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Amply (weakly)
Goldie-Rad-supplemented modules
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Abstract. Let R be a ring and M be a right R-module.
We say a submodule S of M is a (weak) Goldie-Rad-supplement
of a submodule N in M , if M = N + S, (N ∩ S 6 Rad(M))
N ∩S 6 Rad(S) and Nβ∗∗S, and M is called amply (weakly) Goldie-
Rad-supplemented if every submodule of M has ample (weak) Goldie-
Rad-supplements in M . In this paper we study various properties
of such modules. We show that every distributive projective weakly
Goldie-Rad-Supplemented module is amply weakly Goldie-Rad-
Supplemented. We also show that if M is amply (weakly) Goldie-
Rad-supplemented and satisfies DCC on (weak) Goldie-Rad-supple-
ment submodules and on small submodules, then M is Artinian.

Introduction

Throughout this article, all rings are associative with unity and R de-
notes such a ring. All modules are unital right R-modules unless indicated
otherwise. Let M be an R-module. N 6 M will mean N is a submodule
of M . End(M) and Rad(M) will denote the ring of endomorphisms of
M and the Jacobson radical of M , respectively. The notions which are
not explained here will be found in [6].
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Recall that a submodule S of M is called small in M (notation S ≪ M)
if M 6= S + T for any proper submodule T of M . A module H is called
hollow if every proper submodule of H is small in H. Let N and L be
submodules of M . Then N is called a supplement of L in M if N +L = M
and N is minimal with respect to this property, or equivalently, N is a
supplement of L in M if M = N + L and N ∩ L ≪ N . N is said to be a
supplement submodule of M if N is a supplement of some submodule of M .
Recall from [3] that M is called a supplemented module if any submodule
of M has a supplement in M . M is called an amply supplemented module
if for any two submodule A and B of M with A + B = M , B contains a
supplement of A. M is called a weakly supplemented module if for each
submodule A of M there exists a submodule B of M such that M = A+B
and A ∩ B ≪ M . Let K, N 6 M . K is a (weak) Rad-supplement of N
in M , if M = N + K and (N ∩ K 6 Rad(M)) N ∩ K 6 Rad(K) (in
this case K is a (weak) generalized supplement of N (see, [5])). K is
said to be a (weak) Rad-supplement submodule of M if K is a (weak)
Rad-supplement of some submodule of M (in this case K is a generalized
(weakly) supplement submodule (see, [5])). A module M is called (weakly)
Rad-supplemented if every submodule of M has a (weak) Rad-supplement
(in this case M is a generalized (weakly) supplemented module (see, [5])).

In [2], the authors introduced a new class of modules namely Goldie*-
Supplemented by defining and studying the β∗ relation as the following:
Let X, Y 6 M . X and Y are β∗ equivalent, Xβ∗Y , provided X+Y

X
≪ M

X

and X+Y

Y
≪ M

Y
. After this work, Talebi et. al. [4] defined and studied the

β∗∗ relation and investigated some properties of this relation. In [4], this
β∗∗ relation was defined as the following:
Let X, Y 6 M . X and Y are β∗∗ equivalent, Xβ∗∗Y , provided X+Y

X
6

Rad(M)+X

X
and X+Y

Y
6

Rad(M)+Y

Y
.

Based on definition of β∗∗ relation they introduced a new class of modules
namely Goldie-Rad-supplemented. A module M is called Goldie-Rad-
supplemented if for any submodule N of M , there exists a Rad-supplement
submodule D of M such that Nβ∗∗D.

Let M be an R-module. We say a submodule S is a (weak) Goldie-Rad-
supplement of a submodule N in M , if M = N + S, (N ∩ S 6 Rad(M))
N ∩ S 6 Rad(S) and Nβ∗∗S. We say that M is weakly Goldie-Rad-
supplemented if every submodule of M has a weak Goldie-Rad-supplement
in M . We say that a submodule N of M has ample (weak) Goldie-Rad-
supplements in M if, for every L 6 M with N + L = M , there exists a
(weak) Goldie-Rad-supplement S of N with S 6 L. We say that M is
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amply (weakly) Goldie-Rad-supplemented if every submodule of M has
ample (weak) Goldie-Rad-supplements in M .

We prove that every distributive projective weakly Goldie-Rad-supp-
lemented module is amply weakly Goldie-Rad-supplemented. We show
that if M is an amply (weakly) Goldie-Rad-supplemented module and
satisfies DCC on (weak) Goldie-Rad-supplement submodules and on
small submodules, then M is Artinian. In addition, let M be a radical
module (Rad(M) = M). Then M is Artinian if and only if M is an amply
(weakly) Goldie-Rad-supplemented module and satisfies DCC on (weak)
Goldie-Rad-supplement submodules and on small submodules. Moreover,
we also show that the class of amply (weakly) Goldie-Rad-supplemented
modules is closed under supplement submodules and homomorphic images.

