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Êëþ÷åâûå ñëîâà: êîíâåêòèâíî-äèôôóçèîííûé ïåðåíîñ, èäåíòèôèêàöèÿ ïàðà-
ìåòðîâ, ãðàäèåíòíûå ìåòîäû.

Â ðàáîòàõ [1, 2] ðàññìîòðåíû âîïðîñû ïîñòðîåíèÿ ÿâíûõ âûðàæåíèé ãðàäèåí-
òîâ êâàäðàòè÷íûõ ôóíêöèîíàëîâ-íåâÿçîê äëÿ ðåàëèçàöèè ãðàäèåíòíûõ ìåòîäîâ
èäåíòèôèêàöèè ðàçëè÷íûõ ïàðàìåòðîâ ìíîãîêîìïîíåíòíûõ ðàñïðåäåëåííûõ
ñèñòåì. Àíàëîãè÷íûå âîïðîñû äëÿ ïñåâäîïàðàáîëè÷åñêèõ, ãèïåðáîëè÷åñêèõ,
ïñåâäîãèïåðáîëè÷åñêèõ ìíîãîêîìïîíåíòíûõ ðàñïðåäåëåííûõ ñèñòåì ðàññìîò-
ðåíû ñîîòâåòñòâåííî â ðàáîòàõ [3–5]. Â äàííîé ñòàòüå ïîëó÷åíû ÿâíûå âûðà-
æåíèÿ ïðåäñòàâëåíèÿ ãðàäèåíòîâ êâàäðàòè÷íûõ ôóíêöèîíàëîâ-íåâÿçîê ÷åðåç
ðåøåíèÿ ïðÿìûõ è ñîîòâåòñòâóþùèõ ñîïðÿæåííûõ çàäà÷ äëÿ èäåíòèôèêàöèè
ïàðàìåòðîâ êðàåâûõ óñëîâèé, êîýôôèöèåíòîâ äèôôóçèè, ñêîðîñòè êîíâåêòèâ-
íîãî ïåðåíîñà, ïàðàìåòðà ñëàáîïðîíèöàåìîé òîíêîé ñîñòàâëÿþùåé ñðåäû
ðàñïðåäåëåííîé ñèñòåìû êîíâåêòèâíî-äèôôóçèîííîãî ïåðåíîñà. Ðàññìîòðåí
âîïðîñ ïðèìåíåíèÿ ïàðàìåòðè÷åñêîé èäåíòèôèêàöèè ïàðàìåòðîâ.

1. ÈÄÅÍÒÈÔÈÊÀÖÈß ÏÀÐÀÌÅÒÐÎÂ ÊÐÀÅÂÛÕ ÓÑËÎÂÈÉ
ÍÀ ÏÐÎÒÈÂÎÏÎËÎÆÍÛÕ ÊÎÍÖÀÕ ÎÒÐÅÇÊÀ
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Íà÷àëüíîå óñëîâèå èìååò âèä

 y y xt� � � �0 0 1 2, � � . (6)

Ïðåäïîëàãàåì, ÷òî â N òî÷êàõ di �� èçâåñòíû çíà÷åíèÿ ðåøåíèÿ íà÷àëü-
íî-êðàåâîé çàäà÷è (1)–(6):

y d t f t t T i Ni i( , ) ( ), ( , ), ,� � �0 1 . (7)

Çàäà÷à (1)–(7) ñîñòîèò â íàõîæäåíèè âåêòîðà u ui i
� ��{ } U

1
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ðåøåíèå y y u y u x t� �( ) ( ; , ) íà÷àëüíî-êðàåâîé çàäà÷è (1)–(6) óäîâëåòâîðÿåò
ðàâåíñòâàì (7) , ãäå U � � ��C T C T C T( , ) ( , ) ( , )0 0 0 , C T v t� � �( , ) ( )0 {
� ! �C T v t T( , ) : , [ , ]0 0 0 }.Ïðè êàæäîì ôèêñèðîâàííîì u �U âìåñòî êëàññè÷åñêî-
ãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1)–(6) áóäåì èñïîëüçîâàòü åå îáîáùåííîå
ðåøåíèå.
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Îïðåäåëåíèå 2. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (10) íà-
çûâàåòñÿ ôóíêöèÿ � ( , ) ( , )x t W T� 0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå
òîæäåñòâ
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.

