɤɨɦɭ ɩɿɞɜɿɫɿ ɡɞɿɣɫɧɸє ɤɨɥɢɜɚɧɧɹ [1]. ɐɿ ɤɨ-
ɥɢɜɚɧɧɹ ɜɩɥɢɜɚɸɬɶ ɧɚ ɯɚɪɚɤɬɟɪ ɪɭɯɭ ɜɿɡɤɚ, ɚ 
ɬɚɤɨɠ ɧɚ ɧɚɞɿɣɧɿɫɬɶ ɪɨɛɨɬɢ ɤɪɚɧɚ, ɣɨɝɨ ɩɪɨ-
ɞɭɤɬɢɜɧɿɫɬɶ ɬɚ ɛɟɡɩɟɱɧɿɫɬɶ ɟɤɫɩɥɭɚɬɚɰɿʀ [2]. 

Ɍɨɦɭ ɭɫɭɧɟɧɧɹ ɤɨɥɢɜɚɧɶ ɜɚɧɬɚɠɭ ɩɿɞ ɱɚɫ ɪɭ-

ɯɭ ɤɪɚɧɨɜɨɝɨ ɜɿɡɤɚ є ɜɚɠɥɢɜɨɸ ɡɚɞɚɱɟɸ. 

  

 

ɉɪɨɛɥɟɦɿ ɭɫɭɧɟɧɧɹ ɤɨɥɢɜɚɧɶ ɩɪɢɫɜɹɱɟɧɨ ɛɚ-
ɝɚɬɨ ɩɪɚɰɶ [3–7]. ɍ ɰɢɯ ɪɨɛɨɬɚɯ ɭɫɭɧɟɧɧɹ 
ɤɨɥɢɜɚɧɶ ɩɪɨɜɨɞɢɥɨɫɶ ɩɿɞ ɱɚɫ ɩɟɪɟɯɿɞɧɢɯ 

ɪɟɠɢɦɿɜ ɪɭɯɭ (ɩɭɫɤ, ɝɚɥɶɦɭɜɚɧɧɹ) ɚɛɨ ɩɪɨɬɹ-
ɝɨɦ ɭɫɶɨɝɨ ɩɟɪɿɨɞɭ ɪɭɯɭ [8]. ɉɪɨɬɟ ɭ ɰɢɯ ɪɨ-
ɛɨɬɚɯ ɚɧɚɥɿɡ ɜɩɥɢɜɭ ɩɚɪɚɦɟɬɪɿɜ ɪɭɯɭ ɜɿɡɤɚ ɧɚ 
ɨɩɬɢɦɚɥɶɧɿ ɪɟɠɢɦɢ ɪɭɯɭ ɧɟ ɩɪɨɜɨɞɢɜɫɹ. 
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Ɇɟɬɚ ɞɨɫɥɿɞɠɟɧɧɹ ɩɨɥɹɝɚє ɭ ɜɢɡɧɚɱɟɧɧɿ ɨɩ-

ɬɢɦɚɥɶɧɨɝɨ ɪɟɠɢɦɭ ɪɭɯɭ ɤɪɚɧɨɜɨɝɨ ɜɿɡɤɚ ɡɚ 
ɞɢɧɚɦɿɱɧɢɦ ɤɪɢɬɟɪɿєɦ ɩɿɞ ɱɚɫ ɪɨɡɝɨɧɭ, ɚ ɬɚ-
ɤɨɠ ɭ ɩɪɨɜɟɞɟɧɧɿ ɚɧɚɥɿɡɭ ɜɩɥɢɜɭ ɩɚɪɚɦɟɬɪɿɜ 
ɤɪɚɧɚ ɬɚ ɜɚɧɬɚɠɭ ɦɚɫɨɸ m , ɩɿɞɜɿɲɟɧɨɝɨ ɧɚ 
ɝɧɭɱɤɨɦɭ ɤɚɧɚɬɿ ɞɨɜɠɢɧɨɸ l . ɇɚ ɜɿɡɨɤ ɞɿɸɬɶ 
ɪɭɲɿɣɧɚ ɫɢɥɚ F  ɿ ɡɭɫɢɥɥɹ ɫɬɚɬɢɱɧɨɝɨ ɨɩɨɪɭ 

