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The paper discusses the properties of perfect binary arrays and their thinned matrices when
the cyclic shifts of rows and/or columns are performed. The relationship between the cyclic
shifts parameters of generator array and its thinned matrices found, the location of thinned
matrices when performing operation of interleaving revealed. The discovered properties of
equivalence class thinned matrices will allow design of the cost-effective schemes of
generators for perfect binary arrays of different orders. Such schemes can be used for
cryptographic transmission of information, for broadband signals construction and other
purposes.
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Introduction

In recent years, a lot of domestic and foreign scientific papers are dedicated to the issues
of Perfect Binary Arrays (PBA) application. Such structures are widely used to solve various
problems of radio engineering, for example: synthesis of antenna aperture, perfect time-
frequency codes design, new classes of block error-correcting codes design, new classes of
orthogonal, biorthogonal and minimax noise-like signals with the multiloop cyclic shift
property design, encryption tasks and so forth [1, 2]. However, the theory of the PBA requires
further research. In particular, the task of an efficient PBA generator design, which takes into
consideration structural properties of the PBA and their thinned matrices, must be solved.

The PBA is two-dimensional matrix of size NxN [2]

P(N)=|| pi,j”’ 1)

where p,; e{+1, -1} — elements of PBA;

i =0,N —1 — numbers of rows of PBA;

j=0,N —1 — numbers of columns of PBA;
which has an ideal two-dimensional periodic autocorrelation function (2D PACF)
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where m=0,N —1 — numbers of 2D PACF rows;

n=0,N -1 — numbers of 2D PACF columns.
Elements of 2D PACF (2) of POBA are calculated using an equation
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N-1 N-1 {NZ,When m=n=0; (3)

Mo = Z Z Pii Pram,jon = 0, others mand n,

i=0 j=

while values i+m and j+n are calculated modulo N.
An example of the PBA P(4) size of 4x4 and its 2D PACF R(4) respectively given

below
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Here and further the elements of PBA «+1» and «1» denoted as «+» and «—»
respectively.

It is known the PBAs of order N =2 and N =3-2°, where k=1,2,34,....k — non-
negative integer [3].

Research, given in this paper was performed within the Research work "Methods of

informational security in broadband telecommunication systems", which is carried out by
Information Security Department, Odessa National Polytechnic University.

The aim of the research

The research is devoted to the consideration of the properties of the equivalence class
perfect binary arrays thinned matrices while the cyclic shifts of its rows and/or columns are
performed. Such properties are able to simplify design of the equivalence class PBA
generator.

The following problems must be solved to achieve this:

1.  Evaluate the mutual properties of the PBAs and its thinned matrices while the
cyclic shifts of their rows and/or columns are performed.

2.  Determine the relationship between the cyclic shift parameters of generator PBA
and the cyclic shift parameters of thinned matrices.

3. Determine the relationship between the cyclic shift parameters of generator PBA
and the location of thinned matrices when interleaving is performed.

Main Body

It is known [1], that each PBA of arbitrary order N can be a generator (base) to build the
equivalence class of PBAs — E(N)-class. Such class can be obtained from a generator matrix
by means of cyclic shifts of its rows and/or columns. Thus, if any arbitrary PBA is chosen as a
generator, on its basis an E(N)-class can be constructed and the power of it is given by

Sey =N°. (5)

The union of all equivalence classes of PBA enables to construct a complete U(N)-class
of PBAs. The random selection of any PBA from each E(N)-class as a base allows to

construct the generator class of PBAs — II(N)-class, the power of which when N =2 >4 is
given by [3]
70012 kD2 92204 ey K HeeTHOE;
SH(N) :{ ’

_ k+1
7(k 22, 3k/2 : 22 2(k+1), ecin K gernoe. (6)
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The power of generator T1(2)-class of PBAs is S, =2, the power of I1(4)-class —
S =12.
Consider the next PBA as a generator
_+__
R@= 112, (")
-———+
where the subscript denotes its belonging to one of equivalence classes.

On the basis of given PBA (7) by means of cyclic shift of rows and/or columns
operations the corresponding £(4)-class (Table 1) was constructed.