Âìåñòî çàäà÷è (1)–(7) áóäåì ðàññìàòðèâàòü çàäà÷ó (11)–(13), ñîñòîÿùóþ â
íàõîæäåíèè âåêòîðà u �U, ìèíèìèçèðóþùåãî íà U ôóíêöèîíàë (13) ïðè
îãðàíè÷åíèÿõ (11), (12).
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i

N

i n i i n i n iy u d t f t y u d t y u d# %
�

�	 	� ( ( ; , ) ( ))(~ ( ; , ) ( ; , ))t dt �
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�
�

0

1

0

1

T
n n

T
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y u y u

t
dt a u y u

~ ( ) ( )
, ( ; ~ ( )� 	 �y u dtn( ), )�

( )33&

� � 	 �# # �
0 0

1 2 30

T

n

T

x ll u dt u t u y l t u� � � � �( ; ) ( ( , ) | ( , ) ($ $ $ $ l t dt, )) .

Íà îñíîâàíèè (33), (33&) ìîæåì çàïèñàòü

& )Ju nn

~� , (34)

ãäå
~ ~

,
~

( , ),
~

| ( , )� � � � � �n n
i

i n n x lt y l t� � � 	� �{ }
1

3 1 20 ,

~
( , ), | | | | (

~
)� � �n u

i

T

n
il t J dt

n

3 2

1

3

0

2� & �
�
% # . (34&)

Çàìå÷àíèå 1. Åñëè â çàäà÷å (1)–(7) âîññòàíàâëèâàåìûå ïàðàìåòðû u ii , ,�1 3,

— ïîñòîÿííûå, òî
~� n

i � const, i �1 3, ,
~

( , )� �n

T

t dt1

0

0� # ,
~� n

2 � 	 # �
0

T

x ly l t dt| ( , )� ,

~
( , )� �n

T

l t dt3

0

� # , | | | | (
~

)& �
�
%Ju

i

n
i

n

2

1

3
2� .

Çàìå÷àíèå 2. Åñëè â çàäà÷å (1)–(7), íàïðèìåð, âîññòàíàâëèâàåìûé ïàðàìåòð

u2 � const, òî  ~
( , )� �n

T

x ly l t dt2

0

� 	 # � , à îñòàëüíûå ñîñòàâëÿþùèå
~

,
~� �n n

1 2 îïðå-

äåëÿþòñÿ ïî ñîîòâåòñòâóþùèì ôîðìóëàì (34&) è | | & �Jun

2

� � �#
0

1 2 3 2 2 2
T

n n ndt((
~

) (
~

) ) (
~

)� � � .

Òàêèì îáðàçîì, äëÿ ðåàëèçàöèè ìåòîäà ìèíèìàëüíûõ îøèáîê (14), (15)
îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðåøåíèÿ u �U çàäà÷è (11)–(13) íàïðàâ-
ëåíèå ñïóñêà pn è êîýôôèöèåíò � n ìîæåì îïðåäåëèòü ñ ïîìîùüþ âûðàæåíèé
(15), (34).

Ðåøèâ çàäà÷ó îïðåäåëåíèÿ ôóíêöèè z x t W Tn(
~

; , ) ( , )� � 0 , êîòîðàÿ
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" �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå òîæäåñòâ

�
�



�
�


�
� � � �z

t
w a z w l w t Tn n, (

~
; , ) (

~
; ), ( , )� � 0 ,

( , )( ) ( , )z w y w0 0� , (35)

ïîëó÷èì âåêòîð AJ A zu n i n i
N

n
& ) � �

~
(
~

)� �{ }
1
, ÷òî ïîçâîëèò ðåàëèçîâàòü ìåòîä

ñêîðåéøåãî ñïóñêà (14), (16) äëÿ îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðå-
øåíèÿ u �U çàäà÷è (8),(9), (13), ãäå z z d ti n n i(

~
) (

~
; , )� �� .

Îïðåäåëèâ íàïðàâëåíèå ñïóñêà pn ñ ïîìîùüþ ôîðìóë (17) è ðåøèâ çàäà÷ó
îïðåäåëåíèÿ ôóíêöèè z p W Tn( ) ( , )� 0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò
ñèñòåìå òîæäåñòâ

�
�



�
�


�
� � � �z

t
w a p z w l p w t Tn n, ( ; , ) ( ; ), ( , )0 ,

( , )( ) ( , )z w y w0 0� , (36)

ïîëó÷èì âåêòîð Ap z pn i n i
N� �{ }( )

1
, ÷òî ïîçâîëèò ðåàëèçîâàòü ìåòîä ñîïðÿæåí-

íûõ ãðàäèåíòîâ (14), (17) äëÿ îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðåøå-

íèÿ u �U çàäà÷è (8), (9), (13), ãäå z p z p d ti n n i( ) ( ; , )� , i N�1, .