Lemma 1. ([6, 41.1]) Let M be a module and K be a supplement
submodule of M . Then K ∩ Rad(M) = Rad(K).

Theorem 1. ([1, Theorem 5]) Let R be any ring and M be a mod-
ule. Then Rad(M) is Artinian if and only if M satisfies DCC on small
submodules.

1. Amply (weakly) Goldie-Rad-supplemented modules

In this section, we discuss the concept of amply (weakly) Goldie-Rad-
supplemented modules and we give some properties of such modules.

Proposition 1. Every amply (weakly) Goldie-Rad-supplemented module
is a (weakly) Goldie-Rad-supplemented module.

Proof. Let M be an amply (weakly) Goldie-Rad-supplemented module
and N be a submodule of M . Then N + M = M . Since M is amply
(weakly) Goldie-Rad-supplemented, M contains a (weak) Goldie-Rad-
supplement S of N . So S is a (weak) Goldie-Rad-supplement of N in M .
Hence M is (weakly) Goldie-Rad-supplemented.

Example 1. An hollow radical module M (Rad(M) = M) is amply
Goldie-Rad-supplemented.

Lemma 2. Let M be an R-module and L 6 N 6 M . If S is a (weak)
Goldie-Rad-supplement of N in M , then (S + L)/L is a (weak) Goldie-
Rad-supplement of N/L in M/L.
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Proof. By the proof of [5, Proposition 2.6 (1)], (S + L)/L is a (weak)

Rad-supplement of N/L in M/L. By [4, Proposition 2.3 (1)], N

L
β∗∗

(

S+L

L

)

.

Hence (S +L)/L is a (weak) Goldie-Rad-supplement of N/L in M/L.

Proposition 2. Every factor module of an amply (weakly) Goldie-Rad-
supplemented module is amply (weakly) Goldie-Rad-supplemented.

Proof. Let M be an amply (weakly) Goldie-Rad-supplemented module
and M/K be any factor module of M . Let N/K 6 M/K. For L/K 6

M/K, let N/K + L/K = M/K. Then N + L = M . Since M is an amply
(weakly) Goldie-Rad-supplemented module, there exists a (weak) Goldie-
Rad-supplement S of N with S 6 L. By Lemma 2, (S +K)/K is a (weak)
Goldie-Rad-supplement of N/K in M/K. Since (S +K)/K 6 L/K, N/K
has ample (weak) Goldie-Rad-supplements in M/K. Thus M/K is amply
(weakly) Goldie-Rad-supplemented.

Corollary 1. Every direct summand of an amply (weakly) Goldie-Rad-
supplemented module is amply (weakly) Goldie-Rad-supplemented.

Proof. Let M be an amply (weakly) Goldie-Rad-supplemented module.
Since every direct summand of M is isomorphic to a factor module of
M , then by Proposition 2, every direct summand of M is amply (weakly)
Goldie-Rad-supplemented.

Corollary 2. Every homomorphic image of an amply (weakly) Goldie-
Rad-supplemented module is amply (weakly) Goldie-Rad-supplemented.

Proof. Let M be an amply (weakly) Goldie-Rad-supplemented module.
Since every homomorphic image of M is isomorphic to a factor module
of M , every homomorphic image of M is amply (weakly) Goldie-Rad-
supplemented by Proposition 2.

Let M be a module. Then M is called distributive if its lattice of
submodules is a distributive lattice, equivalently for submodules K, L, N
of M , N +(K∩L) = (N +K)∩(N +L) or N ∩(K+L) = (N ∩K)+(N ∩L).

Proposition 3. Every supplement submodule of a distributive amply
(weakly) Goldie-Rad-supplemented module is amply (weakly) Goldie-Rad-
supplemented.

Proof. Let M be an amply (weakly) Goldie-Rad-supplemented module
and S be any supplement submodule of M . Then there exists a submodule
N of M such that S is a supplement of N . Let L 6 S and L + S′ = S
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for S′ 6 S. Then N + L + S′ = M . Since M is amply (weakly) Goldie-
Rad-supplemented, N + L has a (weak) Goldie-Rad-supplement S′′ in M
with S′′ 6 S′.

