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[HTErpyBaHHs palioHaILHOrO APOOY CHEIIaAIbHOTO BUTIISTY

In the paper new representations for the functions cos” x and sin” x are obtained, which are effective for
evaluation of many integrals, especially K, = J(xz +a’) "dx . It is found a primitive of the integral K, in

the explicit form, while in the mathematical analysis this integral is calculated by means of a recurrent equation.
Besides, the received representation gives new representation of Wallace’s formula.
Keywords: integral, rational fraction, sine, cosine, identity, primitive.

B cratbe mony4eHsl npeacTaBieHus s GyHKIuMi sin” x u cos” x , KOTopble 0Kasatuch 3HEKTHBHBIMUA
VISl BBIYMCIIEHHs MHTErpaioB Buga K, = J.(x2 +a’ )"dx . Haiinena nepBoobpasHas unterpama K, B sBHOM

BUIC, B TO BPEMs KaK B MATEMATHYCCKOM aHAJIM3€ 3TOT MHTErpal BBIYUCIIACTCS C IMOMOIBIO PEKYPPECHTHOI'O
cootHotueHus. Kpome Toro, noy4eHHoe MpeCTaBIeH e JaeT HOBOe MpecTaBieHne hopmyisl Banca.
KaroueBble ciioBa: HHTErpal, paiHoHaibHas ApoOb, CHHYC, KOCHHYC, TOXIECTBO, IEpBOOOpa3Has.

V crarTi otpuMano npescTaBieHHs i QyHKIH sin” x 1 cos” X, sKi edeKTHBHI [T OGUNCIICHHS HTErpastiB
2 2N\— o . . . .
surnany K, =I(x +a”) "dx. 3uaiinena nepsicHa interpany K, B SBHOMY BHITAM, TOHi SIK Y

MaTeMaTHYHOMY aHaJli3i IHTerpas O0YHCITIOIOTh 32 JOMOMOTOI0 PEKYPEHTHOTro criBBigHomeHHs. KpiM Toro,
MpeCTaBlICHHS BUKOPHCTAHO JUTsl OTPUMAaHHs HOBOTO Tpe/cTaBlieHHs Gpopmynu Barica.
Karouogi ciioBa: iHTerpas, pamioHaIbHUN APiO, CHHYC, KOCUHYC, TOTOXHICTb, ITEPBICHA.

Introduction

Mit+ N 2

Integration of the fraction of the kind [ J. ( dt, neN, %—q <0 presents the

£+ pt+q)
well-known problem in mathematical analysis [1]. After the appropriate replacement of a
variable and the transformation of the numerator of the fraction the problem is reduced to

the integral K, :
dx
Kn =|—F n>1. (l)
J()c2 +a2)”

In the case n =1 integration is not a problem. It is the tabular integral:

dt 1 t
K, = =—qgtan—+ C .
: J‘az+t2 a a
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In the general case the integral (1) is calculated by means of a recurrent equality [1-3] in
which K is expressed by K, .
t 24-3
K= 2a*(A-1)(¢* +a*)*! i 2a*(A-1) K- @)
Knowing K, we find from the recursion (2) the mnext
t N 1
2a°*(t* +a’) 2d°

In the paper we will consider other way of evaluation of the integral K, . For this

integral K, = K,.And from K, we will find K; and so on.

purpose we introduce some important and useful equalities. It will be done in the next
section.

1. A new representation of the functions cos” x and sin” x .

Let's consider the problem of expressing of the functions cos” xand sin” x by a linear
combination of the functions coskx and sinkx .

For this Euler’s formula e” =cosx+isinx can be used. Thus, for cosine function
cosx we have the following representation cosx = (e +e™)/2, where i is imaginary

—nix

unit. Then, cos'x= 21” (eix + e’ix)n = (l + ezix)n. Applying  Newton's  binomial

n

(a+b)' =Y Cra*b"™*, where — C; = !

