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Abstract. We describe the representation type of elementary
abelian p-groups with respect to the modules of constant Jordan
type and offer two conjectures (for such modules) in the general
case, one of which suggests that any non-wild group is of finite
representation type in each dimension.

Introduction

Modules of constant Jordan type for a finite group G (or, more gener-
ally, for an arbitrary finite group scheme) were introduced by Carlson,
Friedlander and Pevtsova in 2008 [1], and have been studied in many
papers (see, e.g., [2]–[6]). In this paper we study the case when G is an ele-
mentary abelian p-group by considering the question of its representation
type with respect to the modules of such type.

We use the matrix language instead of the module one, and usually say
“representation” instead of “matrix representation”. Through the paper, k
is an algebraically closed field of characteristic p > 0. All representations
are over k unless otherwise stated (when one considers representations
over the free algebra k〈x, y〉).
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30 Representation type of elementary abelian p-groups

Let G = 〈g1, . . . gr〉 ∼= (Z/p)r be an elementary abelian p-group. A
matrix representation λ of G is said to be of constant Jordan type if the
Jordan canonical form of the nilpotent matrix a1λ(g1−1)+· · ·+arλ(gr−1)
(that corresponds to a radical element a1(g1 − 1) + · · · + ar(gr − 1) of kG)
is independent of a1, . . . , ar ∈ k, not all of which are equal to zero. If this
Jordan canonical form consists of Jordan blocks of size t1, . . . , ts, then
one says that the representation λ has Jordan type JT (λ) = [t1] . . . [ts].

We call G of cJ-finite representation type over k if there are, up to
equivalence, only finitely many indecomposable representations of constant
Jordan type, and of cJ-infinite representation type if otherwise. In the
last case G is called of cJ-semiinfinite representation type if there are
only finitely many indecomposable representations in each dimension.

Modifying Drozd’s definition [7], introduce the notion of a wild group
with respect to the representations of constant Jordan type.

Let G be an elementary abelian p-group. We say that a matrix rep-
resentation γ of G over the free associative k-algebra Σ = k〈x, y〉 is
cJ-perfect if, for any matrix representations ϕ and ϕ′ of Σ over k, the
representations γ ⊗ ϕ and γ ⊗ ϕ′ of G over k satisfy the next conditions1:

1) γ ⊗ ϕ is of constant Jordan type;

2) γ ⊗ ϕ and γ ⊗ ϕ′ are equivalent implies ϕ and ϕ′ are equivalent;

3) γ ⊗ ϕ is indecomposable if ϕ is indecomposable2.

A cJ-perfect representation γ is said to be proportional if (under the
above notation) JT (γ ⊗ ϕ′) = [JT (γ ⊗ ϕ)]q whenever dimϕ′ = qdimϕ
(it is sufficient to require this property only for dimϕ = 1).

We call the group G of cJ-wild representation type or cJ-wild (over k)
if it has a proportional cJ-perfect representation over Σ 3.

In this paper we prove the following theorem.

Theorem 1. An elementary abelian p-group G = (Z/p)r is of

cJ-finite representation type if r = 1 (for any p),

cJ-semiinfinite representation type if r = p = 2,

cJ-wild representation type if otherwise.

1For a fix ϕ of dimension s, the matrix (γ ⊗ ϕ)(g) is obtained from a matrix γ(g) by
change x and y, respectively, on the matrices ϕ(x) and ϕ(y) (and a ∈ k on the scalar
matrix aEs, where Es is the identity matrix of size s).

2The opposite directions to 2) and 3) are evident.
3Note that there are formally a weaker definition, when the condition of proportion-

ality is ignored, but in fact both the definitions are equivalent (from the point of view
of determination of the cJ-representation type of G).
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1. Propositions on cJcJcJ-wildness

Proposition 1. The group G = Z/p× Z/p is cJ-wild for any p > 2.

