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In this work the investigations of the recognitions problem of regular solutions of autonomous dynamical
systems are continued. As shown in [1], this problem reduces to the recognition of three-dimensional convex
closed analytic curves constructed on the Poisson sphere by means the Poincaré sections [2], [3]. In some
cases, these curves are circles which lie on the surface of sphere. For recognition of such curves in this paper
a new algorithm was formulated. He is extending the Circle Hough Transform to three-dimensional case and
is called a Generalized Circle Hough Transform. The computational complexity of this algorithm can be reduced
to the computational complexity in the two-dimensional case.
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B at0ii paboTe MpoOmO/IKAIOTCS MCCIGAOBAHUS 3a/[aull PAcloO3HABaHUs PEryJIAPHBIX PELICHHIi aBTOHOMHBIX
IMHAMIYecKux cucteM. Kak mokasaso B [1], 9Ta 3aaqa cBOIHUTCS K paclo3HABaHUIO TPEXMEPHBIX BBIMYKIIBIX
3aMKHYTBIX aHATUTHIECKUX KPUBBIX, IOCTpOeHHBIX Ha cepe [Tyaccona ¢ nomomsto cevenns [lyankape [2], [3].
B HEKoTOpbIX Ciydasix 3TH KpHBbIE SIBISIIOTCSI OKPY)KHOCTSIMH, KOTOpbIe Jiexar Ha cdepe. st pacno3HaHMs
TaKUX KPHMBBIX B 3TOW paboTe MpeiaracTcs HOBBIM anroput™. [IpeanoskeHHbI MeToA 0600IaeT KaccHieckoe
npeoOpazoBanre Xada Ha TpexMepHbIi ciTydail W HaszpiBaeTCs cdeprdeckoe 0000IEeHHOE MpeodpasoBaHme
Xaga. B paboTe moka3aHo, KaK BBIYHCIUTEIBbHYIO CJIOXKHOCTb 3TOTO AJrOPUTMa CBECTH K BBIYHCIUTEIHHON
CJIOKHOCTH JIByMEPHOTO CITy4ast.

KuoueBble ciioBa: ceueHue [lyankape, kiaccudeckoe U 00001EHHOE peodpazoBanus Xada,
pacro3HaBaHHe OKPY>KHOCTH

'V wiif poGOTi MPOJOBKYIOTECS JOCIIIKEHHS 3aa4i PO3Mi3HaBaHHS PETYJAPHUX PO3B’sI3KiB AaBTOHOMHHX JVHAMIYHHX
cucteM. SIk mokasano B [l], ms 3amaya 3BOAMTBCA O PO3MI3HABAHHS TPHBHUMIPHUX OIYKIMX 3aMKHYTHX
aHATITUYIHUX KPUBUX, MoOyHoBaHUX Ha cdepi [Tyaccona 3a momomororo niepetuny [lyankape [2], [3]. V mesxux
BUMaJIKaxX Li KPHBi € KollamH, SIKi Jiexarb Ha cdepi. s po3mi3HaHHS TaKuX KPUBHX y Wil poOOTI TPOTIOHYETHCS
HOBMH alropuT™. 3alpolOHOBaHUII METO] y3arajbHIO€ KIacU4He MepeTBOpeHHd Xada Ha TpUBUMIipHMIH
BHIAJIOK | Ha3MBAETHCS cepryHe y3araibHeHe nepeTBopeHHs Xada. Y poGoTi mokazaHo, sIKk 00YHCIFOBAIbHY
CKJIAJHICTb 1IbOTO AJTOPUTMY 3BECTH A0 0OUUCIIOBAJIBbHOT CKJIaAHOCT] ABOBUMIPHOTO BUIMAKY.

Kurouosi cioBa: neperun [lyankape, kiacuuHe i y3arajibHeHe NiepeTBOpeHHs Xada,
PO3Mi3HABAHHS OKPY>KHOCTI.
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Introduction

As it is known, the computer solution of the predictions problem of regular and chaotic
behavior of nonlinear dynamical systems can be obtained by several stages. At the first stage,
the process of digitization solutions system by means of numerical integration is used. At the
second stage, process the graphics and geometric modeling of the results is applicable. If the
dimension of the system is less than three, the result of this integration is conveniently rep-
resented in graphical form on a image as a series of points forming a curve in space and
characterizing the state of the system at any time. In the third stage, the analysis of the form of
the trajectory and the conclusion about the behavior of the system is spent. In the case, when
the dimension of the system is greater than three, the result of numerical simulation of the
system in graphical form in three-dimensional space can be represented only by special
mappings, which to build projections and sections. However, the computer simulation results
in the fact that some information on the nature of the system is lost and the results are
incorrect. The construction of sections of space curves is more relevant and accurate method,
as more information about the qualitative behavior of the trajectory space of the system. One of
these kind sections is a spherical Poincaré section.

