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CONTINUOUS LINEAR MODEL OF INTERNATIONAL TRADE

Abstract. The continuous linear model of international trade is built. It is based on the theory
of probability processes — namely Markov chains. The model allows for the analysis of the continuous
fluxes of goods and funds between trade partners, provided that the rules of the trade agreement are
defined. Therefore, the model can improve the process of planning trade relations and also helps to
control their effective implementation. The results of the model coincide with the results of the
discrete model at the moments of time proportional to the step of the discrete model.

Keywords: Markov chains , z- transform , linear differential equations , Laplace transforms.

Formulas: 23; fig.: 0; tabl. 0; bibl.:23

JEL Classification: F 10, F 17, F 29, F 47

Ky3nuuenko B. M.

K.¢h.-M.H., Ooyenm, Xapkiecokuil iHcmumym (iHancie YKpaiHcbKkoeo 0epicagroco
VHIgepcumemy Qinancie ma midxcHapooHoi mopeieni, Ykpaina,

e-mail: kyznichenko_v_m@mail.ru

BEE3MNEPEPBHA NIHINHA MOAENb MDKHAPOOHOI TOPIIBNI

Anotauisi. [lobynoBana GesmepepBHa JiHiMHA MOAENb MDKHApOAHOI TOpriBii. B i ocHOBI
JIOKUTH TEOpis IMOBIpHICHUX MpoleciB - naHIioris Mapkoa. Mogenb J03BOJNSIE MPOCTEKUTH TPH
3aJaHMX TpaBUJIaxX JOTOBIPHMX BiJHOCHH O€3MepepBHO B 4aci TOBapHO - TPOLIOBI MOTOKHA MiX
y4acHHKaMH JA0roBopy . lle mae MOXIMBICTD TONIMIIMTH IUIAHYBaHHS JIOTOBIPHUX BIJHOCHH i
3a0€3MEeYNTH KOHTPOJIb 3a iX BUKOHAHHAM. Pe3ynbTatu oTpuManoi MoJieli 30iratoTbes 3 pe3yabTaTaMu
JUCKPETHOT MOJIeNli B MOMEHTH 4acy, KpaTHI KPOKY OCTaHHbBOI.
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HEMPEPbIBHASAl TMHEUHASA MOOENb MEXOYHAPOOHOW TOPIrOBIU
AnnoTtanus. [ToctpoeHa HenpepbIBHAsA TUHENHHAs MOJAENb MEXIyHapOJHOM TOproeiu. B eé
OCHOBE JIEXHT TEOPUs BEPOSITHOCTHBIX ITPOLIECCOB — Lieneil MapkoBa. Mozens Mo3BosSeT NpocIeuTh
MpU 33J@aHHBIX IpPaBHJIAaX JOTOBOPHBIX OTHOLIEHWH HENpPEPBIBHO BO BPEMEHH TOBapHO-ICHEKHBIC
MOTOKM MEXKJIYy Y4YacTHMKaMH JOroBopa. OTO Jaér BO3MOXHOCTh VYIYUYLINTH IIJIAHUPOBAHUE
JOTOBOPHBIX OTHOLICHHWH W 00ECHEYNTh KOHTPOJb 332 WX BBHINOMHEHHWEM. Pe3ynbTaThl MONMydeHHOM
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MOJIETI COBNAAAIOT C pe3ylbTaTaMH IHCKPETHOW MOJETM B MOMEHTHI BPEMEHH, KpaTHBIE ILIary
MoCTIeIHEN.
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ypaBHeHus1, mpeodpazoBanue Jlammaca.
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Preamble. In this time of globalization, international trade plays a big role in the
foreign economic policy of nations. Specialists predict that within the next ten years,
globalization will yield a greater increase in international trade than in GDP. The creation of
transnational companies, euro regions, the increase in number of regional unifications and
international cooperation are just a few examples of the many economic processes that are
intensely developing as a result of international economic integration and that are changing
the composition of world trade [1,2]. Therefore, the development and study of models of
international trade has become more important than ever.

Many Ukrainian scientists such as O. I'. benopyc [3,4], A. C. lanpuunckuii [5],
J. I'. Jlykpsuenko [3,6], FO. B. Makoron [7,8], A. C. ®umunenko [9,10], taking into account
the importance of international trade to the development of the global economy, have studied
the current state and likely development characteristics of international trade of many
countries, including Ukraine. The studies over the last few years have shown an increase in
world trade following the economic crisis, a continued rise of transnational companies and
regional unifications, as well as the necessity for Ukraine to have diverse international trade
[1,11-14]. Serious attention is paid to the external trade safety of Ukraine, which must provide
an effective realization of advantages as well as an increase in export potential and a
rationalization of import structure [15,16].