Table 1.
Equivalence E(4)-class of PBAs
k2=0 k2=1 k2=2 k2=3

[—+ — -] [+ ———] [———+] [——+—]

kl=0 p0[0101(4): +i+— p0[0y1](4): i+—+ p0[012](4): +—+i p0[013](4): —+i+
| ———+] | ——+—] | —+—— | +———]

[— ——+] [——+ =] [+ ——] [+——=]

ki=1 | RMI@)=| 7172 | RY@ =115 | R¥@ =771 | R@=|Z71%
| —+—— +——=— ———+ ——+-

—+—— +——= ———+ ——+-

ki=2 | PP =| 2728 | PBI@=| 7282 | PPA@=|ZEZ 7| | PPI@) =2 C
| +++— | ++—+ ] | +—++ | | —+++ ]

[+ ++—] [+ —+] [ — 4+ ] [—+++]

k1=3 | PPY@) =122 | PBY@ =122 | PRA@ =528 | PRI@=| 21 C
| —+——] | +———] | ———+] | ——+—]

In Table 1 parameters k1 and k2 denote number of cyclic shifts of base PBA’s rows
down and number of cyclic shifts of columns to the left respectively. Let denote by P***?(4)
any PBA belonging to an equivalence E(4)-class.

An arbitrary square PBA P(N)=|p,;| of order N can be thinned in the spatial

coordinates [4] in order to obtain four matrices

AN /2) =a,.I.
B(N/2)=|p__|,
CEN/2;: c | [»m=0N/2-1, n=0,N/2-1. (@)
D(N/2)=|d, .

Let call these structures the thinned matrices. The dimension of such matricesis N/2xN /2.
The elements of thinned matrices are calculated using the next equation

am,n = p2i,2j'

Bon = Pazjar | {0 N/2-Lm=0N/2-1 9)
Con = Paisa2jr | j=0,N/2-1,n=0,N/2-1("

dm,n = Paisa2ja

where i — number of PBA’s row;
] — number of PBA’s column;
m — number of thinned matrix row;
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n — number of thinned matrix column.

Consider an operation of thinning in spatial coordinates and obtaining the thinned
matrices A(N/2), B(N/2), C(N/2), D(N/2)on the example of PBA of order N=4. The
elements of PBA are located as follows

pOO pOl p02 p03

_| Puo P Py Pig 10
P(4 . (10)
(4)= P2o Po1 P2z Pas

p3,0 p3,1 p3,2 p3,3

Operation of thinning PBA (10) in spatial coordinates leads to the construction of four
thinned matrices, which constitute the PBA

R a
oovi2-8@)<| f B[R | a2
covra=ea=| g e |-G | =
D(N/2)=D(2) = [BZE sz [dfg ‘;ﬂ (14)

Opposite is also true. The square PBA H(N)=|h | of order N can be constructed from
four thinned matrices (11)—(14) of order N/2 by means of spatial interleaving of thinned
matrices elements, which is an inverse of the thinning (9).

Equation to calculate elements of PBA using the thinned matrices A(N/2), B(N/2),
C(N/2), D(N/2) is given below

hzi,zj :am,n’

Myi2j =Bnor | i=0,N/2-1,m=0,N/2-1, (15)
h2i+1,2j =Cpm | j=0,N/2-1,n=0,N/2-1]"
h2i+1,2j+1 :dm,n

While performing the operation of interleaving (15), the thinned matrices can be
permuted. The number of these permutations is 4!=24. Thus, by means of permutations of
four thinned matrices A(N/2), B(N/2), C(N/2), D(N/2) and the operation of interleaving,
24 PBAs can be constructed.

In this way, if for construction of PBA the permutation of thinned matrixes
A(N/2)B(N/2)C(N/2)D(N/2) is used, the elements of resulting PBA will be located as
shown below

a00 0,0 aO,l bOl

o doo Coy d
P4 0,0 0,1 01 .
=3 b, bL
C1,0 1,0 Cl,l

If another permutation is used, e.g. A(N/2)C(N/2)B(N/2)D(N/2), the elements of
resulting PBA will be located as follows
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a(),O CO,O aO,l CO,l

b,, dy,, b, d
P(4) =| 00 “00 Y01 o1 |
@ o Cpo &y Gy
bl,O dl,O b1,1 d1,1

For example, for the PBA (7) the thinned matrices look as follows

ANT2)=A@) <[ 27| (10
B(N/2)= B(2)::j: j, (7)
C(N /2)=C(2)=:i j, (18)
D(N/2)= D(2)=:j j. (19)

Consider the relationship between the cyclic shift parameters k1 and k2 of generator
PBA and the cyclic shift parameters of its thinned matrices. Then consider location of thinned
matrices after the cyclic shifts of generator PBA will be performed.

Let parameters al, b1, c1, d1 and a2, b2, c2, d2 denote the number of cyclic shifts of
thinned matrices’ A(N/2), B(N/2), C(N/2), D(N/2) rows down and columns to the left
respectively.

For brevity the thinned matrices will be denoted by A, B, C, and D.

As follows from Table 1 and equation (9) and taking into account (16)—(19), the
following combinations of thinned matrices can be obtained (Table 2).