In works [1], [2] with help Modeler we received the global spherical Poincaré section. This
section builds a three-dimensional sphere and shows a set of points (point cloud). In regular
cases, these sets of points form a three-dimensional closed curve with self-crossing or without
self-crossing. A particular case of this curve is a circle, which lies on the surface of a sphere, with
the center of the circle can pass or not pass through the center of the sphere. If the center of the
circle through the center of the sphere, then the radius of the sphere and the circle are the same,
otherwise the radius of the circle is smaller than the radius of the sphere. Therefore, detection and
recognition of three-dimensional convex closed analytic curves constructed on the Poisson
sphere (see Figure 1) using the method of Poincaré sections, is an important and actual problem
which solution by means of the generalized spherical Hough transform [3].

Figure 1 — The shape of the curve on the Poisson sphere

Formulation of the problem

So, in this work, it is necessary to solve the problem of the detection and recognition of the
circles formed by the points and lying on a surface of sphere. To solve this problem it is proposed
to use a method, which generalizes the classical Hough transform to three dimensions on a
sphere - spherical generalized Hough transform. The proposed algorithm is used an accumulator
array increased dimension, which coincides with the number of unknown parameters in the
equation of the family of the required curves. Computational complexity of the voting process
carried out in the Hough extended accumulator space depends on the sampling of the parameter
space. The main limitation on the use of the method — noisy source image — must be overcome in
the preliminary stage.
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The analysis of the current state of the problem

In common cases the classical Hough transform [4], [5] is used for analysis of flat
monochrome images. This transformation allows allocating flat two-parametrical curves
set, which analytically by means of the equation of a straight line, a circle, an ellipse is built. The
essence of this transformation is to translate the original image in the parameter space and the
subsequent carrying out of a voting procedure. The voting procedure is applied to the parameter
space, from which the allocated objects of a certain class of figures on the local maximum in the
so-called, an accumulator space. We will consider existing methods of search of flat and spatial
images on Hough transform and its modifications. The best known works in this area are [6-15].

In work [6] the Hough transform, as a method for the detection of curves, using two
parameter points on the curve, and the parameters of the curve itself, is described. In research it is
shown how to detect both analytic and non-analytic curves, which are limited by borders of a
binary picture. As a result, the work was extended to detect the analytical curves in black-and-
white images, including lines, circles, and parabolas. In work [7] the randomized Hough
transform to search ellipses in the image is discussed. The equations to detect the ellipses and
their implementation are given. The algorithm has shown good results in detection the ellipse at
an angle 0 to 90 degrees to the axis of coordinates in the image. For examples, detecting and
finding the ellipses in the real image after pre-processing the image data. In work [8] of the new
approach to the detection of 3D objects of arbitrary shape in a given cloud of points in space is
represented. He is the extended generalized Hough transform for detecting objects specified in
the point cloud, which are received from the data of laser range finder. In work [9] provides a
method for reconstructing 3D building models from images of two-dimensional images. The
method based on the determination of levels of detail. It is considered each of the three levels of
detail. Also, in this paper it is described, how Hough transform can be applied to detect the
boundaries of buildings. In work [10] recognition of lines of a road marking in a mode of real
time is investigated. Preliminary processing of images, a finding and tracing of lines, and as
results of practical realization of algorithm is described. In work [11] describes algorithms for
detecting contours on images of topological layers of integrated circuits. As the operator of
transformation two-dimensional Walsh function, approximation of the allocated contours is
carried out by rectilinear pieces on the basis of the modified Hough transform. In work [12]
questions of application of a hydrolocator of the lateral review for inspection of underwater
communications are considered. For allocation of lines of the pipeline the modified and classical
Hough transform was used. In work [13] ways of detect of parametrical curves on the binary
image with use of Hough transform are analyzed. In particular in details the algorithm of Hough
transform for straight line search and a circle on the image is described. The program example in
language JAVA is resulted and is described its applications in recognition of radius of a coin for
definition of its face value. In work [14] the question of automatic definition of a corner of a
deviation of a line of horizon from a horizontal line of a photo is studied. The review of existing
decisions is made, the algorithm of automatic definition of an angle of rotation of a line of
horizon is described, and the details of realization and possible errors and errors are specified. In
work [15] features of algorithms of search of an impress of a seal on the image of the document
on the basis of Hough transform are considered. Results of researches for base algorithm of
Hough transform and modified Hough transform in which the gradient of brightness for faster
finding of radius of the press and acceleration of its search is in addition used are resulted.