" =————— are binomial factors [4-5], we will receive
g K\(n—k)!

e
2

cos" x=

- icfe”x("*k) = i ineix(Hk) = iﬂicf(cos (x(rn—2k))+isin (x(n—2k))).
k=0 2 k=0 2 k=0

Now we will show the last term is null:

Z":c,’; sin (x(n—2k))=0. (3)

k=0

At k=n/2 it is obvious. For k#n/2 because to the property C* =C"™* of the factors C*

to everyone & in the sum (3) there is existed the same term of opposite on a sign.
As a result we will receive a simple formula:

cos”x=2—1nin cos((n—2k)x), (4)
=0

This representation can be considered as a generalization of the formula
cos’ x = (1+cos2x)/2 for any n=2k. Really, in the case n=2 from (4) the well-known

2
formula is followed cos®x = ;Zcf cos ((2—2k)x)= I4cos2x
k=0

Let’s move out from the sum (4) the term with k=n/2.
cos' x = G- it ick cos((n—2k)x) ©)
zr rS '

k#n/2

The term with £ =n/2 corresponds to a case when a value of the cosine function is unit.
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The next step is to get the expression for sin” x like to (4) - (5). We will transform the
function sinx = (e™ — e ™)/ 2i which follows from Euler’s formula like the cosine function:

‘n _e_ixn _ e & i2x(n-k) k F ginln-2k)
sin’ v =0, (1) =2 e 2HZC( e

in/2

Let’s represent imaginary unit i in the exponential form i =e
Euler’s formula

and after this we will apply

sin"t—2 €7 22Ck( l)k it(n-2k) ch( 1) ltn2k)»m ,
S "o cos(t(n—2k)—n%j+isin(r(n—Zk)—n%}.
It is not difficult to show Y Cr(-1)* Sin( t(n—2k)—n 2} 0. Therefore, there is a similar formula
=0
as (4) only for sin” x :
sin' x= - > (nc cos(x(n—2k)—nﬂj . (©6)
2 A 2

This formula can be considered as a generalization of the formula for sin® x = (1—cos2x)/2
for any n=2k.

2 2 _
sin” x = % D (=!G cos(x(2-2k)-7)= % D (=)!'C5 codx(2-2k)) = 1-cosax.
2 k=0 2 k=0 2
We can move out the term with k=#/2 from the sum (6) like we did it for the cosine
function:
_1\V2 /2 n
sin"x =D G cog[ n % |+ L > (-D)*C; cos x(n—2k)—nﬂ]. (7)
2" 2) 2".4% 2
k#n/2
Let’s consider some properties of the formulas (4) - (7). First of all, we will write
down the equalities for even and odd values of n. When n=2m is an even number the for-
mula (5) looks as follows:

cos™ x :g 2;” ZCé‘m cos(2(m—k)x),
k¢m
Using the property Ci =C3"* of binomial factors we will get:

m

cos” x = 27,’:: 22m 1 ZC" cos(2(m—k)x). (8)
If the number n =2m+1 is odd the property of symrnetry of binomial factors gives the equality:
o™ x = = 2 Z - cos( 2m+1—2k)x). 9)
Similar formulas we will receive for a sine function:
sin®" x = ;%; 221} : :Z:‘( 1) cos( (m—k)x), (10)
n”" x = 22m Z -ncy sm(x(2m+l—2k)). (11)
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Here the equality cos ( x—(2m+ 1)Zj =(—1)"sin x was used.

2 The integral K,

Now we return to the In integral K, (1) in which we will make the substitution

t=a-tanx , dt=acos  xdx, (t* +a’)" =a”> cos " x. The result we will write down in terms
of the variable ¢ again:

K,=— —|cos" " dt. (12)

In the integral (12) we will substitute the expression (8):

n—1

n—-2
Kn = a21"71 J‘C()Sz(nil) tdt = 22((nj21()nalz)nlj‘dt +2zn%azmzcg(n—l)j COS(2(7’Z -1- k)t)dt
k=0

Integration becomes a very simple:

1 _ L= sin(2t((n—1-k
K, = W(C;(;l)t + kz(;c;‘(n,l) ( n(f - ))] +C. (13)

This is one of the main result of the paper. Comparison of the formula (13) with the
recursion (2) allows to make a conclusion on some advantage of our theory. For example,
if there will be a necessity to calculate a definite integral (especially at n >>1) it easier to
make it using the formula (13), instead of (2).

Besides, our approach allows to continue logically researches and to receive, for
example, Wallice’s formula, meanwhile it is impossible to do by of the classical method.

Some sequence values of K, are given bellow according toour theory.