2.ÈÄÅÍÒÈÔÈÊÀÖÈß ÊÎÝÔÔÈÖÈÅÍÒÎÂ ÄÈÔÔÓÇÈÈ

Ïóñòü íà îáëàñòè � T îïðåäåëåíî ïàðàáîëè÷åñêîå óðàâíåíèå

�
�

� �
�

�
�

	


�
�



�
� �

y

t x
u

y

x
vy f

~
.

( )37

Íà êîíöàõ îòðåçêà [ , ]0 l çàäàíû êðàåâûå óñëîâèÿ

	
�
�

	


�
�



�
� � � �u

y

x
vy x t T�1 0 0, , ( , ),

u
y

x
vy y x l t T

�
�

	 � 	 � � �� �, , ( , )0 .
( )38

Â òî÷êå x � � çàäàíû óñëîâèÿ ñîïðÿæåíèÿ íåèäåàëüíîãî êîíòàêòà

u
y

x
vy t T

�
�

	�

��
�

��
� �0 0, ( , ),

u
y

x
vy r y t T

�
�

	�
�
�

�
�
�

� �
�

[ ], ( , )0 .
( )39

Ïðè t � 0 èìååì íà÷àëüíîå óñëîâèå

y y x� � �0 1 2, � � . (40)

Ïðåäïîëàãàåì, ÷òî â N òî÷êàõ di �� èçâåñòíû çíà÷åíèÿ ðåøåíèÿ íà÷àëü-
íî-êðàåâîé çàäà÷è (37)–(40), çàäàííûå ðàâåíñòâàìè (7).

Çàäà÷à (37)–(40), (7) ñîñòîèò â íàõîæäåíèè âåêòîðà u u u� ( , )1 2 ñ ïîëîæè-

òåëüíûìè âåùåñòâåííûìè êîìïîíåíòàìè u R� � � � � ��U 2 0( , ) ( , )0 � � , ïðè êî-

òîðîì ðåøåíèå y y u y u x t� �( ) ( ; , ) íà÷àëüíî-êðàåâîé çàäà÷è (37)–(40)
óäîâëåòâîðÿåò ðàâåíñòâàì (7).

Ïðè êàæäîì ôèêñèðîâàííîì u �U, íàðÿäó ñ êëàññè÷åñêèì ðåøåíèåì íà÷àëü-
íî-êðàåâîé çàäà÷è (37)–(40), áóäåì èñïîëüçîâàòü åå îáîáùåííîå ðåøåíèå.
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Îïðåäåëåíèå 5. Ïðè êàæäîì ôèêñèðîâàííîì u �U îáîáùåííûì ðåøåíèåì íà-

÷àëüíî-êðàåâîé çàäà÷è (37)–(40) íàçûâàåòñÿ ôóíêöèÿ y y u� �( )
� �y u x t W T( ; , ) ( , )0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò òîæäåñòâàì
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� � � �

y

t
w a u y w l w t T, ( ; , ) ( ), ( , )0 ,

( , )( ) ( , )y w y w0 0� , (41)

ãäå ïðîñòðàíñòâà W T V( , ),0 0 îïðåäåëåíû â ðàçä. 1,

a u y w u
y

x

w

x
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w

x
dx r y w y

l

x l
( ; , ) [ ][ ]�
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�

�
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�




�
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�
� � �# �

0

� w l( ),

l w f w w w l( ) (
~

, ) ( ) ( )� � �� �1 0 .

Íà îñíîâàíèè çàäà÷è (37)–(40), ïðåíåáðåãàÿ ÷ëåíàìè âòîðîãî ïîðÿäêà ìàëîñ-
òè, äëÿ ïðèðàùåíèÿ � � $y ðåøåíèÿ çàäà÷è (37)–(40), ñîîòâåòñòâóþùåãî ïðèðà-
ùåíèþ $u êîýôôèöèåíòà u, ïîëó÷àåì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó:
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�

�
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� �

�
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��t x� � �0 0, �.

Îïðåäåëåíèå 6.Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (42) íàçû-
âàåòñÿ ôóíêöèÿ � ( , ) ( , )x t W T� 0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå
òîæäåñòâ
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w a u w l u w t T, ( ; , ) ( ; ), ( , )$ 0 ,

( , )( )� w 0 0� , (43)
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l u w l u w l u w u
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x l

( ) .