0F . ȼɜɚɠɚєɦɨ, ɳɨ ɤɚɧɚɬ є ɧɟɪɨɡɬɹɠɧɢɦ, ɧɟ-
ɜɚɝɨɦɢɦ ɿ ɚɛɫɨɥɸɬɧɨ ɝɧɭɱɤɢɦ, ɦɚɫɚ ɜɚɧɬɚɠɭ 
ɡɨɫɟɪɟɞɠɟɧɚ ɜ ɨɞɧɿɣ ɬɨɱɰɿ, ɤɨɥɢɜɚɧɧɹ ɜɚɧɬɚ-
ɠɭ є ɦɚɥɢɦɢ ɣ ɜɿɞɛɭɜɚɸɬɶɫɹ  ɥɢɲɟ ɜ ɩɥɨɳɢɧɿ 
ɪɭɯɭ ɜɿɡɤɚ. Ɇɚɫɚ ɩɪɢɜɿɞɧɨɝɨ ɦɟɯɚɧɿɡɦɭ ɡɜɟ-
ɞɟɧɚ ɞɨ ɦɚɫɢ ɜɿɡɤɚ 1m  ɿ ɡɨɫɟɪɟɞɠɟɧɚ ɜ ɣɨɝɨ 
ɰɟɧɬɪɿ ɦɚɫ. ɉɪɭɠɧɿɫɬɸ ɟɥɟɦɟɧɬɿɜ ɩɪɢɜɿɞɧɨɝɨ 

ɦɟɯɚɧɿɡɦɭ ɧɟɯɬɭєɦɨ, ɨɫɤɿɥɶɤɢ ɱɚɫɬɨɬɢ ʀɯ ɤɨ-
ɥɢɜɚɧɶ є ɩɪɢɛɥɢɡɧɨ ɧɚ ɩɨɪɹɞɨɤ ɛɿɥɶɲɢɦɢ ɡɚ 
ɱɚɫɬɨɬɭ ɤɨɥɢɜɚɧɶ ɜɚɧɬɚɠɭ ɿ ɧɚ ɤɨɥɢɜɚɧɧɹ 
ɨɫɬɚɧɧɶɨɝɨ ɧɟ ɜɩɥɢɜɚɸɬɶ. Ɂɚ ɭɡɚɝɚɥɶɧɟɧɿ ɤɨ-
ɨɪɞɢɧɚɬɢ ɰɿєʀ ɦɨɞɟɥɿ ɜɡɹɬɨ ɤɨɨɪɞɢɧɚɬɢ 

ɰɟɧɬɪɿɜ ɦɚɫ ɜɿɡɤɚ ɬɚ ɜɚɧɬɚɠɭ. 

 

 
 

Ɋɢɫ. 1. Ⱦɜɨɦɚɫɨɜɚ ɞɢɧɚɦɿɱɧɚ ɦɨɞɟɥɶ ɜɚɧ-

ɬɚɠɧɨɝɨ ɜɿɡɤɚ 
 

ɇɚ ɨɫɧɨɜɿ ɪɿɜɧɹɧɧɹ Ʌɚɝɪɚɧɠɚ ɞɪɭɝɨɝɨ ɪɨ-
ɞɭ ɫɤɥɚɞɟɦɨ ɪɿɜɧɹɧɧɹ ɪɭɯɭ ɰɿєʀ ɫɢɫɬɟɦɢ 
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ɩɪɢɫɤɨɪɟɧɶ [8]. 

 

Ⱦɥɹ ɨɛɪɚɧɨʀ ɞɢɧɚɦɿɱɧɨʀ ɦɨɞɟɥɿ ɡɚɩɢɲɟɦɨ 
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ɍɦɨɜɚ ɦɿɧɿɦɭɦɭ ɤɪɢɬɟɪɿɸ (3) – ɪɿɜɧɹɧɧɹ  
ɉɭɚɫɫɨɧɚ [9] 
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ɉɿɫɥɹ ɩɿɞɫɬɚɧɨɜɤɢ ɜɢɪɚɡɭ (4) ɞɨ ɭɦɨɜɢ (5) 

ɛɭɞɟɦɨ ɦɚɬɢ 
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Ɋɨɡɞɿɥɢɜɲɢ ɭɫɿ ɱɥɟɧɢ ɪɿɜɧɹɧɧɹ (6) ɧɚ 
ɤɨɟɮɿɰɿєɧɬ ɛɿɥɹ ɫɬɚɪɲɨʀ ɩɨɯɿɞɧɨʀ ɬɚ ɡɪɨɛɢɜ-
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2 42 (1 ) 0,VIII VI IVx k x m k x     (7)

 

ɞɟ k  ɱɚɫɬɨɬɚ ɜɥɚɫɧɢɯ ɤɨɥɢɜɚɧɶ ɫɢɫɬɟɦɢ; 

m  ɜɿɞɧɨɲɟɧɧɹ ɦɚɫɢ ɜɚɧɬɚɠɭ ɞɨ ɦɚɫɢ ɜɿɡɤɚ. 
 

