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The paper suggests three types of the necessary tests for the convergence of numerical series with positive
terms. It is shown that these tests are consequences of the limit test of comparison with respect to the
standard series: harmonic and logarithmic ones. The new tests have different capabilities and can be applied
to almost any series, whose terms form a monotone sequence. The obtained necessary tests for the

convergence of numerical series have more opportunities, than the accepted standard one lim #,, = 0.
n—>0
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B pabote npensiokeHbl Tpy BHa HEOOXOIMMBIX MPHU3HAKOB CXOJMMOCTH YHCIJIOBBIX PSIOB C MOJOXKHUTEIHHBIMU
unieHaMH. [1okasaHo, YTO 3TH NPU3HAKY SIBIIFOTCS CACACTBUAMH NPUMEHEHNUS MPEAEIBbHOTO NPU3HAKa CpaBHEHUS
K CTAaHIAPTHBIM psiiaM: TapMOHWUYECKOMY U JorapripMudeckoMy. HoBble MpU3HAKKM CXOANMOCTH UMEFOT Pa3JITiHbIe
BO3MOKHOCTH M MOTYT NPUMEHATHCS MPAKTHUECKU K JIFOOBIM psiiaM, YJeHbl KOTOPBIX 00pa3sytoT MOHOTOHHYIO
nocjenoBaTeNbHOCTh. [lofydeHHble NMPU3HAKUM UMEIOT OoJiee MIMPOKKHE BO3MOXKHOCTH, YeM CTaHIapTHBIN

HE0OX0 UMbl MPU3HAK CXOAMMocTH psinoB lim u,, = 0.
n—>0

Kuarouessle cjioBa: npejen, npasuio Jlonurans, cXoauMocTb, pacX0JUMOCTb, MPU3HAK CPaBHEHUS
PAIOB, FApMOHUYECKH psf, JorapudMuieckuii psa, psa reoMeTpudecKoil Mporpeccuu.

Y poboTi 3anmponoHoBaHi TpW BUIM HEOOXINHMX O3HAK 301KHOCTI YMCIOBHX PAMIB 3 IOJATHUMH YJIEHAMHU.
[NokazaHo, 10 1i 03HaKHM € HACTiAKaMH 3aCTOCYBaHHS MPaHUYHOTO O3HAKU MOPIBHAHHA 31 CTAHIAPTHUMH PAAaMHU:
rapMOHIYHUM Ta JoraprdmiuHiM. HoBi 03HaKH 301KHOCTI MarOTh Pi3Hi MOMJIIMBOCTI i MOXYTh 3aCTOCOBYBATHCS
MPAKTHYHO 10 OyAb-SKUX pslax, YWIEHN SKUX YTBOPIOIOTh MOHOTOHHY TMOCIiJOBHICTb. OTpUMaHi 03HAKN MarOTh

OiMbLI MIMPOKI MOXKIIMBOCTI, Hi’K CTAaHAApTHA HeOOXiaHa o3Haka 30bkHOCTI psiniB lim u,, = 0.
n—>o0

Kurouogi csioBa: rpanuiis, npaeuio Jlomitas, 301kHICTb, pO301XKHICTh, O3HAKAa MOPIBHSHHS PS/IiB,
rapMOHIYHUI psil, TorapuPMidHUI P, P TeOMETPUUHOT porpecii.
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Introduction

The necessary tests for the convergence of series play an important practical role in
the evaluation of the convergence and divergence of numerical series with non-negative
terms. It is believed that they are negative, because they can only define the divergence of
the series. If the necessary tests are violated, we can definitely affirm the divergence of the
series. If they are satisfied, the question of convergence can be finally resolved only by
sufficient tests for the convergence of series [1]. First of all, these are tests of comparison
with the standard series, such as the series of geometric progression, generalized harmonic
series and generalized logarithmic series [2].

In the theory of the numerical series the test of comparison of series with positive
terms commonly used in two forms - in the finite form and in the limit form [3]. In the first
case, the two series are compared. The first series is

0

et s U 20 )
and the second series is Z:zl v, v, 20.If there is a number M >0 such that, starting from a
certain number N , the inequality u, < M -v, takes place and the series Z:=1 v, converges, then

. @ . . © . . 0
the series anl u, converges too. But if the series Zn=l u, diverges, then the series Zn=l v,

diverges also. [1]
In the limit test of comparison the expressionlimu, /v, is considered. If the series

n—>0

:=1 v,. v, >0 converges, and the limit value is equal to C <o orC =0, then the series
z; u, converges also. If the series Z:zl v, diverges, and the size of the limit is equal to

C #0 orC =0 , then the series Z:zl u, diverges also [3], [4].