2 . _
2%a”  Loga 2(1-k) 4aq

4 ; _
K, = % > Cy er Cit|= %(12t+sin4t+ 8sin2¢)+ C etc.
2 a k:O,k¢2 2(2 - k) 32a

3. Integrals 7, and J,. Wallace’s formula

/2 /2
Let's apply the theory to the integrals J = I cos"tdt J, = j sin” tdt . We use the
0 0

representations of the functions cos” x in the forms (8) — (9) and the functions sin” x in the
/2

forms (10) — (11). For the function (8) we take into account ‘[dt cos(2(m—k))=0.
0

Cm /2 m—1 /2

Ton = 1+ o1 2-Ch Jdreod2lm—k))= s G
ir| (2m-+1-2k) "%
1 & 7/2 1 & Sl{( 2) 1 & Ck
2m+1-2k))= - LI S
fana = ’"; 2t Idtcos( m+1-2k)) T 0k 22'"; dm+1-2k
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m/2
For function (10) we also to take into account equality _[ dtcos(2(m—k))=0.
0

_ Cénm i 1 k+m o~k T m
o =00 jdz+ S ;( 1+ ch jdzcos m—k))= 22% cr.
It is not wonder, that, 7, =.J, . The equality follows from the obvious geometrical equa-
/2 /2

lity.[ cos”tdt:.[ sin” tdt - At last,

0

1 & oo 1 & cos((2m+1-2k)r/2)-1
J2"’+IZF;( l)k C2m+1 jdtSIH((2m+l_2k))t=_22nzz( l)k C§m+1 S(( n;m+1_2);: ) =

1 wom s cos((m—k)m+m/2)-1 D" G
1 C m+.
22'",;0:( ) Con 2m+1-2k 22'"20: 2m+1-2k

2n+1

Integration of the obvious inequality sin**' x <sin®” x <sin®""' x over the interval,

xe [0,%] yields the integral inequalities:

[2m+l < [2m < [2m71 . (14)
We use the formulas for the integral / in the cases 1,,,,,1,,,L,, .
sin”*' x <sin™ x <sin” ' x , (15)

that is equavivalent to the expanded form:
1 i (_l)erk ;mﬂ < Z < — 4 'S (_l)erkHCé‘m 1 .

noe dmel-2k 27 Cl A 2m-1-2k

For example, m=1 %sns4:2,667 <nm<4, m=2 142583773392: 2,844< 7 <3,556 etc.

The sequence of integrals monotonously {/,} decreases, and lim/, =0. From here

m—>0

follows, that there is a limit:

1 Z( 1)m+k 2m+l (16)
m"OO sz k=0 2m+1 2k

Let’s compare this formula Wlth Wallace’s formula [1]
2
!
T im L | () (17)
2 m=2n+1| (2n-1)!
It is easy for receiving from inequalities (14) which can be written down in an explicit form,

. . . n—1
using a recurrent parity between integrals /, =——1, ,
n

2
! -1 —2)! !
(2n)! < 2n-D'7m < (2n-2)! - 1 (2n)! (@2m)! (18)
2n+1! 2n)! 2 2n-1)! 2n+1{(2n-1)! 2 2n 2n-1)!
The sign means ! product of the first natural » numbers taking into account parlty, for
example 2m)!'=2m-(2m—2)-...-2
Comparing formulas (14) and (15) and inequalities (13) and (16), we will receive:
i (D" Ch _ 1 { (2m)! } Cy, _ 2m -1

Cl &~ 2m+1-2k  2m+1| Q2m-D!|" 2*" " 2m)!
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These equalities are easily checked for the various m .
The APPENDIX. Identity (cos® x +sinx)" =1.

The approach allows to write down often used identity in (cos® x +sin” x)" =1 a kind:

cos™ x+sin™ x =2 (2(’;;)13 | Yol Z (1 + (—1)k+m)005(2(m —k)x).

In particular, at we have m = lidentity, cos® x+sin” x =1 at - m = 2,3 often used equalities:

cos' x+sin*x=— L ) ZC" (1 +(- 1)'”2)005(2(2 k)x)= i + i cosdx =1-2sin’ xcos’ x,

23 (2')2
cos’ x+sin’ x = 215(36';'2 ZC" (1 +(- 1)'”3)005(2(3 k)x)= 2 + 2 cog(4x)=1-3sin’ xcos’ x.
Conclusions

1. Representations of the functions cos” x and sin” x in the form of liniar combinations
of the functions coskx and sin kx are received.

2. New representation of the left part of identity from (cos” x +sin’ x)" = 1which a
number of known parities follows is received (cos’ x +sin” x)" =1.

3. Cjomparison of the formula (13) with a recurrent equation (2) allows to make a
conclusion about some advantage of our theory. For example, if you need to calculate a
definite integral (especially when n >>1).

4. Our approach gives a new representation for well-known Wallace’s formula.
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