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CONTINUOUS LINEAR MODEL OF INTERNATIONAL TRADE 
Abstract. The continuous linear model of international trade is built. It is based on the theory 

of probability processes – namely Markov chains. The model allows for the analysis of the continuous 
fluxes of goods and funds between trade partners, provided that the rules of the trade agreement are 
defined. Therefore, the model can improve the process of planning trade relations and also helps to 
control their effective implementation. The results of the model coincide with the results of the 
discrete model at the moments of time proportional to the step of the discrete model. 
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БЕЗПЕРЕРВНА ЛІНІЙНА МОДЕЛЬ МІЖНАРОДНОЇ ТОРГІВЛІ 

Анотація. Побудована безперервна лінійна модель міжнародної торгівлі. В її основі 
лежить теорія імовірнісних процесів - ланцюгів Маркова. Модель дозволяє простежити при 
заданих правилах договірних відносин безперервно в часі товарно -  грошові потоки між 
учасниками договору . Це дає можливість поліпшити планування договірних відносин і 
забезпечити контроль за їх виконанням. Результати отриманої моделі збігаються з результатами 
дискретної моделі в моменти часу, кратні кроку останньої. 

Ключові слова: ланцюги Маркова , z -перетворення , лінійні диференціальні рівняння , 
перетворення Лапласа. 
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НЕПРЕРЫВНАЯ ЛИНЕЙНАЯ МОДЕЛЬ МЕЖДУНАРОДНОЙ ТОРГОВЛИ 

Аннотация. Построена непрерывная линейная модель международной торговли. В её 
основе лежит теория вероятностных процессов - цепей Маркова. Модель позволяет проследить 
при заданных правилах договорных отношений непрерывно во времени товарно-денежные 
потоки между участниками договора. Это даёт возможность улучшить планирование 
договорных отношений и обеспечить контроль за их выполнением. Результаты полученной 
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модели совпадают с результатами дискретной модели в моменты времени,  кратные шагу 
последней. 

Ключевые слова: цепи Маркова, z-преобразование, линейные дифференциальные 
уравнения, преобразование Лапласа. 

Формул: 23; рис.: 0; табл.: 0, бібл.: 23 
 
Preamble. In this time of globalization, international trade plays a big role in the 

foreign economic policy of nations. Specialists predict that within the next ten years, 
globalization will yield a greater increase in international trade than in GDP. The creation of 
transnational companies, euro regions, the increase in number of regional unifications and 
international  cooperation  are  just  a  few  examples  of  the  many  economic  processes  that  are  
intensely developing as a result of international economic integration and that are changing 
the  composition  of  world  trade  [1,2].  Therefore,  the  development  and  study  of  models  of  
international trade has become more important than ever. 

Many  Ukrainian  scientists  such  as  О.  Г.  Белорус [3,4],  А.  С.  Гальчинский [5],  
Д. Г. Лукъяненко [3,6], Ю. В. Макогон [7,8], А. С. Филипенко [9,10], taking into account 
the importance of international trade to the development of the global economy, have studied 
the current state and likely development characteristics of international trade of many 
countries, including Ukraine. The studies over the last few years have shown an increase in 
world trade following the economic crisis, a continued rise of transnational companies and 
regional unifications, as well as the necessity for Ukraine to have diverse international trade 
[1,11-14]. Serious attention is paid to the external trade safety of Ukraine, which must provide 
an effective realization of advantages as well as an increase in export potential and a 
rationalization of import structure [15,16].  

A small number of articles on models of international trade suggest logistical 
infrastructures of international trade [17], linear models of international trade that use a 
probability-based approach – Markov chains [18-20]. However, these models describe 
discrete trade processes.  

Formulation of the problem. The goal of the present article is the creation of a linear 
model of international trade based on the Markov chains. With the help of this model, it will 
be possible to analyse and plan, in a continuous fashion, the fluxes of goods and funds 
between trade partners. 

Results of analysis. The discrete model of international trade that describes the 
exchange of goods and funds between trade partners uses the ergodic matrix L [21]. The 
process of transition from one state to another in this process is described by the following 
equation: 

,...2,1,0,)0()( == nLpnp n
                                         (1) 

In  order  to  achieve  the  goals  set  above,  we  will  built  a  Markov  process  with  
continuous  time  [21],  which  in  moments  of  time  proportional  to  the  discrete  time  step  will  
have the same probability sets as the discrete model. 

If we assume that the transitions from one state to another occur over random intervals 
of time, then these transitions can be described by Markov processes with continuous time. In 
this case, the parameters of the process are intensities – not transition probabilities. Let’s use 
the symbol ija to denote the intensity of the transition from the state i  to the state j , assuming 
that ji ¹ . The values ija  are defined in the following way: over an infinitely small period of 
time dt  the process in the state i  will  perform  a  transition  to  the  state  j  with the 
probability )( jidtaij ¹ .  The  probability  of  two or  more  transitions  during  the  time dt  is 
considered to be infinitely small when 0®dt . We will assume that the intensities ija don’t 
depend on time.  
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We can now describe the continuous-time Markov process with the transition intensity 
matrix А with the components ija , whose diagonal elements are obtained with the help of 
additional conditions. 