A small number of articles on models of international trade suggest logistical
infrastructures of international trade [17], linear models of international trade that use a
probability-based approach — Markov chains [18-20]. However, these models describe
discrete trade processes.

Formulation of the problem. The goal of the present article is the creation of a linear
model of international trade based on the Markov chains. With the help of this model, it will
be possible to analyse and plan, in a continuous fashion, the fluxes of goods and funds
between trade partners.

Results of analysis. The discrete model of international trade that describes the
exchange of goods and funds between trade partners uses the ergodic matrix L [21]. The
process of transition from one state to another in this process is described by the following
equation:

p(n)=p(O)L", n=012,.. 1)

In order to achieve the goals set above, we will built a Markov process with
continuous time [21], which in moments of time proportional to the discrete time step will
have the same probability sets as the discrete model.

If we assume that the transitions from one state to another occur over random intervals
of time, then these transitions can be described by Markov processes with continuous time. In
this case, the parameters of the process are intensities — not transition probabilities. Let’s use
the symbol a; to denote the intensity of the transition from the state i to the state j, assuming
thati = j. The values a; are defined in the following way: over an infinitely small period of
timedt the process in the statei will perform a transition to the state j with the
probabilitya;dt (i = j). The probability of two or more transitions during the time dt is

considered to be infinitely small whendt — 0. We will assume that the intensities a; don’t
depend on time.
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We can now describe the continuous-time Markov process with the transition intensity
matrix A with the componentsa. , whose diagonal elements are obtained with the help of

ij !
additional conditions.
The probability that the system is in the state i at the moment t is called the state
probability p, (t) , by analogy with p,(n). The state probabilities at (t+dt) can be correlated

with the state probabilities at t with the help of the following equations:

p;(t+dt)= pj(t)[l_za‘jidt]+zaij p; (t)dt i=LN (2)
i#] i#]
Let’s define the diagonal elements of the matrix A with the following formula:
a; =-) a ©)

i#]
then the equation (2), after using (3), takes on the following form:
p;(t+dt)=p;(t)[1+a;dt]+ > p;(t)a;dt

i#]

or
N
p;(t+dt)—p;(t) = p;(t)aydt 4)
i=1
Dividing both sides of the last equation by dt and taking the limitdt — 0, we obtain
N —
p;(®) = Z p; (t)a; i=1N (5)
i=1

The equations (5) are a system of linear differential equations with constant
coefficients. They relate the state probabilities with the intensity matrix A. In order to solve it,

we need to know the initial conditions p; (0) .
In matrix form, the equations (5) have the following form:

d — —
at p() = p(MA, (6)

here, p(t) is the probability vector at the moment t. The elements of the intensity matrix A

define the intensity of transitions from state to state, while the diagonal elements are defined
by (3). Therefore, the sum of all elements in each line of A is equal to zero. These matrices
are called “differential matrices”.

Let’s apply the Laplace transform (E(t) <> P(s))[21] to equation (6):
sP(s) - p(0) = P(s)A
or B
P(s)(sl - A) = p(0), (7)
where

P(s) = [ p(De "t

and | is a unit matrix. From (7), we obtain the following:
P(s) = p(O)(sl -A)" (8)
The matrix (sl —A)™ fully describes the behaviour of Markov processes with continuous
time.
It is known that the solution of the system (6) with the initial conditions E(O) has the
following form:

p(t) = p(0)e™, (9)
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where the matrix function e” must be understood as a power series
t2

2

3
| +tA+— A’ WL%A3 +o,
that converges to e™.
Recall that (1) describes discrete processes. When t = n, we obtain the following equality:
e =L, A=InL (10)

The transformation of matrix functions into polynomials is done with the help of the
Cayley-Hamilton theorem, and it is described in detail in [22,23].

As an example, let’s show the method of construction of a continuous linear model of
international trade, for which the stochastic ergodic probability matrix has the following form:

(11)

NP RPN
AP lwns|F
NP

Applying the z-transformation [21] to the equation (1), we find the analytical form of
the solution of the discrete problem:

1 1 1 1 1 1
= = = = = = 1 1
4 2 4 |4 2 4 . E 0 _E
— — 1 1 1 1 1 1 1 1
N=pO[= = =|+/=||-= = -=|+|=|| 0 0 © 12
p(n) p()[4 > 2 [J 1 2 2 [4] ) 0 (12)
1 1 1 1 1 1 -— 0 =
- == - = = 2 2
4 2 2 4 2 4

Let’s build the continuous model of this problem. To do this, let’s find the matrix A.
We look for the characteristic polynomial of the matrix L:

Lot 1
2 4 4
1 3 1 1. 1
A= -2 -2 —Z|=2-)A-DA-= 13
(A= -3 2 g ADA—A-) (13)
Lt
4 4 2

All of the roots of the characteristic polynomial are simple. Because of this, the
characteristic polynomial coincides with the minimal polynomial y (1) = A, (4). The spectre

of the matrix L will be writtenas A | , and it is equal to the following:

4 2

The function f(4) =In(A)is defined on the spectrum of the matrix L.