Çàìå÷àíèå 3.Çàäà÷ó âèäà (43) äëÿ ïðèðàùåíèÿ � ðåøåíèÿ y y u� ( ), ñîîòâå-

òñòâóþùåãî ïðèðàùåíèþ $u, ìîæåì ïîëó÷èòü íà îñíîâàíèè îáîáùåííîé çàäà÷è
(41), ãäå

l u w l u w l u w u
y

x

w

x
dx

l

� � �
( ; ) ( ; ), ( ; )$ $ $ $� � 	

�
�

�
�#2 2

0

. (44)
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Äëÿ êàæäîãî ïðèáëèæåíèÿ un ðåøåíèÿ u �U çàäà÷è (41), (13) ââåäåì â ðàñ-
ñìîòðåíèå ñëåäóþùóþ ñîïðÿæåííóþ íà÷àëüíî-êðàåâóþ çàäà÷ó:
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Îïðåäåëåíèå 7. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (45) íà-
çûâàåòñÿ ôóíêöèÿ � ( , ) ( , )x t W Td� 0 , êîòîðàÿ " �w x Vd( )

0
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Ïðåíåáðåãàÿ ÷ëåíàìè âòîðîãî ïîðÿäêà ìàëîñòè, íà êàæäîì øàãå èòåðàöèîí-
íîãî ïðîöåññà îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðåøåíèÿ u �U çàäà÷è
(41), (13) âìåñòî ôóíêöèè y u x tn( ; , )� 1 èñïîëüçóåì ôóíêöèþ ~y êàê îáîáùåííîå
ðåøåíèå ñëåäóþùåé íà÷àëüíî-êðàåâîé çàäà÷è:
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 ~ ,y y xt� � � �0 0 1 2� � .

Îïðåäåëåíèå 8. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (47) íà-
çûâàåòñÿ ôóíêöèÿ ~ ( , )y W T� 0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå òîæ-
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Çàìå÷àíèå 4. Åñëè â ïåðâîì òîæäåñòâå ñèñòåìû (43) l u w� ( ; )$ � l u w
�
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2 � 	

�
�

�
�# #

0

T l
ny u

x x
dxdt

�

�( )
.

Çàìå÷àíèå 5. Åñëè â çàäà÷å (37)–(40) âìåñòî êðàåâûõ óñëîâèé (38) çàäàíû

óñëîâèÿ Äèðèõëå, òî â âûðàæåíèÿõ (54), îïðåäåëÿþùèõ ñîñòàâëÿþùèå
~� n

i ãðàäè-

åíòà &Jun
, îòñóòñòâóþò âòîðûå ñëàãàåìûå.

Åñëè ðàññìàòðèâàåòñÿ îäíîðîäíàÿ ñðåäà, ò.å. â ñëó÷àå îòñóòñòâèÿ òî÷êè x � �
ðàçðûâà ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ðåøåíèÿ y y u x t� ( ; , ) çàäà÷è (37)–(40),
òî U � �R ,

& � �
�

�
�# #J

y u

x
dxdtu n n

T l
n

n

~
,

~ ( )
� � �

0 0

2
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x
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Çàìå÷àíèå 6. Åñëè â çàäà÷å (37)–(40) îòñóòñòâóåò òî÷êà x � � ðàçðûâà ðåøå-

íèÿ è âìåñòî åñòåñòâåííûõ óñëîâèé (38) çàäàíû êðàåâûå óñëîâèÿ Äèðèõëå, òî
âìåñòî (55) èìååì

~ ( )
� �n

T l
ny u

x
dxdt�

�

�
# #
0 0

2

2
.

Çàìå÷àíèå 7. Åñëè â çàäà÷å (37)–(40), (13) êîýôôèöèåíò äèôôóçèè u íåèçâåñ-

òåí ëèøü íà îäíîé èç îáëàñòåé � i , i �1 2, , � 1 0� ( , )� , � 2 � ( , )� l , òî ãðàäèåíò

& �Ju n
i

n

~� , ãäå
~� n

i îïðåäåëÿåòñÿ ñîîòâåòñòâóþùèì âûðàæåíèåì (54) äëÿ

êîíêðåòíîãî çíà÷åíèÿ i.
Òàêèì îáðàçîì, äëÿ ðåàëèçàöèè ìåòîäà ìèíèìàëüíûõ îøèáîê (14), (15) îïðå-

äåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðåøåíèÿ u �U çàäà÷è (41), (13) íàïðàâëåíèå
ñïóñêà pn è êîýôôèöèåíò � n ìîæåì îïðåäåëèòü ñ ïîìîùüþ âûðàæåíèé (15).