The  probability  that  the  system  is  in  the  state  i  at the moment t  is called the state 
probability )(tpi , by analogy with )(npi . The state probabilities at )( dtt +  can be correlated 
with the state probabilities at t  with the help of the following equations: 
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                            (2) 

Let’s define the diagonal elements of the matrix А with the following formula: 
å
¹

-=
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ijjj aa                                                                    (3) 

then the equation (2), after using (3), takes on the following form: 
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Dividing both sides of the last equation by dt and taking the limit 0®dt , we obtain 

å
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' ,1)()(                                                 (5) 

The equations (5) are a system of linear differential equations with constant 
coefficients. They relate the state probabilities with the intensity matrix А. In order to solve it, 
we need to know the initial conditions )0(ip . 

In matrix form, the equations (5) have the following form: 

Atptp
dt
d )()( =  ,                                                        (6) 

here, )(tp  is the probability vector at the moment t . The elements of the intensity matrix А 
define the intensity of transitions from state to state, while the diagonal elements are defined 
by (3). Therefore, the sum of all elements in each line of A is equal to zero. These matrices 
are called “differential matrices”. 
Let’s apply the Laplace transform ]21))[()(( sPtp «  to equation (6):  

AsPpssP )()0()( =-  
or 

),0())(( pAsIsP =-                                                      (7) 
where  

ò
¥

-=
0

,)()( dtetpsP st  

and I is a unit matrix. From (7), we obtain the following: 
1))(0()( --= AsIpsP                                                    (8) 

The matrix 1)( -- AsI  fully describes the behaviour of Markov processes with continuous 
time. 

It is known that the solution of the system (6) with the initial conditions )0(p has the 
following form: 

,)0()( Ateptp =                                                           (9) 
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where the matrix function Ate must be understood as a power series 

...
!3!2

3
3

2
2

++++ AtAttAI ,       

that converges to Ate .  
Recall that (1) describes discrete processes. When nt = , we obtain the following equality: 

Le A = , LA ln=                                                          (10) 
The transformation of matrix functions into polynomials is done with the help of the 

Cayley-Hamilton theorem, and it is described in detail in [22,23].  
As an example, let’s show the method of construction of a continuous linear model of 

international trade, for which the stochastic ergodic probability matrix has the following form: 

÷
÷
÷
÷
÷
÷

ø

ö

ç
ç
ç
ç
ç
ç

è

æ

=

2
1

4
1

4
1

8
1

4
3

8
1

4
1

4
1

2
1

L                                                      (11) 

Applying the z-transformation [21] to the equation (1), we find the analytical form of 
the solution of the discrete problem: 
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Let’s build the continuous model of this problem. To do this, let’s find the matrix А. 
We look for the characteristic polynomial of the matrix :L  
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All  of  the  roots  of  the  characteristic  polynomial  are  simple.  Because  of  this,  the  
characteristic polynomial coincides with the minimal polynomial ).()( lly LD=   The spectre 
of the matrix L will be written as LL , and it is equal to the following: 
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The function )ln()( ll =f is defined on the spectrum of the matrix L . 
If the function )(lf  is defined on the spectrum of the matrix and )(lg  is  any  

polynomial that coincides with )(lf  on  the  spectrum  of  the  matrix  L  (as in, 
)()( LL gf L=L ), then by definition 

 
)()( LgLf =                                                       (14) 
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This polynomial can be obtained in several ways. In our case, the lowest-order 
polynomial )(lg  defined on the spectrum of the matrix L , will have the following form:  

.)( 2 cbag ++= lll  
 Let’s compose the system of linear algebraic equations and obtain its solution:            
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a= 8/3*ln(1/2), b = -6*ln(1/2), c = 10/3*ln(1/2). 
In this case, the matrix A is equal to the following: 
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Let’s obtain the matrix sI-A: 

÷
÷
÷
÷
÷
÷

ø

ö

ç
ç
ç
ç
ç
ç

è

æ

+--

-+-

--+

=-

2ln
4
52ln

2
12ln

4
3

2ln
4
12ln

2
12ln

4
1

2ln
4
32ln

2
12ln

4
5

s

s

s

AsI                                      (17)

 
Its inverse matrix is equal to the following: 
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Simplifying it, we obtain 
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Let’s assume that the matrix )(tH  is the inverse transformation of the 
matrix 1)( -- AsI . Then, the inverse transformation transforms the equation (8) into 

)()0()( tHptp =                                                      (20) 
using the Laplace transform, we obtain 
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comparing (9) with (21), we see that )(tH  
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When nt = , we obtain the following: 
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Therefore, the expression (12) coincides with (22) when nt = . 
Conclusions. The deficit-less linear model of international trade was built and shown. It 

allows us to analyse and plan, in a continuous fashion, the fluxes of goods and funds between 
trade partners. The method of derivation of the model is shown. The model gives the same 
prognosis as the discrete model at the moments of time proportional to the time step of the 
discrete model. The continuous model improves the effectiveness of planning and the quality of 
control in the trade process. It does so continuously, from the start of the trade process to its end. 
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