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Abstract. The article presents the basic principles of
a differential harmonic method for the numerical
calculation of transient and steady-state periodic
processes in nonlinear electric circuits and devices with
vibrations caused by periodic external forces. There is
the diagram of conversion of differential equations,
describing electric circuits and devices and operating
with their instant variables, to differential equations
operating with the harmonic amplitude vectors, given in
the article. It is shown how to obtain the amplitude
values of the vectors of harmonics in periodic steady-
state processes and their dependences on the time in
transients by numerical methods.
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1. Introduction

For the first time the differential harmonic method
(DHM) was systematically laid out by the author of this
article back in 1984 in the monograph [1]. The method
principles were outlined there, as well as the application
of the method to the numerical simulation of periodic
processes in a variety of nonlinear electric circuits and
devices with periodic external forces causing vibrations
was examined. Subsequently, the DHM was improved
and its comprehensive description was presented in the
monographs [2, 3] (note that [3] is available in the form
of an electronic resource). In recent years, studies were
conducted on the applicability of this method for the
numerical simulation of transients in nonlinear electric
circuits and devices [4, 5].

The purpose of this article is to present the DHM as
a method of numerical simulation processes (transient
and steady-state periodic ones) in nonlinear electric
circuits and devices of the most common items.

2. Presentation of the method essence

The essence of the DHM is that only one type of the
replacement of variables in solving differential equations
describing processes in nonlinear objects is to be used. If
the object is under the influence of an external periodic
force causing variations of an instantaneous variable X
with frequency @, this replacement has the form

x=X, +Zn:(Xcv cos v t+ X sinver), (1)

v=1
In this case, instead of one variable X , new variables
Xor X, X,

consideration. They are constant in the periodic steady
process and are functions of time in transient one. This
replacement of variables leads, as shown in [3], to
transforming the differential equation with variable X to

(v=l..,n) are taken into
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the system of differential equations with variables

Xy, X,,.X,, (v=L..,n) according to the scheme
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In [2, 3] vector X ¢ Wwas named a simple vector of
amplitudes.

If the simulated process has two or more

instantaneous variables (let Xy Xgyunns xm) and if they

are presented as a vector variable
x=colon(x,,x2,...,xm), (%)

then the above-mentioned replacement of variables leads
to the following transformation

— et X dX* * 5k
x=Xg; ﬂ: “+wD Xg;
dt dt
D" =diag(D,...,D); (6)

X, =colon()?lG,X2G’...,XmG).

In [2, 3] vector X :; is called a composite vector of

amplitudes.



Process Modeling in Nonlinear Electric Circuits and Devices Using the Differential... 21

Let the differential equation that relates to the
instantaneous variables of the process in the electric
circuit or device be on the form

dy _ .
—~ +7=¢, 7
- (7
where
}:colon(yl,yz,---,ym);
cholon(zl,zz,---,zm)Q ®)

é=colon(e,e,,....e,);

>Y'm

Vis eees Vs Z15---»Z, are instantaneous variables;

e, ..., e, areexternal periodic forces.

After replacing all the instantaneous variables in the
formula (1), equation (7) considering (6) takes the form
dY* * ok et =k
7G+a)D Y. +Z;=Eg, ©)

t

where

Ygzcolon(ﬁc,fzc,...jc);
Z;, = colon (ZIG,ZZG,...,Z,”G); (10)

E,, = colon (EIG, EygronE, o )

Let us illustrate the above-mentioned change of
variables and transformations of differential equations
with instantaneous variables to differential equations
with amplitudes of harmonics appearing in R-L-C circuit
with a nonlinear resistance, nonlinear inductance and
nonlinear capacitor connecting in series, as well as
electromotive force, which is a periodic function of time.
The behavior of the instantaneous variables (current i,

flux linkage inductance V', voltage #, and charge g of

the capacitor, voltage %, on active resistance) is
described by a system of two differential equations

—lP+ur +u, =E, sin(a)t+a);@—i= 0, (11)
dt dt
where
Y=Y, u =u/(), qg=q(,) (12ab,c)

are non-linear dependences of the flux inductor on
current; of the voltage on the active resistance on
current; of the capacitor charge on its voltage,
respectively.