The series of comparison is usually taken from the three standard series: the harmonic
one with the general termv, =1/n, the generalized harmonic one with the general term

v, =1/n"and the series of geometric progression with the general termv, =¢q" .

1 The Necessary Test for the Convergence of Series
in the Classical Approach

Theorem. If the series (1) Zw u,, u, > 0converges, then the limit of the general term of

n=1 n°
the series is zero
lim u, =0. 2)

n—>0
Proof. If the series (1) converges, then there is a finite limit of the sequence of partial

sums s, = zk U, » where iim s, =s. The same limit is the limit of the sequence of partial
n= —0

sums{s, ,}, wherelims, , =s. Then we have lim u, = lim (s, —s,_;)=5s-s=0.
k—o n—o n—o

. 0 . .
Consequence. The series Zn_l u,, u, >0diverges at lim u, #0.
- n—®0

Remark. The condition lim u, =0 is not the sufficient condition for the convergence
n—>x0

of series (1), so it is usually used to establish the divergence of the series.
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Examples.

nol 1o,
nsop+1 2

1. The series

2. The serlesz 11) is given. The necessary test (2) of convergence is perfor-
2n+

. . —1 . .
med, since lim n—2 =0, but the conclusion about the convergence of the series cannot
n—e (2n +1)
be done. It is necessary to use any sufficient test of convergence.
n—1

3. The series 1s given. The necessary test (2) of convergence is
;(2n+1) (1) = ° y test () &

performed, since lim n-l =0. As in the previous example, the conclusion about
o (2n+1)* In(n +1)

the convergence of the series cannot be done.

2 The Necessary Test for the Convergence of Series
Compared with Divergent Series

1. The necessary test of convergence of the series in comparison with the harmonic
series. Let us write the limit test of comparison of any arbitrary series (1) with respect to

the harmonic series Z =1/n:lim"=lim " =limn-u,.

-1 na Y
n—»c vn n—»c /n n—>ow

Consider all the possible values of this limit.

0
lim 2 = limn-u, =4C #0 3)
n—0 v n—>0
" 0

It is known that the harmonic series diverges. If this limit is equal to corC # 0, then
the series (1) diverges. If the limit is equal to 0, then the series (1) either converges or
diverges. So the test of comparison of series in the limit form works. Let us change the
statement of the problem. Now assume that the series (1) converges. Then the first two
values of the limit (3) «oorC # 0are not possible, because they disagree to the assumption
that the series (1) converges. So remains only the third option, which is equal to zero. This
case should be understood as the necessary test for convergence of the series (1).

limn-u,=0. @)

Thus, it has been established from the limit comparison test with respect to the
harmonic series, that the new necessary test for the convergence of the series in the form
(4) is much "stronger" than the standard one in the form (2).

Examples.
2. The seriesZﬁ is given. The necessary test for the convergence of the series in
n
. : . -1 1 D
the form (4) is not performed, since lim» T _ " Hence the series diverges. Above

n>n o (2n+1)

in Example 2, when the necessary test (2) was applied to the same series, the conclusion of
convergence of the series was impossible.
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3. The series z n-l

5 is given. The necessary test for the convergence of
~(2n+1)"In(n+1)

.. . . . -1 .
the series in the form (4) is performed, since limn " =0, but the conclusion

e (2n+1) In(n+1)
of the convergence of this series cannot be done.
Remark. The necessary test (4) works only for series, whose terms form a monotone
sequence, i.e. u, >u, . Otherwise the limit (4) may not exist. For example, in the series

/m* at n=m*

, the terms u, do not form a monotone

Zw_l u, with the general term u, =
"~ 0at nzm

sequence. For this series the limit (4) does not exist.
4. The necessary test of convergence of the series in comparison with the
logarithmic series. Let us write the limit test of comparison of any arbitrary series (1) with

respect to the logarithmic series Zi; v, ,v,=1/nlnn:

lim% =lim—"— = limnlnn-u, . (5)

oy ool /plnn o
Repeat the same reasoning as for the harmonic series. It is known that this logarithmic
series diverges. Suppose that the series (1) converges. The values o or C # 0 of the limit (5)
are not possible, since they contradict to the assumption of convergence of the series (1).
Remains only one option - the limit (5) is zero. The latter case is to be understood as the

necessary test for the convergence of the series (1):

limn-Inn-u,=0. (6)

Nn—>0
Thus, from the limit comparison test of series was established the second new necessary
test for the convergence of series in the form (6), which is “stronger”, than test (4).
Example.