In this case (N+L)+S′′ = M , ((N+L)∩S
′′

6 Rad(M)) (N+L)∩S
′′

6

Rad(S
′′

) and (N +L)β∗∗S
′′

. Since L+S′′ 6 S and S is a supplement of N
in M , L + S′′ = S. On the other hand, L ∩ S′′ 6 (N + L) ∩ S′′ 6 Rad(S

′′

).
Now, we show that Lβ∗∗S

′′

in S. By Lemma 1, S ∩ Rad(M) = Rad(S).
Therefore, since (N + L)β∗∗S

′′

,

L+S
′′

S
′′ = S∩(L+S

′′

)

S
′′ 6

S∩(N+L+S
′′

)

S
′′ 6

S∩(Rad(M)+S
′′

)

S
′′ = S

′′

+(S∩Rad(M))

S
′′

= S
′′

+Rad(S)

S
′′ ,

and since N ∩ S ≪ S, N + L + S
′′

6 Rad(M) + N + L,

L+S
′′

L
= S∩(L+S

′′

)
L

6
S∩(L+S

′′

+N))
L

6
S∩(Rad(M)+N+L)

L

= L+(S∩(Rad(M)+N))
L

6
L+Rad(S)

L
.

Hence S
′′

is a (weak) Goldie-Rad-supplement of L in S. Since S
′′

6 S
′

,
L has ample (weak) Goldie-Rad-supplements in S. Thus S is amply
(weakly) Goldie-Rad-supplemented.

A module M is said to be π-projective if, for every two submodules
N, L of M with L + N = M , there exists f ∈ End(M) with Imf 6 L
and Im(1 − f) 6 N (see, [6]).

Theorem 2. Let M be a distributive weakly Goldie-Rad-supplemented
and π-projective module. Then M is an amply weakly Goldie-Rad-supple-
mented module.

Proof. Let N 6 M and L + N = M for L 6 M . Since M is weakly
Goldie-Rad-supplemented, there exists a weak Goldie-Rad-supplement
S of N in M . Then S + N = M , S ∩ N 6 Rad(M) and Sβ∗∗N . Since
M is π-projective, there exists f ∈ End(M) such that f(M) 6 L and
(1 − f)(M) 6 N . Note that f(N) 6 N and (1 − f)(L) 6 L. Then

M = f(M) + (1 − f)(M) 6 f(S + N) + N = f(S) + N.

Let n ∈ N ∩ f(S). Then there exists s ∈ S with n = f(s). In this case
s − n = s − f(s) = (1 − f)(s) ∈ N and then s ∈ N . Hence s ∈ N ∩ S and
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N ∩ f(S) 6 f(N ∩ S). Since N ∩ S 6 Rad(M), f(N ∩ S) 6 f(Rad(M)).
Then

N ∩ f(S) 6 f(N ∩ S) 6 f(Rad(M)) 6 Rad(f(M)) 6 Rad(M)

Next we show that f(S)β∗∗N . Since Sβ∗∗N , S + N 6 Rad(M) + N and
S + N 6 Rad(M) + S. Hence

f(S) + N = M = S + N 6 Rad(M) + N,

and since S ∩ N 6 Rad(M),

f(S) + N = f(S) + (N ∩ M) = f(S) + (N ∩ (Rad(M) + S))
6 f(S) + Rad(M).

Hence f(S) is a weak Goldie-Rad-supplement of N in M . Since f(S) 6 L,
N has ample weak Goldie-Rad-supplements in M . Thus M is amply
weakly Goldie-Rad-supplemented.

Corollary 3. Every projective distributive weakly Goldie-Rad-supple-
mented module is an amply weakly Goldie-Rad-supplemented module.

Proof. Since every projective module is π-projective, every projective and
distributive weakly Goldie-Rad-supplemented module is an amply weakly
Goldie-Rad-supplemented module by Theorem 2.

Corollary 4. Let M =
n

⊕
i=1

Mi be a distributive module and M1, M2, · · · ,

Mn be projective modules. Then M =
n

⊕
i=1

Mi is amply weakly Goldie-Rad-

supplemented if and only if for every 1 6 i 6 n, Mi is amply weakly
Goldie-Rad-supplemented.

Proof. "=⇒" is clear from Corollary 1.
"⇐=" Since Mi is amply weakly Goldie-Rad-supplemented, Mi is weakly
Goldie-Rad-supplemented. Let U 6 M and Ui = Mi ∩ U . There exists
Si 6 Mi such that Siβ

∗∗Ui, Si+Ui = Mi, Si∩Ui 6 Rad(Mi) for i = 1, · · · n.
By [4, Proposition 2.5], Uβ∗∗(Σn

i=1Si). Moreover, U + (Σn
i=1Si) = M and

U∩(Σn
i=1Si)= Σn

i=1(Si∩Ui) 6 Σn
i=1Rad(Mi) 6 Rad(Σn

i=1Mi) = Rad(M).