If the system (11) is represented as a vector
differential equation (7), we obtain formulae

¥ u, +u, E, sin(ot+a)

0

;€ ,» (13)

5 2= .
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where independent variables I and u, form a vector

fzcolon(i, ué). (14)

In this case equation (7) after replacing the variables
is transformed to equation (9), in which

Y =colon(‘i’G,QG); (15)
Z;, =colon(l7rc +l7éG,—fG); (16)
E,, =colon(EG,O), (17)

and its independent variable is a drawn vector of
amplitudes of the form (10)

F, =colon(fc,ljéc), (18)

formed from the vector of the amplitudes of current and
voltage harmonics of the capacitor. In (15) - (17) the
vector of flux amplitudes

¥, =colon(¥y, ¥, ¥, s Vo, Py,) (19)
and the vector of voltage on the active resistance
UrG = colon (UrO ’Urcl > Ursl LR Urcn > Ursn ) (20)
are nonlinear functions
VYo=YsUs); Q1)
U =U,(g) 22)
of the vector of current amplitudes
I; =colon(Iy, 10,1, 1, 1,,). (23)
The vector of amplitudes of capacitor charge
QG ZCOZOH(QODQCI’QSI’”" an’ an) (24)
is the nonlinear function
QG = QG (UéG ) (25)

of the vector of capacitor voltage amplitudes

écl>~ ésloe

U, =colon(U,y,U, 1 ,Usy s Uy Uy ). (26)

Entries (21), (22), and (25) imply that non-linear
relationships between instantaneous variables (12) lead
to the fact that each of the amplitudes of the harmonics
of any dependent variable is a function of the amplitudes
of all harmonics of all orders of the respective
independent variable .

Algorithms for calculating the values of the
amplitudes of the vectors (19) and (20) by the value of
the vector of amplitudes (23) and for calculating the
value of the vector of amplitudes (24) by value of the
vector of amplitudes (26) using the dependence (12) are
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given in [3]. There is also the software implementation
of this algorithm in the form of procedures written in
FORTRA there.

3. Transients
In order to determine changes in the transients the

values of the vectors of amplitudes of harmonics /; of

the current and U ¢ of the capacitor voltage using one

of the numerical methods, let’s solve the equation (9)
with respect to the composite vector of amplitudes (18):

et

dFG * _1 et 3 * ook et 3
7_(SYG) (Ec-oD'Yi-Z), @7
where
Loodr,

Sye = d]*:G* = dzag(LG, CG) (28)
is a composed matrix of differential harmonic
parameters;

dy

Ly =229, (29)
dl;
d0;

Co = dUéG (30)

are matrices of differential harmonic inductances and
differential harmonic capacitances, respectively. These matri-

ces are functions of vectors of amplitudes 7, ¢ and Uy,

Lg :LG(iG); Cs ZCG(UéG)~ 3D

The values of the matrices L; and C, can be

calculated using algorithms and computer procedures
given in [3]. Along with their use, the differential
parameter dependencies should be used

_dv
di

° =1°3i);c° = 49 _ (u,), (32)
du,

the differential inductance and differential capacitance,
respectively, obtained by differentiating (analytical or
numerical) dependencies (12 a, c).

At the each step of numerical integration of the
differential equation (27) with the known value of the

et )
composite vector of amplitudes F using procedures

given in [3], the values of the composite vectors of
. Tk = % . *
amplitudes Y, andZ, value of the matrix Sy, are
computed and actions are conducted, which are
contained in the right side of equation (27).
The usage of the DHM for the numerical calculation
of transients in nonlinear electric circuits and devices is

advisable, of course, only in cases when it has significant
advantages over other methods. Attention is drawn to
some of these benefits [4, 5], in particular, there is a
possibility to significantly increase the integration step,
since the intensity of harmonic amplitude changes over
time is much lower than the intensity of changes of
instantaneous variables of the process.