Ɋɨɡɜ’ɹɠɟɦɨ 0x  0 :t  1m  ɪɿɜɧɹɧɧɹ (7) ɞɥɹ 
ɞɿɥɹɧɤɢ ɩɭɫɤɭ 
 

; 1 0x  ; 0x  ; 1 0x  ; 

1 :t t x v ; 1x v ; 0x  ; 1 0x  . 
(8)

 

ɉɟɪɟɩɢɲɟɦɨ ɭɦɨɜɢ ɪɭɯɭ (8), ɜɪɚɯɨɜɭɸɱɢ 

ɪɿɜɧɹɧɧɹ (2) 
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0 :t  0x ; 0x ; 0x ; 0x ; 

:1tt  vx  ; 0x ; 0x ; 0IVx . 
(9)

 

Ɋɿɜɧɹɧɧɹ (7) ɪɨɡɜ’ɹɠɟɦɨ ɱɢɫɟɥɶɧɨ, ɡɚɞɚɜɲɢ 

ɬɚɤɿ ɩɚɪɚɦɟɬɪɢ 

 

; 31 ɫt  ; ɦ/ɫ5,0v ; ɦ/ɫ8,9 2g

);0,2;0,1;5,0(k

).0,2;0,1;5,0(m  

(10)

 

ɉɨɛɭɞɭєɦɨ ɝɪɚɮɿɤɢ ɥɿɧɿɣɧɢɯ ɲɜɢɞɤɨɫɬɟɣ 

ɜɿɡɤɚ ɬɚ ɜɚɧɬɚɠɭ ɡɚ ɪɿɡɧɢɯ ɡɧɚɱɟɧɶ ɩɚɪɚɦɟɬɪɿɜ 
k  ɬɚ m . 

 

ȱɡ ɝɪɚɮɿɤɿɜ (ɪɢɫ. 2, ɚ ɬɚ 2, ɛ) ɜɢɞɧɨ, ɳɨ ɤɪɢɜɿ 
ɲɜɢɞɤɨɫɬɿ ɜɿɡɤɚ ɬɚ ɜɚɧɬɚɠɭ, ɡɚ ɪɿɡɧɢɯ 

ɫɩɿɜɜɿɞɧɨɲɟɧɶ ʀɯ ɦɚɫ, ɡɛɿɝɚɸɬɶɫɹ, ɚ ɧɚ ɪɢɫ. 2, 

ɜ ɞɟɳɨ ɪɨɡɯɨɞɹɬɶɫɹ. Ʉɪɿɦ ɬɨɝɨ, ɡɚ ɡɧɚɱɟɧɧɹ 
2k   ɜɿɡɨɤ, ɭɩɪɨɞɨɜɠ ɪɨɡɝɨɧɭ ɜɚɧɬɚɠɭ, ɞɜɿɱɿ 

ɦɿɧɹє ɧɚɩɪɹɦɨɤ ɪɭɯɭ. 

 

                 
 

                                    ɚ                                                                                   ɛ 
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Ɋɢɫ. 2. Ƚɪɚɮɿɤɢ ɡɦɿɧɢ ɲɜɢɞɤɨɫɬɿ ɜɿɡɤɚ ɬɚ ɜɚɧɬɚɠɭ ɡɚ ɪɿɡɧɢɯ ɡɧɚɱɟɧɶ ɩɚɪɚɦɟɬɪɿɜ k  ɬɚ m  
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ɉɨɛɭɞɭєɦɨ ɝɪɚɮɿɤɢ ɡɦɿɧɢ ɮɭɧɤɰɿɨɧɚɥɚ (3) ɹɤ 
ɮɭɧɤɰɿʀ ɡɦɿɧɧɢɯ k ɬɚ .m  
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Ɋɢɫ. 3. Ƚɪɚɮɿɤɢ ɡɚɥɟɠɧɨɫɬɿ ɮɭɧɤɰɿɨɧɚɥɚ I  

ɜɿɞ ɩɚɪɚɦɟɬɪɿɜ k ɬɚ m  

 

əɤ ɜɢɞɧɨ ɡ ɝɪɚɮɿɤɿɜ, ɜɢɧɢɤɚɸɬɶ ɞɿɥɹɧɤɢ 

ɪɿɡɤɨɝɨ ɩɿɞɜɢɳɟɧɧɹ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɚ I . 

Ɂɨɛɪɚɡɢɦɨ ɝɪɚɮɿɤɢ ɡɚɥɟɠɧɨɫɬɿ ɮɭɧɤɰɿɨɧɚɥɚ 
( )I k  ɧɚ ɞɿɥɹɧɰɿ (2...2,5)k  ɬɚ ( )I m  ɩɪɢ 

(0...1)m . 