Similar studies have been conducted to PBA of larger orders, in particular for N =6
and N =8 that can more clearly illustrate the results presented below.

Table 2.
E(4)-class of PBAs presented as combinations of thinned matrices
k2=0 k2=1 k2=2 k2=3
ki1=0 A[O,O] B[OYO]C[O,O] D[O,O] B[O,O] A[0,1] D[Ovolc[O,ll A[O,l]B[O,l]C[O,l] D[0'1] B[O’l] A[O,Ol D[O,llc[O,OJ
ki=1 C[l’O] D[1,0] A[O,Ol B[O,OJ D[LOIC[M] B[O,O] A[O,l] C[l’l] D[lyll A[O,l] B[0,1] D[l’llc[l'ol B[O'll A[O,O]
kli=2 A[l'O]Bll'O]C[l'O] D[l’O] B[1.0] A[lyl] D[lyolc[l,ll A[l’ll Bllvllcllvl] D[lvll B[LO] A[l’1] D[lyolc[lvl]
k1=3 C[O'O] DL AL D[O’O]C[O’l] B[LO] A[l,ll C[Oyl] ploi pAtlgitil D[O’l]C[O'O] B[l,ll A[l’O]

As follows from Table 2, there exist only four possible combinations of thinned
matrices A, B, C, and D with different number of their cyclic shifts of rows or/and columns, in
particular

Alatazl glbLb2ls[ele2l pld1d2]  gibibi] plala2] Hldld2)leLe?]
Clete2l pldLd2] plataz] glbib2] 1 DldLd2lleLe2] gibLb2] glataz]

Combinations of thinned matrices permutations depend on whether the cyclic shift
parameters k1 and k2 of generator PBA are odd or even. The Table 3 illustrates such
relationship.
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Table 3.
Combinations of thinned matrices depending on the parameters k1 and k2
k1 k2 Combinations of thinned matrices
even even A[al,az] B[bl,bZ]c[Cl,CZ] D[dl,d 2]
even odd BbLbY pAlaLazl pyldLd2)=leLe?]
odd even C[cl,CZ] D[dl,d 2] A[al,aZ] B[bl,bZ]
odd odd D[dl,d Z]C[cl,CZ]B[bl,bZ] A[al,aZ]

In addition, there is a dependence of the cyclic shifts parameters of thinned matrices A,
B, C, and D on parity of the cyclic shifts parameters k1 and k2 of generator PBA. Let consider
such relationship in detail (Table 4)

Table 4.
The cyclic shifts parameters of thinned matrices
kl, k2 al, a2 bl, b2 cl, c2 di, d2
even k1/2 k1/2 k1/2 k1/2
odd (k1+1)/2 (k1-1)/2 (k1+1)/2 (k1-1)/2

For example, if following cyclic shifts parameters of PBA are given: k1=2, k2=1, then
according to the Table 3 the cyclic shifts of rows and columns of generator PBA by k1 and k2
elements respectively lead to the structure BF-™AR22platddcictes — The cyclic shifts
parameters of thinned matrices (al, a2), (b1, b2), (c1, c2), (d1, d2) can be determined from
Table 4. In this way, the following PBA is obtained

BMI(N /2) AM(N /2)DM (N /2)C™(N 1 2),
that corresponds to the Table 2.
Conclusions

The properties of PBA and their thinned matrices while the cyclic shifts of rows and/or
columns are performed are discussed. The relationship between the cyclic shifts parameters of
generator PBA and the cyclic shifts parameters of thinned matrices discovered. Moreover, the
relation between the cyclic shifts parameters of generator PBA and location of thinned
matrices when performing operation of interleaving revealed.

The results obtained in this study can be utilized in the design of the equivalence class
PBA generator which can be used for cryptographic transmission of information, for
broadband signals construction and other purposes.

The equivalence class PBA generator can be constructed in various ways:

. store in memory all the PBA of equivalence class and use the switch to select the
desired PBA, in this case it is possible to reach a minimum hardware complexity, but it
requires a large amount of expensive memory elements;

. store generator PBA in memory and using shift registers obtain the necessary
number of rows and then columns shifts; this method has a very low performance;

. use other known methods, each of which has a high hardware complexity or poor
performance.