Ðåøèâ çàäà÷ó îïðåäåëåíèÿ ôóíêöèè z x t W Tn(
~

; , ) ( , )� � 0 , êîòîðàÿ
" �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå òîæäåñòâ

�
�



�
�


�
� � � �z

t
w a z w l w t Tn, (

~
; , ) ( ), ( , )� 0 ,

( , )( ) ( , )z w y w0 0� , (56)

ïîëó÷èì âåêòîð AJun
& , ÷òî ïîçâîëèò ðåàëèçîâàòü ìåòîä ñêîðåéøåãî ñïóñêà

(14), (16) äëÿ îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðåøåíèÿ u �U çàäà÷è
(41), (13).

Îïðåäåëèâ íàïðàâëåíèå ñïóñêà pn ñ ïîìîùüþ ôîðìóë (17) è ðåøèâ çàäà÷ó
îïðåäåëåíèÿ ôóíêöèè z W T� ( , )0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå
òîæäåñòâ âèäà (56), ãäå âìåñòî

~� n èñïîëüçóåì pn , ïîëó÷èì âåêòîð

Ap z p z p d tn i n i
N

n i i
N� �� �{ } { }( ) ( ; , )

1 1
. Ýòî ïîçâîëèò ðåàëèçîâàòü ìåòîä ñîïðÿ-

æåííûõ ãðàäèåíòîâ (14), (17) äëÿ îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðå-
øåíèÿ u �U çàäà÷è (41), (13).
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3. ÐÅØÅÍÈÅ ÇÀÄÀ×È ÈÄÅÍÒÈÔÈÊÀÖÈÈ
ÑÊÎÐÎÑÒÈ ÊÎÍÂÅÊÒÈÂÍÎÃÎ ÏÅÐÅÍÎÑÀ

Ïóñòü íà îáëàñòè � T îïðåäåëåíî ïàðàáîëè÷åñêîå óðàâíåíèå
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� �
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t x
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y

x
uy f

~
.

(57)

Íà êîíöàõ îòðåçêà [ , ]0 l çàäàíû êðàåâûå óñëîâèÿ

	
�
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�
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�
� � � �k

y

x
uy x t T�1 0 0, , ( , ),

k
y

x
uy y x l t T

�
�

	 � 	 � � �� �, , ( , )0 ,
(58)

ãäå � � �, ,1 èçâåñòíû, � � !const 0.
Â òî÷êå x � � çàäàíû óñëîâèÿ íåèäåàëüíîãî êîíòàêòà

k
y

x
uy t T

�
�

	�

��
�

��
� �0 0, ( , ), k

y

x
uy r y t T

�
�

	�
�
�

�
�
�

� �
�

[ ], ( , )0 . (59)

Ïðè t � 0 èìååì íà÷àëüíîå óñëîâèå

y y x� � �0 1 2, � � . (60)

Ïðåäïîëàãàåì, ÷òî â N òî÷êàõ di �� èçâåñòíû çíà÷åíèÿ ðåøåíèÿ íà÷àëü-
íî-êðàåâîé çàäà÷è (57)–(60), çàäàííûå ðàâåíñòâàìè (7).

Çàäà÷à (57)–(60), (7) ñîñòîèò â íàõîæäåíèè âåêòîðà u u u� �( , )1 2 U � R 2 ,

ïðè êîòîðîì ðåøåíèå y y u y u x t� �( ) ( ; , ) íà÷àëüíî-êðàåâîé çàäà÷è (57)–(60)
óäîâëåòâîðÿåò ðàâåíñòâàì (7).

Îïðåäåëåíèå 9. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (57)–(60)
íàçûâàåòñÿ ôóíêöèÿ y y u y u x t W T� � �( ) ( ; , ) ( , )0 , êîòîðàÿ " �w x V( ) 0 óäîâëåò-
âîðÿåò ñèñòåìå òîæäåñòâ
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t
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( )61

( , )( ) ( , )y w y w0 0� , (62)

ãäå ïðîñòðàíñòâà W T( , )0 , V0 îïðåäåëåíû â ðàçä. 1, à ôîðìà l w( ) — â ðàçä. 2,

a u y w k
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x
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x
uy

w

x
dx r y w y

l

x l( ; , ) [ ][ ]�
�
�
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�  w l( ).

Íà îñíîâàíèè çàäà÷è (57)–(60), ïðåíåáðåãàÿ ÷ëåíàìè âòîðîãî ïîðÿäêà ìàëîñ-
òè, äëÿ ïðèðàùåíèÿ � � $y ðåøåíèÿ y y u� ( ) çàäà÷è (57)–(60), ñîîòâåòñòâóþùåãî
ïðèðàùåíèþ $u, ïîëó÷àåì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó:
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( )63

ISSN 0023-1274. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2009, ¹ 1 53



k
x

u u y x t T
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� � �[ ] , , ( , ){ }$ 0 , � | ,t x� � �0 0 �.