 

Ɋɢɫ. 4 ɩɨɤɚɡɭє, ɳɨ ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɚ I  

ɦɨɠɟ ɡɪɨɫɬɚɬɢ ɞɨ 21 (ɪɢɫ. 4, ɚ) ɬɚ 13 ɩɨɪɹɞɤɭ 
(ɪɢɫ. 4, ɛ), ɬɨɛɬɨ ɨɩɬɢɦɚɥɶɧɢɣ ɪɟɠɢɦ ɪɭɯɭ 
ɜɿɡɤɚ ɡɚ ɬɚɤɢɯ ɭɦɨɜ ɧɟ ɦɿɧɿɦɿɡɭє «ɟɧɟɪɝɿʀ» 

ɩɪɢɫɤɨɪɟɧɶ. 
 

ɚ 
 

ɛ 

Ɋɢɫ. 4. Ⱦɿɥɹɧɤɢ ɡɧɚɱɧɨɝɨ ɡɪɨɫɬɚɧɧɹ ɡɧɚɱɟɧ-

ɧɹ ɮɭɧɤɰɿɨɧɚɥɚ I  

 

 

 

Ⱥɧɚɥɿɡ ɜɩɥɢɜɭ ɩɚɪɚɦɟɬɪɿɜ ɤɪɚɧɨɜɨɝɨ ɜɿɡɤɚ ɡ 
ɝɧɭɱɤɢɦ ɩɿɞɜɿɫɨɦ ɜɚɧɬɚɠɭ ɧɚ ɨɩɬɢɦɚɥɶɧɢɣ 

ɞɢɧɚɦɿɱɧɢɣ ɪɟɠɢɦ ɪɭɯɭ ɩɨɤɚɡɚɜ, ɳɨ ɡɚ  
ɩɟɜɧɢɯ ɫɩɿɜɜɿɞɧɨɲɟɧɶ ɞɨɜɠɢɧɢ ɩɿɞɜɿɫɭ ɜɚɧ-

ɬɚɠɭ, ɱɚɫɭ ɪɨɡɝɨɧɭ, ɦɚɫ ɜɿɡɤɚ ɬɚ ɜɚɧɬɚɠɭ, ɩɪɢ 

ɨɩɬɢɦɚɥɶɧɨɦɭ ɞɢɧɚɦɿɱɧɨɦɭ ɪɟɠɢɦɿ, ɩɿɞ ɱɚɫ 
ɪɨɡɝɨɧɭ, ɜɿɡɨɤ ɡɞɿɣɫɧɸє ɪɟɜɟɪɫɧɢɣ ɪɭɯ  
(ɪɢɫ. 2, ɜ). Ʉɪɿɦ ɬɨɝɨ, ɜɢɧɢɤɚɸɬɶ ɞɿɥɹɧɤɢ 

ɡɧɚɱɟɧɶ ɩɚɪɚɦɟɬɪɿɜ k  ɬɚ m , ɧɚ ɹɤɢɯ ɨɩ-

ɬɢɦɿɡɚɰɿɹ ɡɚ ɞɢɧɚɦɿɱɧɢɦ ɤɪɢɬɟɪɿєɦ ɧɟ ɞɚє 
ɛɚɠɚɧɨɝɨ ɪɟɡɭɥɶɬɚɬɭ. Ɍɚɤ, ɩɪɢ 1m   ɬɚ 

2,2k   ɡɧɚɱɟɧɧɹ ɮɭɧɤɰɿɨɧɚɥɚ I ɡɪɨɫɬɚє ɧɚ 
17 ɩɨɪɹɞɤɿɜ, ɚɛɨ ɩɪɢ 0,5m  , 2k   – ɧɚ 9 

ɩɨɪɹɞɤɿɜ ɜɿɞ ɫɟɪɟɞɧɶɨɝɨ (ɪɢɫ. 3, 4). Ⱦɥɹ ɭɫɭ-
ɧɟɧɧɹ ɬɚɤɢɯ ɧɟɞɨɥɿɤɿɜ ɩɨɬɪɿɛɧɨ ɩɪɢɣɦɚɬɢ 

ɡɧɚɱɟɧɧɹ ɭɫɬɚɥɟɧɨʀ ɲɜɢɞɤɨɫɬɿ ɜɿɡɤɚ ɬɚ ɩɟɪɿɨɞɭ 
ɪɨɡɝɨɧɭ ɜɿɞɩɨɜɿɞɧɨ ɞɨ ɱɚɫɬɨɬɢ ɜɥɚɫɧɢɯ ɤɨɥɢ-

ɜɚɧɶ ɬɚ ɦɚɫ ɤɪɚɧɨɜɨɝɨ ɜɿɡɤɚ ɬɚ ɜɚɧɬɚɠɭ. 
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