Thus, in the current literature to solve the problem of finding the two-dimensional
geometry of the image and three-dimensional objects in space effectively used Hough transform.
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Hough transforms to detect a circle on a spherical surface

As the purpose of the given work a method of a detecting of a circle on a spherical
surface base on for the algorithm of Hough transform to detect a circle on the flat image [5].
We will consider it more in detail.

The essence of the Hough transform is to find curves that pass through a sufficient
number of points of interest. Consider a family of curves in the plane defined by the
parametric equation:

F(ay, a, ... ay, x, y)=0,

where F - some function; a;, a,, ... a, — parameters of the family of curves; x, y —
coordinates on a plane. Parameters of a family of curves form a phase space, which each
point corresponds to some curve. In view of step-type behavior of machine representation
and the entrance data (image), it is required to translate continuous phase space in the
discrete. For this purpose in phase space the grid breaking it on cells is entered, each of
which corresponds to a set of curves with close values of parameters. Each cell of the
phase space can be associated with a number (counter), indicating the number of points of
interest on image that belong to at least one of the curves corresponding to the cell. The
analysis of counters of cells allows to find curves on which the greatest quantity of points
of interest lies on the image.

The base algorithm of detection of curves consists of following steps.

Step 1. A choice of a grid of digitization. At this stage it is necessary to choose a step
of digitization for each parameter of a curve. Complexity will depend on this choice, and
accordingly, speed and efficiency of algorithm.

Step 2. Accumulator filling (a matrix of counters). Frequently it is the longest step of
algorithm as filling is made by full search. Complexity of algorithm directly depends on
the first step and makes: O (N*M), where N — quantity of points, M — quantity of cells of
the accumulator.

Step 3. The analysis of the accumulator array and detection of peaks. In an
accumulator array the counter with the maximum value is searched.

Step 4. Curve allocation. Each cell of the accumulator is value of phase space so, it
sets some, required, curve. As value on a step 1 became discrete, curve specification by
any other method on already found points of a curve can be demanded.

Step 5. Subtraction from the accumulator array. For points of the allocated curve it is
considered the temporary accumulator it is subtracted from the core.

Step 6. Go to step 3.

The idea of a generalized spherical Hough transform is to find a circle which passes
through enough of points of the interest lying on a surface of sphere.

Let's consider sphere of individual radius. We will enter system of the coordinates
which center and place in the sphere center then the equation of sphere looks like

X’y =1 (1)
in Cartesiancoordinates or R = 1 in spherical coordinates

x=Rcos(a)cos(p)
y=Rcos(a)sin(p) 2)
z=Rsin(p)
R=Sqrt(x2+y2+zz)
where x, y, z — Cartesian coordinates, and a, S — angle.
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Let's consider some circle lying on a sphere which center passes through axis OZon
distance zy. Its equation is

xy’=r (3)
Z=Zy

Where the radius r of the circle can be found from
202 =] “4)

If zp > 0 circle is located in the top part of the sphere, if zy< 0 circle is located at the
bottom of the sphere, with z0 = 0 — circle passes through the "equator" areas, and if zy=+ -1 —
circle reduce in a point. From equations (3), (4) follows

X +y'=lzy (5)
Z=Zy

In parametric form this equations is a two-parameter family

x=(]-z()2)cos(a)
y=(1-zy’)sin(a) (6)

Z=Z(

and we receive F(zy,x,y)=0.
Let's consider the general case, when the circle is not parallel to the plane OXY.
The sphere surface is represented the equation:

(x-x0)*+(v-yo) + (220 =R’, (7)

where xy, vy, zg — coordinates of the center of the sphere, and R is the radius of the
sphere.