4. Periodic processes
The periodic process of an electric circuit or device
can be obtained as the end of the transient. It is necessary
to carry out the numerical integration of equation (9)
over the period of the periodic external force until the
extinction of aperiodic components. Determination
accuracy of the initial data, as well as accumulated errors
of the numerical integration will have influence on the
accuracy of the periodic process defined in such a way.
The need to model the entire transition process for
opbtaining periodic process may be proper when you
consider that in the periodic process the amplitudes of
harmonics are constant in time, and then in equation (9)
ok
v,
dt
is transformed into a finite equation

oD'T+ 7 —E, =0,

=(0. With this in view, the differential equation (9)

(33)

whose solution is the value of the composite vector of
amplitudes (18). It gives the approximation of the
periodic process, in which the instantaneous variables
are determined by the formula (1).

To solve the finite equation (33), any of the known
numerical methods can be applied, in particular —
Newton’s iterative method [6]. Using this method, the
refinement of the solution to equation (33) in the j

iteration is performed according to the formula

~1 75
v~ I/V(j)]—[(j)’

FG(j+1) =F; (34)

where

H, =woDY;+Z;-E, (35)

is the value of the residual vector of equation (33) with
B F

G(j)>

/4

Ly =®D Sy + S5, (36)

is the value of the Jacobi matrix of the left side of the
equation (33) in the j iteration when ﬁg = ﬁg( s
S} is the matrix (28) with Fg = ﬁg(j) ;

. dZy
2G(j) — dE" -
G

R, E

2 ; 37
e (37)
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E isan identity matrix;

R;=—= (38)

is the matrix of harmonic differential resistance, which
can be calculated using algorithms and computer
procedures provided in [3], together with the use of
dependency of differential resistance on the current i

=M ),
di
obtained by the differentiation of the dependency (12b).

The application of Newton’s method for calculating
periodic processes in nonlinear electric circuits and
devices on the basis of the DHM is detailed in [2, 3].

The examples of numerical modeling using the DHM
of periodic processes in complex electric circuits and
devices (in particular, different kinds of electric
machines) are presented in [1 - 3], where the bibliography
of journal articles on this topic can be found.

(39

5. Conclusion

1. Researchers who model the transient and periodic
processes in nonlinear electric circuits and devices are
invited to note the differential harmonic method (DHM),
tested while many problems in this area being solved.

2. The package of procedures developed for the
DHM (written in FORTRAN), which implements all the
operations of the method and is free to use, is shown in [3].

3. The procedures for implementing the DHM
operations can be performed with the use of the
MATLAB software package, which includes special
interfaces. It provides the access to subprograms written
in other programming languages, including FORTRAN.

4. MATLAB software developers are recommended
to consider the procedures implementing the DHM
operations and shown in [3] in terms of their inclusion to
the MATLAB package.
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MOJEJIOBAHHSA ITPOLIECIB
Y HEJITHIMHUX EJIJEKTPHUYHUX KOJIAX
I ITPUCTPOSAX
3 BAKOPUCTAHHSIM JJAU®EPEHIIMHOI'O
TF'APMOHIYHOI'O METOY

JleB I'nyxiBebkmit

BuknameHo OCHOBHI 3acaau JUGEpPEHIIHHOTO TapMo-
HIYHOTO METOIY Ui YHCEIBHOTO PO3pPaxXyHKy MepexXimHuX i
yCTalleHUX MepioIUYHNX MPOLECIB y HENIHIHHUX eIeKTPUIHUX
KOJIaX 1 MPUCTPOSIX, sIKI MICTATH 30BHILIHI MEPIOJUYHI CHIIH,
II0 3yMOBIIOIOTh KOoNMMBaHHS. HaBeneHO cxeMy MepeTBOpeHHS
nudepeHianbHUX PiBHSHD, SIKi ONUCYIOTh €JIEKTPHYHI KoJa i

opucTpoi 1 omepywTh iX MHTTEBUMH 3MiHHHUMH, IO
nudepeHLianbHUX — piBHSHb, SIKi  ONEPYIOTh  BEKTOPaMH
ammuitTyn rapmoHik. [lokazaHo  cmocoOM — OTpUMAaHHS

YHCETBHUMH METO/IaM{ 3HaueHb BEKTOPIB aMILTITY/ TapMOHIK
B YCTAJCHHX MEPIOAUYHHMX MpoIecax i iX 3aleXHOCTeH Bin
4acy y mepexiJHuX mporecax.
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