Îïðåäåëåíèå 10. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (63) íà-
çûâàåòñÿ ôóíêöèÿ � ( , ) ( , )x t W T� 0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå
òîæäåñòâ
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Çàìå÷àíèå 8. Çàäà÷ó âèäà (64) äëÿ ïðèðàùåíèÿ � ðåøåíèÿ y y u� ( ), ñîîòâå-

òñòâóþùåãî ïðèðàùåíèþ $u, ìîæåì ïîëó÷èòü íà îñíîâàíèè îáîáùåííîé çàäà÷è
(61), (62), ãäå

l u w l u w l u w u y u
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Äëÿ êàæäîãî ïðèáëèæåíèÿ un ðåøåíèÿ u �U çàäà÷è (61), (62), (13) ââåäåì â
ðàññìîòðåíèå ñîïðÿæåííóþ íà÷àëüíî-êðàåâóþ çàäà÷ó
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Îïðåäåëåíèå 11. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (65) íà-
çûâàåòñÿ ôóíêöèÿ � ( , ) ( , )x t W Td� 0 , êîòîðàÿ , �w x Vd( )
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Âûáèðàÿ â òîæäåñòâàõ (66), (67) âìåñòî ôóíêöèè w ðàçíîñòü
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Îïðåäåëåíèå 12. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (69) íà-
çûâàåòñÿ ôóíêöèÿ ~ ~ ( ) ~ ( ; , ) ( , )y y u y u x t W Tn n� � �� �1 1 0 , êîòîðàÿ " �w x V( ) 0
óäîâëåòâîðÿåò ñèñòåìå òîæäåñòâ
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~ ( )
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T l
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n x l

T
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x
dxdt y u l t dt2

0 0 0
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Òàêèì îáðàçîì, äëÿ ðåàëèçàöèè ìåòîäà ìèíèìàëüíûõ îøèáîê (14), (15)
îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðåøåíèÿ u �U çàäà÷è (61), (62), (13) íà-
ïðàâëåíèå ñïóñêà pn è êîýôôèöèåíò � n ìîæåì îïðåäåëèòü ñ ïîìîùüþ
âûðàæåíèé (71).

Ðåøèâ çàäà÷ó îïðåäåëåíèÿ ôóíêöèè z x t W Tn(
~

; , ) ( , )� � 0 , êîòîðàÿ
" �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå òîæäåñòâ
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� � � �z

t
w a z w l w t Tn, (

~
; , ) ( ), ( , )� 0 ,

( , )( ) ( , )z w y w0 0� , (72)

ïîëó÷èì âåêòîð AJun
& , ÷òî ïîçâîëèò ðåàëèçîâàòü ìåòîä ñêîðåéøåãî ñïóñêà

(14), (16) äëÿ îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðåøåíèÿ u �U çàäà÷è
(61), (62), (13).

Îïðåäåëèâ íàïðàâëåíèå ñïóñêà pn ñ ïîìîùüþ ôîðìóë (17) è ðåøèâ çàäà÷ó
îïðåäåëåíèÿ ôóíêöèè z W T� ( , )0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå
òîæäåñòâ âèäà (72), ãäå âìåñòî âåêòîðà

~� n èñïîëüçîâàí âåêòîð pn , ïîëó÷èì âåê-

òîð Ap z p z p d tn i n i
N

n i i
N� �� �{ } { }( ) ( ; , )

1 1
. Ýòî ïîçâîëèò ðåàëèçîâàòü ìåòîä ñî-

ïðÿæåííûõ ãðàäèåíòîâ (14), (17) äëÿ îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1
ðåøåíèÿ u �U çàäà÷è (61), (62), (13).

4. ÈÄÅÍÒÈÔÈÊÀÖÈß ÏÀÐÀÌÅÒÐÀ ÑËÀÁÎÏÐÎÍÈÖÀÅÌÎÉ ÑÎÑÒÀÂËßÞÙÅÉ

Ïóñòü íà îáëàñòè � T îïðåäåëåíî ïàðàáîëè÷åñêîå óðàâíåíèå
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k
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x
vy y x l t T
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	 � 	 � � �� �, , ( , )0 .
( )74

Â òî÷êå x � � óñëîâèÿ ñîïðÿæåíèÿ èìåþò âèä

k
y

x
vy
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��
� 0, k

y

x
vy u y
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�
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�
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�
�
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�

[ ]. (75)

Ïðè t � 0 çàäàíî íà÷àëüíîå óñëîâèå

y y xt| ,� � � �0 0 1 2� � . (76)

Ïðåäïîëàãàåì, ÷òî â N òî÷êàõ di �� èçâåñòíû çíà÷åíèÿ ðåøåíèÿ íà÷àëü-
íî-êðàåâîé çàäà÷è (73)–(76), çàäàííûå ðàâåíñòâàìè (7).