The sphere with the center in the beginning of coordinates will correspond to the
equation:

Xy =R, (8)

where R — radius of the sphere.

The equation of a circle lying on the surface of the sphere can get the intersection of
the main and ancillary areas and the center. It corresponds to the coordinates (x., y., z.) and

radius Rc, and who is also the radius of the desired circle.
Each point of the circle will be required from the system of equations:

(x-x0) +(-y0) +(z-20)° =R, )
(Xe-a) +(1e-b)’+(z-¢c)’ =R/,

Each point of the circle (x., )., z.) lying on the surface of the sphere in the parameter
space corresponds to a sphere with a radius of the desired circle Rc and center at point (a,
b, ¢) (see Figure 2).

If the problem is put to find a circle on a surface of sphere of in advance known
radius the phase space will be three-dimensional: H (a, b, c).

If the circle radius is not known beforehand, then the phase space of the parameters
will be a four-dimensional: H (a, b, ¢, Rc), where (a, b, c¢) — the circle center, Rc - radius of
the desired circle. Increase the dimension of the phase space will lead to a significant
increase in computational complexity of the task.
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Figure 2 — The circle on the surface of sphere

Then the algorithm of detecting of a circle with the set radius on a sphere surface will
be the following.

Step 1. A choice of a grid of digitization of phase space. At this stage, we will step
rate for each parameter of the circle. This choice will depend on the speed and efficiency
of the algorithm.

Step 2. Accumulator filling. Filling is done by exhaustive search of points of interest
in view of (9). Each point of the phase space can be put a number (counter), indicating the
number of points of interest on the surface of the sphere.

Step 3. The accumulator analysis. In an accumulator matrix the counter with the
maximum value is searched.

Step 4. Circle search. Each cell of the accumulator array is value of phase space so, ,
and thus it sets a point of the center of a circle in space. Crossing of the basic sphere and
sphere with the center to which there corresponds a maximum in the accumulator, will give
a required circle.

If it is necessary to find more than one circle of the set radius on a sphere surface to
the general algorithm the additional, fifth step is added.

Step 5. Subtraction from the accumulator. For points of the found sphere. Transition
to a step 3.

The proposed algorithm will allow to find the coordinates of the circle center (a, b, ¢)
of a given radius. If it is necessary to find a problem a circle of unknown radius it is
necessary to use this algorithm cyclically for a range of values of possible radiuses. On
each step we select for circles with the set radius. On each step of algorithm it is necessary
to remember found values of coordinates of the center of a circle, its radius and the
maximum value of the counter of a storage file in the separate table. After a finding of
parameters of a circle for each of possible radiuses, it is necessary to analyzed the created
table. Of all counters taken out in the table gets out with the maximum value. The required
circle will have co-ordinates of the centre and radius of value which correspond to the
maximum counter.

For the period of calculation of algorithm of search of a circle on a sphere surface,
with unknown radius, the factor of scaling which sets the size of a cell of a grid of
digitization of phase space will influence in a greater degree.
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Algorithm testing

Results of testing of algorithm have been spent more than for 40 copies of images
and shown in Figures 3.

xinu=0.5358

Yin2=-07110
Enu3=04555

Figure 3 — The circle on the Poisson sphere

Also results of testing show that by means of this algorithm the circle is allocated on
sphere well enough. However this problem dares by means of full search, and to concern to np —
problems. It computing complexity is equal O (N*M).

Conclusions

In this article the algorithm of a detecting of a circle on the spherical surface, based on
generalization of Hough transform, has been presented. Thus, the task of detection and
recognition of three-dimensional convex closed analytic curves constructed on the Poisson
sphere by means the Poincare section is solved.

Also a generalization of the Hough transform will recognize other types of investigation of
closed curves is proposed and classify them, and then to draw a conclusion on character of
behavior of dynamical system. This question will be considered in the further works.
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K.A. Ruchkin
Application Of Hough Transform To The Recognitions Problem
Of Regular Solutions Of Dynamical Systems

For recognition of curves, wichare constructed on the Poisson sphere by means the
Poincaré sections [1-3], in this paper a new algorithm was formulated. He is extending the
the Circle Hough Transform to three-dimensional case and is called a Generalized Circle

Hough Transform. The computational complexity of this algorithm can be reduced to the
computational complexity in the two-dimensional case.
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