This means that, (Σn
i=1Si) is a weak Goldie-Rad-supplement of U in M .

Hence M is weakly Goldie-Rad-supplemented. Since, for every 1 6 i 6 n,

Mi is projective, M =
n

⊕
i=1

Mi is also projective. Then M is amply weakly

Goldie-Rad-supplemented by Corollary 3.
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Proposition 4. Let M be an amply (weakly) Goldie-Rad-supplemented
module. If M satisfies DCC on (weak) Goldie-Rad-supplement submodules
and on small submodules, then M is Artinian.

Proof. Let M be an amply (weakly) Goldie-Rad-supplemented module
which satisfies DCC on (weak) Goldie-Rad-supplement submodules and
on small submodules. Then Rad(M) is Artinian by Theorem 1. It suffices
to show that M/Rad(M) is Artinian. Let N be any submodule of M
containing Rad(M). Then there exists a (weak) Goldie-Rad-supplement S
of N in M , i.e, M = N +S, N ∩S 6 Rad(S) 6 Rad(M) and Nβ∗∗S. Thus
M/Rad(M) = (N/Rad(M)) ⊕ ((S + Rad(M))/Rad(M)) and so every
submodule of M/Rad(M) is a direct summand. Therefore M/Rad(M) is
semisimple.

Now suppose that Rad(M) 6 N1 6 N2 6 N3 6 · · · is an ascending
chain of submodules of M . Because M is amply (weakly) Goldie-Rad-
supplemented, there exists a descending chain of submodules S1 > S2 >

S3 > · · · such that Si is a (weak) Goldie-Rad-supplement of Ni in M
for each i > 1. By hypothesis, there exists a positive integer t such that
St = St+1 = St+2 = · · · . Because M/Rad(M) = Ni/Rad(M) ⊕ (Si +
Rad(M))/Rad(M) for all i > t, it follows that Nt = Nt+1 = · · · . Thus
M/Rad(M) is Noetherian and since M/Rad(M) is semisimple, by [6, 31.3]
M/Rad(M) is Artinian, as desired.

Corollary 5. Let M be a finitely generated amply (weakly) Goldie-Rad-
supplemented module. If M satisfies DCC on small submodules, then M
is Artinian.

Proof. Since M/Rad(M) is semisimple and M is finitely generated, then
by [6, 31.3] M/Rad(M) is Artinian. Now that M satisfies DCC on small
submodules, Rad(M) is Artinian by Theorem 1. Thus M is Artinian.

Corollary 6. Let M be a radical module (Rad(M)=M). Then M is
Artinian if and only if M is an amply (weakly) Goldie-Rad-supplemented
module and satisfies DCC on (weak) Goldie-Rad-supplement submodules
and on small submodules.

Proof. "⇐=" is clear by Proposition 4.
"=⇒" It suffices to prove that M is amply (weakly) Goldie-Rad-supple-
mented. It is well known that a module M is Artinian if and only if
M is an amply supplemented module and satisfies DCC on supplement
submodules and on small submodules. Since an amply supplemented
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module is amply Rad-supplemented and for every submodules N , S of M ,
Nβ∗∗S, M is amply (weakly) Goldie-Rad-supplemented, as desired.

References

[1] I. Al-Khazzi and P.F. Smith, Modules with Chain Conditions on Superfluous

Submodules, Comm. Algebra, N.19, 1991, pp. 2331-2351.

[2] G. F. Birkenmeier, F. Takıl Mutlu, C. Nebiyev, N. Sokmez and A. Tercan, Goldie*-

Supplemented Modules, Glasgow Math. J., N.52A, 2010, pp. 41-52.

[3] S. H. Mohamed and B. J. Muller, Continuous and discrete modules, London Math-
ematical Society Lecture Note Series, 147, Cambridge University Press, Cambridge,
1990.

[4] Y. Talebi, A. R. M. Hamzekolaee and A. Tercan, Goldie-Rad-Supplemented Modules,
An. Ştiint. Univ. "Ovidius" Constanta Ser. Mat., N.22(3), 2014, pp. 205-218.

[5] Y. Wang and N. Ding, Generalized Supplemented Modules, Taiwanese J. Math.,
N.10(6) , 2006, pp. 1589-1601.

[6] R. Wisbauer, Foundations of Module and Ring Theory, Gordon and Breach, Philadel-
phia, 1991.

Contact information

F. Takıl Mutlu Department of Mathematics,
Anadolu University,
26470, Eskişehir, Turkey
E-Mail(s): figent@anadolu.edu.tr

Received by the editors: 26.09.2015
and in final form 24.02.2016.