Çàäà÷à (73)–(76), (7) ñîñòîèò â îïðåäåëåíèè ïàðàìåòðà u C T� � ��U ([ , ])0
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= { }v t C T v( ) ([ , ]) :� !0 0 , ïðè êîòîðîì ðåøåíèå y y u y u x t� �( ) ( ; , ) íà÷àëüíî-êðà-
åâîé çàäà÷è (73)–(76) óäîâëåòâîðÿåò ðàâåíñòâàì (7).

Îïðåäåëåíèå 13. Ïðè êàæäîì ôèêñèðîâàííîì u �U îáîáùåííûì ðåøåíèåì

íà÷àëüíî-êðàåâîé çàäà÷è (73)–(76) íàçûâàåòñÿ ôóíêöèÿ
y y u y u x t W T� � �( ) ( ; , ) ( , )0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò òîæäåñòâàì
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t
w a u y w l w t T, ( ; , ) ( ), ( , )0 ,

( , )( ) ( , )y w y w0 0� , (77)

ãäå ôîðìà l w( ) îïðåäåëåíà â ðàçä. 3,

a u y w k
y

x

w

x
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dx u y w y

l

x( ; , ) [ ][ ] |�
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� � �# �

0

� l w l( ).

Íà îñíîâàíèè çàäà÷è (73)–(76), ïðåíåáðåãàÿ ÷ëåíàìè âòîðîãî ïîðÿäêà ìàëîñ-
òè, äëÿ ïðèùåíèÿ � � $y ðåøåíèÿ ýòîé çàäà÷è, ñîîòâåòñòâóþùåãî ïðèðàùåíèþ
$u, ïîëó÷àåì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó:
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k
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�

�
� � �[ ] [ ], , ( , )$ 0 , ��t x� � �0 0, �.

Îïðåäåëåíèå 14. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (78) íà-
çûâàåòñÿ ôóíêöèÿ � ( , ) ( , )x t W T� 0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò
òîæäåñòâàì
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t

w a u w l u w t T, ( ; , ) ( ; ), ( , )$ 0 ,

( , )( )� w 0 0� , (79)

ãäå l u w u y w� ( ; ) [ ][ ]$ $� 	 .
Äëÿ êàæäîãî ïðèáëèæåíèÿ un ðåøåíèÿ u �U çàäà÷è (77), (13) ââåäåì â ðàñ-

ñìîòðåíèå ñîïðÿæåííóþ íà÷àëüíî-êðàåâóþ çàäà÷ó
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y u f x d i N t Ti n i i ,

��t T x� � �0, �,

ãäå u un� .

Îïðåäåëåíèå 15. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (80) íà-
çûâàåòñÿ ôóíêöèÿ � ( , ) ( , )x t W Td� 0 , êîòîðàÿ , �w x Vd( )

0
óäîâëåòâîðÿåò ñèñòåìå
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ãäå ôîðìà l w� ( ) îïðåäåëåíà ñîîòâåòñòâóþùèì âûðàæåíèåì (21),
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çàäà÷è:

�
�

� �
�

�
�

	


�
�



�
� � �

~ ~
~ ~

,
y

t x
k

y

x
v y f x T� ,

	
�
�

	


�
�



�
� � � �k

y

x
v y x t T

~
~ , , ( , )�1 0 0 ,

k
y

x
v y y x l t T

�
�

	 � 	 � � �
~

~ ~ , , ( , )� � 0 ,

k
y

x
v y x t T

�
�

	�

��
�

��
� � �

~
~ , , ( , )0 0� ,

(84)

k
y

x
v y u y u y u x t T

�
�

	�
�
�

�
�
�
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~ [~] [ ( )], , ( , )$ � 0 ,
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Îïðåäåëåíèå 16. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (84) íà-
çûâàåòñÿ ôóíêöèÿ ~ ( , )y W T� 0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò ñèñòåìå
òîæäåñòâ

�
�




�
�



�
� � � 	 �

~
, ( ; ~, ) ( ) [ ( )][ ], ( ,

y

t
w a u y w l w u y u w t Tn n n$ 0 ),
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Ñëåäîâàòåëüíî,

Ju nn
& ) ~� , (86)

ãäå
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[ ( )][ ],
~� � �n n u

T

ny u J dt
n

� 	 � & � - #2

0

2 .
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Çàìå÷àíèå 9. Åñëè U � �R , òî
~

[ ( )][ ] , | | | |
~� � �n

T

n u ny u dt J
n

� 	 & -#
0

2 2 .