Proof. Denote the natural generators of G by g1 and g2, and consider the
next matrix representation γ of G over Σ = k〈x, y〉:4

γ(g1 − 1) =

(
γ11(1) γ12(1)

0 0

)
, γ(g2 − 1) =

(
γ11(2) γ12(2)

0 0

)

with all the matrices γij(r) and 0 of size 5 × 5, where

γ11(1) =




0 1 x y 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0



, γ12(1) =




0 0 0 0 0
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0



,

γ11(2) =




0 0 1 x y
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0



, γ12(2) =




0 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1




;

We will prove that γ is a proportional cJ-perfect representation.

It is easy to see that the reprensentation γ ⊗ ϕ, where ϕ is a rep-
resentation of Σ of dimension s (which is uniquely determined by the
(γ⊗ϕ)(g1 −1) and (γ⊗ϕ)(g2 −1)), is of constant Jordan type [3]s[2]3s[1]s.

Let ϕ, ϕ′ be representations of Σ having the same dimension s and
let Aq = (γ ⊗ϕ)(gq − 1), A′

q = (γ ⊗ϕ′)(gq − 1)), where q = 1, 2. Consider
the matrix equalities (in the variable X)

A1X = XA′
1 , A′

2X = XA′
2 , (∗)

viewing all their matrices as block with blocks of size s× s. The equality
(AqX)ij = (XA′

q)ij of the corresponding s × s blocks of the matrices
AqX and XA′

q is denoted by (q.ij); q ∈ {1, 2}, i, j ∈ {1, 2, . . . , 10}. For
simplicity we write [ij] instead of Xij (Xij is a s× s block of X).

4In fact, we define γ on g1 − 1, g2 − 1 ∈ kG (instead of g1, g2), but we identify this
representation of kG with the corresponding that of G. As before, we use here the
multiplicative notation for the group G. A similar remark applies to Proposition 2.
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We write down those equations of the form (q.ij) that are needed for
our proof.

(1.12) : [22] + ϕ(x)[32] + ϕ(y)[42] = [11],
(1.13) : [23] + ϕ(x)[33] + ϕ(y)[43] = [11]ϕ′(x),
(1.14) : [24] + ϕ(x)[34] + ϕ(y)[44] = [11]ϕ′(y),
(1.22) : [62] = [21], (1.26) : [66] = [22], (1.32) : [72] = [31],
(1.36) : [76] = [32], (1.37) : [77] = [33], (1.38) : [78] = [34],
(1.39) : [79] = [35], (1.42) : [82] = [41], (1.46) : [86] = [42],
(1.47) : [87] = [43], (1.48) : [88] = [44], (1.49) : [89] = [45],
(1.4, 10) : [8, 10] = 0, (1.52) : [92] = [51], (1.56) : [96] = [52],
(1.57) : [97] = [53], (1.58) : [98] = [54], (1.59) : [99] = [55],
(1.5, 10) : [9, 10] = 0, (1.62) : 0 = [61], (1.66) : 0 = [62],
(1.67) : 0 = [63], (1.68) : 0 = [64], (1.69) : 0 = [65],
(1.72) : 0 = [71], (1.76) : 0 = [72], (1.77) : 0 = [73],
(1.78) : 0 = [74], (1.79) : 0 = [75], (1.82) : 0 = [81],
(1.86) : 0 = [82], (1.87) : 0 = [83], (1.88) : 0 = [84],
(1.89) : 0 = [85], (1.92) : 0 = [91], (1.96) : 0 = [92],
(1.97) : 0 = [93], (1.98) : 0 = [94], (1.99) : 0 = [95],
(1.10, 2) : 0 = [10, 1], (1.10, 6) : 0 = [10, 2], (1.10, 7) : 0 = [10, 3],
(1.10, 8) : 0 = [10, 4], (1.10, 9) : 0 = [10, 5].
(2.26) : [76] = 0, (2.27) : [77] = [22], (2.28) : [78] = [23],
(2.29) : [79] = [24], (2.36) : [86] = 0, (2.37) : [87] = [32],
(2.38) : [88] = [33], (2.39) : [89] = [34], (2.3, 10):[8, 10] = [35],
(2.46) : [96] = 0, (2.47) : [97] = [42], (2.48) : [98] = [43],
(2.49) : [99] = [44], (2.4, 10):[9, 10] = [45], (2.56) : [10, 6] = 0,
(2.57) : [10, 7] = [52], (2.58) : [10, 8] = [53], (2.59) : [10, 9] = [54],
(2.5, 10):[10, 10] = [55].