If the function f(A) is defined on the spectrum of the matrix and g(A) is any
polynomial that coincides with f(A) on the spectrum of the matrix L (as in,
f(A.)=9(A.)), then by definition

f(L)=g(L) (14)
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This polynomial can be obtained in several ways. In our case, the lowest-order
polynomial g(A) defined on the spectrum of the matrix L, will have the following form:

g(A) =aA® +bA+c.
Let’s compose the system of linear algebraic equations and obtain its solution:

g)=f@=0=a+b+c

EIN NS N | (15)
g(lz)_f(lz)_ln(lz)_ifa+21b+c
=f(E)=In(=)=—a+=b
9(4) (4) n(4) At bre
a= 8/3*In(1/2), b = -6*In(1/2), ¢ = 10/3*In(1/2).
In this case, the matrix A is equal to the following:
51 3
g 0 4 2 4
1 1 1 1 1
A=In(L)=CL-6L+—N)In(Z)=In2) = -= = (16)
()(3 3)(2) ()4 > 2
3 1 5
4 2 4
Let’s obtain the matrix sl-A:
s+§ln2 —lan —§In2
4 2 4
si—A=| —tm2 s+imz —Linz (17)
4 2 4
—§In2 —lan s+§ln2
4 2 4
Its inverse matrix is equal to the following:
s,2+zsln2+1(ln2)2 1sln2+(|n2)2 §sln2+1(ln2)2
4 2 2 4 2
s(s+In2)(s+2In2) s(s+In2)(s+2In2) s(s+In2)(s+2In2)
Lom2+ian2? 24252422 Ssh2+i(n2)?
(s1-A)t=| 2 2 42 . (18)
s(s+In2)(s+2In2) s(s+In2)(s+2In2) s(s+In2)(s+2In2)
3sin2+ L (n2)? Lon2+an2? 24 sn2+ t(n2)?
4 2 2 4 2
s(s+In2)(s+2In2) s(s+In2)(s+2In2) s(s+In2)(s+2In2)
Simplifying it, we obtain
111 111 1 1
4 2 4 4 2 4 5 0 -3
WYY S O U SO S N R N B SP  B O
s|4 2 4| (s+In2)] 4 2 4| (s+2In2)| 1 1
1 11 1 1 1 -— 0 =
- = = - -= = 2 2
4 2 4 4 2 4

Let’s assume that the matrix H(t) 1is the inverse transformation of the
matrix (sl —A)™. Then, the inverse transformation transforms the equation (8) into

Pty = pOH () (20)
using the Laplace transform, we obtain
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111 111 1 1
4 2 4 4 2 4 5 03
B(t):B(O)[% % %_*_e—tlnz _% % _% +e—21|n2 01 0 2 ] (21)
111 1011 -5 0 5
4 2 4 4 2 4
comparing (9) with (21), we see that H (t)
111 111 1 1
4 2 4 4 2 4 5 0 -3
111 11 1 0 3
4 2 4 4 2 4
When t = n, we obtain the following:
1 11 1 1 1
- - = - = = 1
4 2 4 4 2 4 5 0 ——
H(n): 1 1 1 +e‘”|”2 _1 1 _1 —2n|n2 0 0 0 _
4 2 4 4 2 4 1
111 111 0 3
4 2 4 4 2 4
111 111 1 1
4 2 4 |4 2 4 | 3 0 D)
|11 +[£) . +[1j 0 0 0| (23)
4 2 4 2 4 2 4 4 1 1
111 111 -5 93
4 2 2 4 2 4

Therefore, the expression (12) coincides with (22) when t =n.

Conclusions. The deficit-less linear model of international trade was built and shown. It
allows us to analyse and plan, in a continuous fashion, the fluxes of goods and funds between
trade partners. The method of derivation of the model is shown. The model gives the same
prognosis as the discrete model at the moments of time proportional to the time step of the
discrete model. The continuous model improves the effectiveness of planning and the quality of
control in the trade process. It does so continuously, from the start of the trade process to its end.
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