The results presented in this paper will allow the construction of equivalence class PBA
generator with stored in memory thinned matrices. Such approach will drastically reduce the
complexity of the cyclic shift device since the number of elements in matrices decreases four
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times. Furthermore, such a device can be implemented on the basis of switches. It allows
performing necessary number of cyclic shifts of rows and columns in one clock cycle. Thus,
the discovered properties of thinned matrices of equivalence class will allow creating cost-
effective schemes of generators for PBAs of different orders.
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CTPYKTYPHI BJJACTUBOCTI IPOPIJIZKEHUX MATPUILb EKBIBAJIEHTHOI'O KJIACY

JTIOCKOHAJIUX JIBINKOBUX PEINITOK
H.I. Kymmipenko, B.S. UeuensHUIBKIIHA

Opeckkuil HalllOHATPHAHN TONITEXHIYHUN YHIBEPCUTET,
npocr. llleBuenka, 1, Oneca, 65044, Vkpaina; e-mail: natalka_kni@ukr.net

Y po06oTi pO3TISAHYTI BIACTHBOCTI JOCKOHANUX ABIMKOBHX PEIIITOK Ta iX MPOPIHKEHUX
MaTpHUIlp TPH BUKOHAHHI OMeparlil IHUKIIYHOTO 3CYBY PSAIKIB i/a00 CTOBMIIB. 3HaiIeHO
B32€EMO3B'SI30K MDK MapaMeTpaMH IHKIIYHHX 3CYBIB IOpPOJ/DKYBalIbHOI pENNTKH Ta ii
NPOPI/KEHNX MaTpHllb, BCTAaHOBIICHO IX pO3TallyBaHHS IpU BHUKOHAHHI ormepauii
nepeMe)XyBaHHs. BUsBIICHI BIACTHBOCTI NMPOPIIKEHUX MAaTPUIh €KBIBAJICHTHOTO KJacy
JIO3BOJISITh CTBOPUTH E€KOHOMIYHI CXEMHU T'€HEepaTopiB JIOCKOHANMX IBIMKOBHX PEIIITOK
pI3HMX TOpSZIKIB, SIKI MOXHA BHUKOPHUCTOBYBaTH [yisi KpunrorpadivyHoi mnepenadi
iHpopMarii, 1 To0yI0BH PiI3HUX IIHUPOKOCMYTOBUX CUTHAIIB Ta 1HIIHUX LiJIEH.

KoarouoBi cjioBa: jockoHana ABiliKOBa pelliTKa, MPOpPIPKEHa MaTPHUIl, MOPOKYBalbHA
JJIP, mapameTpu MUKIIIYHOTO 3CYBY, TCHEPAaTOp eKBiBajeHTHOTO Kiacy J1JIP

CTPYKTYPHBIE CBOMCTBA ITPOPEXXEHHBIX MATPHII SKBUBAJEHTHOI'O KJIACCA

COBEPHIEHHBIX IBONYHBIX PEHIETOK
H.U. Kymnupenko, B.f. YeuensHuukui

Opnecckuil HaIMOHAIBHBIN TOMUTEXHUYECKU YHUBEPCHUTET,
npocr. [leBuenko, 1, Onmecca, 65044, Ykpauna; e-mail: natalka_kni@ukr.net

B paGore paccMOTpeHBI CBOMCTBA COBEPIIEHHBIX JBOWYHBIX PEIIETOK U MX MPOPEKEHHBIX
MaTpul] TpH BBIIOJIHEHUH OIEpalud [UKIMYeCKOrO CJABHUIa CTPOK W/WIIM CTOJIOLOB.
Haiinena B3auMOCBSI3b MEXJy IapaMeTpaMd LMKIAYECKUX CIBUIOB IOPOKIAKOLIEH
PELIETKH U €€ IPOPEKEHHBIX MATPHULl, YCTAHOBICHO HMX PACIIOJIIOXKECHHE IIPU BBIIOIHECHUHU
ormeparn  nepeMexeHus.  OOHapyXKeHHBIE  CBOWCTBA  NPOPEXEHHBIX  MaTpHI
OKBUBAJICHTHOIO KJlacca II03BOJAT CO34AaThb OKOHOMHUYHBIE CXEMbl I'€HEPaTOpPOB
COBEPIIEHHBIX JBOUYHBIX PEIIETOK Pa3JIMYHBIX IIOPSIKOB, KOTOPBIE MOKHO HCIIOJIb30BATh
Uil Kpunrtorpaduueckoi mepepaud  MHQOPMAMHU, UL TIOCTPOCHUS  PA3IMYHBIX
HIMPOKOMONOCHBIX CUTHAJIOB U APYTUX LENeH.

KiroueBble cioBa: coBeplIEHHas JBOMYHAs pEIIETKA, IPOPEKEHHAs MaTpula,
nopoxpatoras CZIP, mapameTpsl LIMKIMYECKOTO CIBUTA, TEHEpaTop AKBUBAJICHTHOTO
kmacca CJIP
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