We have the following corollaries:

1) (1.h2), (1.h6) − (1.h9) ⇒ [h1] = [h2] = [h3] = [h4] = [h5] = 0
for h = 6, 7, 8, 9, 10;

2) (1.h− 4, 2) and [h2] = 0 ⇒ [h− 4, 1] = 0 for h = 6, 7, 8, 9;
3) (2.29), (1.39), (2.3, 10), (1.4, 10) ⇒ [24] = [79] = [35] = [8, 10] = 0;
4) (2.28), (1.38), (2.39), (1.49), (2.4, 10), (1.5, 10) ⇒

[23] = [78] = [34] = [89] = [45] = [9, 10] = 0;
5) (2.57), (1.56), (2.46) ⇒ [10, 7] = [52] = [96] = 0;
6) (2.59), (1.58), (2.48), (1.47), (2.37), (1.36), (2.26) ⇒

[10, 9] = [54] = [98] = [43] = [87] = [32] = [76] = 0;
7) (2.58), (1.57), (2.47), (1.46), (2.36) ⇒

[10, 8] = [53] = [97] = [42] = [86] = 0;
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8) (2.5, 10), (1.59), (2.49), (1.48), (2.38), (1.37), (2.27), (1.26) ⇒
[10, 10] = [55] = [99] = [44] = [88] = [33] = [77] = [22] = [66];

9) (1.12) and 32 = 42 = 0 (see 6), 7)) ⇒ [22] = [11];
10) (1.13) and [23] = [43] = 0 (see 4),6)), [33] = [22] = [11] (see 8),9))

⇒ ϕ(x)[11] = [11]ϕ′(x);
11) (1.14) and [24] = [34] = 0 (see 3),4)), [44] = [22] = [11] (see 8),9))

⇒ϕ(y)[11] = [11]ϕ′(y).

From 1)– 9) (see after the symbol ⇒) and [10, 6] = 0 (see (2.56)) it
follows that the matrix X is a block upper triangular matrix with equal
diagonal blocks. Then X is invertible if and only if so is [11], and hence
10) and 11) imply that ϕ and ϕ′ are equivalent if so are γ ⊗ϕ and γ ⊗ϕ′.

Further, in the case ϕ = ϕ′ the equalities (∗) (resp. ϕ(x)[11] = [11]ϕ(x)
and ϕ(y)[11] = [11]ϕ(y)) define the algebra endomorphism of γ ⊗ ϕ (resp.
ϕ). Since any matrix X, which satisfies (∗), is a block upper triangular
matrix with equal diagonal blocks, then the endomorphism algebra of
γ ⊗ ϕ is local if so is the endomorphism algebra of ϕ. Therefore γ ⊗ ϕ is
indecomposable if ϕ is indecomposable.

Proposition 2. The group G = Z/2×· · ·×Z/2 (n > 2 times) is cJ-wild.

Proof. Denote the natural generators of G by g1, g2, . . . , gn, and consider
the next matrix representation γ of G over Σ̂ = k〈x, y, x−1, y−1〉:5

γ(gi − 1) =

(
0 γi
0 0

)
, 1 ≤ i ≤ n, with the zero diagonal blocks of sizes

2×2 and (n+1)×(n+1), and γi =
(

0i E 0′
i

)
for i 6= n, γn =

(
0n 0′

n S
)
,

where S =

(
x 1
0 y

)
, E is the identity matrix of size 2 × 2 and 0i, 0n

(resp. 0′
i, 0′

n) are the zero matrices of size 2 × (i− 1) (resp. 2 × (n− i)).

We prove that γ is a proportional cJ-perfect representation (in the
same way as in the proof of Proposition 1).

It is easy to see that the reprensentation γ ⊗ ϕ, where ϕ is a repre-
sentation of Σ̂ of dimension s, is of constant Jordan type [2]2s[1](n−1)s

(taking into account invertibility of the matrices ϕ(x) and ϕ(y))6.