5. The series i n-l
' ~ 2n+1)In(n+1)

is given. The necessary test for the convergence of

the series in the form (6) is not performed, sincelimnlnn n2—1 = l Hence the
n— 2n+1) In(n+1) 4

series diverges. Above, in Examples 2 and 5, the necessary tests (2) and (4) were applied,

but the conclusion of the convergence of series could not be done.

3 The Other Representations of Necessary Tests
for Convergence Of Series

Let us designate the series (1) thus Z:L,w" =1/u,. Then the first necessary test
n= W"
for the convergence of the series (2) will be:
limL =0; limw, =o. @)
n—>0 W" n—>0

So the second necessary test for convergence of series (4) will be lim— =0. From
n—»w Wn
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the necessary test (2) it followsw, — oo . Therefore, there is indeterminacy {o0/ 0}, which

will be disclosed by L’Hospital’s rule lim - = limi, = limL,. As a result, we came to

n—o ) n—o ) n—o 4
n n n

the modification of the second necessary test for convergence of series in the form:

limL =0 wmn limw/ = . 8)

n—>0 W n—»0
n

nlnn

The third necessary test for convergence of series (4) will be lim =0. From the

n—ow Y
n

necessary test (2) it followsw, — o .Then there is indeterminacy {co/ 0}, which can be

!
: : . nlnp_ . (lnn) . 1T .1
disclosed by L’Hospital’s rule lim 222 = lim nlim u =limznlim—-=1lim—=0.Asa
n—>0 Wn n—>0 n—>w0 wn n—>0 n—>w0 nwn n—>w0 Wn
result it is obtained that the third modified necessary test for convergence of series coin-
cides with the second modified necessary test for convergence of series (8). However, this

third necessary test for convergence of series can be expressed via the second derivative:

’

!
. . . n . o1 . Inn . (Inn . 1
lim =limlnznlim— =limlnnlim—=lim—— = hm( ) =lim
n—>0 wn n—>0 n—>0 Wn n—>0 n—>0 Wn n—0 W; n—0 W;: n—>0 nw;:

nlnn

As a result we came to the modification of the third necessary test for convergence of

_— .1 :
series in the form: lim—— =0 orlimnw! = 0.
n—o nw;l’ n—>®

The obtained results can be tabulated (Table).

Table 1 — Classification of the necessary conditions for convergence of series
with positive terms

A comparison Necessary test Other forms of necessary test Necessary test
. © © opportunities
series ) u, Zn=11 Iw,
31 limu, =0 limw, =00 light
n=1 n— n—w
Harmonic series limnu =0 | . .
» now " lim— =0 wm limw =oo medium
z 1/n n—w now
n=1 n
Logarithmic series | limnlnn-u =0 | .. 1 1
© n—>o " lim— =0 wm lim——=0 strong
Z Vnlnn ey e pw

In Table 1 the notions light, medium, strong are relative because intermediate
variants and the expansion of the table to the strongest notation are possible. For example,
the logarithmic series of the second order creates stronger necessary test for the conver-
gence of series li_I)nn'lnn-(lnlnn)'un =0, than li_r)nn-lnn-u,7 =0.

Summarizing the results of this paper, it is possible to formulate the theorem on the
necessary condition for the convergence of numerical series with positive terms.

. EY 0 .
Theorem. If the series Zm“n? u,>0,u,>u,, converges, and znzlv v, >0 1is an

ne
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arbitrary divergent series, then the condition lim— =0 is the necessary condition for the

n—»0 v"
convergence of the initial series ijl u, .
If the general term of the series v, to take equal tol,1/norl/nlnn it will give us the
necessary conditions for the convergence of the series presented in the table (Table 1).

Findings

This paper describes three types of the necessary tests of convergence of numerical
series with positive terms. Thus

1. It is shown that these tests are the consequences of the application of the limit test
of comparison to the standard series: geometric, harmonic and logarithmic ones.

2. These new necessary tests of the convergence of numerical series have different
capabilities and can be applied to almost any series with positive terms, whose terms form
a monotone sequence.

3. The obtained necessary tests have more opportunities than the accepted standard
necessary test of convergence of numerical series (2).

4. Tt is shown that the necessary test for the convergence of numerical series in the
standard form limu, =0 can be successfully replaced by more powerful new necessary tests

n—0

for the convergence of numerical series, which are the next:limnu, =0, limnlnn-u, =0,

n—w n—0

limn-lnn-(lnlnn)-un =0 etc.

n—»0

5. These results can be transferred to the improper integrals.
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