Let ϕ, ϕ′ be representations of Σ̂ of the same dimension s and let
Aq = (γ ⊗ ϕ)(gq − 1), A′

q = (γ ⊗ ϕ′)(gq − 1)), where q = 1, 2, . . . , n.

5The replacing Σ by Σ̂ is possible sinse the algebra Σ̂ is wild [8]: the representation

γ : x →

(
1 1 0
0 1 1
0 0 1

)
, y →

(
1 x 0
0 1 y
0 0 1

)
of Σ̂ over Σ is perfect (in the usual sense [9]).

6A representation ϕ of Σ̂ is that of Σ for which ϕ(x) and ϕ(y) are invertible.
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Consider the matrix equalities AqX = XA′
q, q = 1, 2, . . . n, viewing all

their matrices as block with blocks of size s× s. The equality (AqX)ij =
(XA′

q)ij of the corresponding blocks of the matrices AqX and XA′
q is

denoted by (q.ij); q ∈ {1, 2, . . . , n}, i, j ∈ {1, 2, . . . , n+ 3}.

We again write [ij] instead of Xij . It follows from the equalities

(1.23) : [43] = [21], (2.13) : [43] = 0,

(1.j3) : 0 = [j1] and (1.j4) : 0 = [j2] for j = 3, . . . , n+ 3,

(i.1j) : [i+ 2, j] = 0 for i = 3, . . . , n− 1, j = 3, . . . , i+ 1 (if n > 3),

(n− 1.2j) : [n+ 2, j] = 0 for j = 3, . . . , n,

(n− 1.2, n+ 1) : [n+ 2, n+ 1] = [21],

(n.2, n+ 2) : ϕ(y)[n+ 3, n+ 2] = 0 (ϕ(y) is invertible),

(n.1j) : [n+ 3, j] + [n+ 2, j] = 0 for j = 3, . . . , n+ 1

that X is a block upper triangular matrix.

Further, from the equalities

(1.13) : [33] = [11], (1.24) : [44] = [22], (2.14) : [44] = [11],

(2.25) : [55] = [22], (n.1, n+ 3) : [n+ 3, n+ 3] = [11],

(i.2, i+ 3) : [i+ 3, i+ 3] = [22] for i = 3, . . . , n− 1 (if n > 3)

it follows that all the diagonal blocks of X are equal.

Then (n.1, n+ 2) : ϕ(x)[n+ 2, n+ 2] + [n+ 3, n+ 2] = [11]ϕ′(x) and
(n.2, n+ 3) : ϕ(y)[n+ 3, n+ 3] = [21] + [22]ϕ′(y) become of the forms

ϕ(x)[11] = [11]ϕ′(x) and ϕ(y)[11] = [11]ϕ′(y), and the proof is finished
in the same way as the proof of Proposition 1.

2. Proof of Theorem 1

The group Z/p (of finite representation type) is of course of cJ-finite
representation type. The group G = 〈g1, g2〉 ∼= Z/2 × Z/2 is of cJ-
semiinfinite representation type since by Theorem 5 [8] its representations

a) g1 → (1), g2 → (1),

b) g1 →




1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1


 , g2 →




1 1 0 0
0 1 0 0
0 0 1 1
0 0 0 1


 ,

c) g1 →




Es Es 0

0 Es+1


 , g2 →




Es 0 Es

0 Es+1


 ,
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d) g1 →




Es+1
Es
0̃

0 Es



, g2 →




Es+1
0̃

Es

0 Es



,

where s runs through all the natural numbers, 0 and 0̃ are the zero
column and row matrices, form a complete set of pairwise nonequivalent
indecomposable representations of constant Jordan type.

In all other cases G is cJ-wild by Propositions 1 and 2.

3. Conjectures

We state the following conjectures in the general case.

Conjecture 1. Let G be a finite group and k be an algebraically
closed field of characteristic p > 0. If the group G is not wild with respect
to the modules of constant Jordan type, then it is of finite representation
type in each dimension (with respect to such modules).

Conjecture 2. Let G and k be as in Conjecture 1. If G is wild, then
it is wild with respect to the modules of constant Jordan type.

For elementary abelian p-groups our conjectures follow from Theo-
rem 1 (if one takes into account Theorem 1 [10] in the case of the second
conjecture).
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