Òàêèì îáðàçîì, íàëè÷èå ãðàäèåíòà &Jun
(86) ïîçâîëÿåò ðåàëèçîâàòü óêàçàí-

íûå ðàíåå ãðàäèåíòíûå ìåòîäû äëÿ îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæåíèÿ un � 1 ðå-
øåíèÿ u �U çàäà÷è (77), (13).

5. ÈÄÅÍÒÈÔÈÊÀÖÈß ÏÅÐÅÌÅÍÍÛÕ ÏÀÐÀÌÅÒÐÎÂ ÓÐÀÂÍÅÍÈß ÑÎÑÒÎßÍÈß

Ïóñòü íà îáëàñòè � � �T T l� � �( , ) ( ( , ))0 0 îïðåäåëåíî óðàâíåíèå

u x
y

t x
u x t

y

x
u x t y u x t1 2 3 4( ) ( , ) ( , ) ( , )
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�
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� � .

( )87

Íà êîíöàõ îòðåçêà [ , ]0 l çàäàíû êðàåâûå óñëîâèÿ Äèðèõëå

y t t y l t t t T( , ) ( ), ( , ) ( ), ( , )0 01 2� � �� � , (88)

à ïðè t � 0 — íà÷àëüíîå óñëîâèå

y x y x x( , ) ( ),0 0� ��. (89)

Ïîëàãàåì, ÷òî â N òî÷êàõ di �� èçâåñòíû çíà÷åíèÿ ðåøåíèÿ íà÷àëüíî-êðàå-
âîé çàäà÷è (87)–(89), çàäàííûå ðàâåíñòâàìè (7).

Çàäà÷à (87)–(89), (7) ñîñòîèò â íàõîæäåíèè âåêòîðà u ui i
� � ��{ } U

1
4

� � � � � �� �C C C C C CT T T T T( ) ( ( ) ( )) ( ( ) ( )) ( ), ,� � � � � �1 0 1 0 , ïðè êîòîðîì

ðåøåíèå y y u y u x t� �( ) ( ; , ) íà÷àëüíî-êðàåâîé çàäà÷è (87)–(89) óäîâëåòâîðÿåò
ðàâåíñòâàì (7).

Âìåñòî êëàññè÷åñêîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (87)–(89) áóäåì èñ-
ïîëüçîâàòü åå îáîáùåííîå ðåøåíèå.

Îïðåäåëåíèå 17. Ïðè êàæäîì ôèêñèðîâàííîì u �U îáîáùåííûì ðåøåíèåì

íà÷àëüíî-êðàåâîé çàäà÷è (87)–(89) íàçûâàåòñÿ ôóíêöèÿ y y u� �( )
� �y u x t W T( ; , ) ( , )0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò òîæäåñòâàì
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t
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Íà îñíîâàíèè çàäà÷è (90), ïðåíåáðåãàÿ ÷ëåíàìè âòîðîãî ïîðÿäêà ìàëîñòè,
äëÿ ïðèðàùåíèÿ � � $y ðåøåíèÿ y u( ) çàäà÷è (90), ñîîòâåòñòâóþùåãî ïðèðàùå-
íèþ $u âåêòîðà u, ïîëó÷àåì ñëåäóþùóþ çàäà÷ó â ñëàáîé ïîñòàíîâêå: íàéòè
ôóíêöèþ � �W T0 0( , ), êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò ðàâåíñòâàì
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��t x� � �0 0, �, (91)
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Çàìå÷àíèå 10. Åñëè u u2 3, � const, òî íà îñíîâàíèè íà÷àëüíî-êðàåâîé çàäà÷è

(87)–(89) äëÿ ïðèðàùåíèÿ � � $y ìîæåì ïîëó÷èòü çàäà÷ó (91), ãäå
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Äëÿ êàæäîãî ïðèáëèæåíèÿ un ðåøåíèÿ u �U çàäà÷è (90), (13) ââåäåì â ðàñ-

ñìîòðåíèå ñîïðÿæåííóþ íà÷àëüíî-êðàåâóþ çàäà÷ó
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Îïðåäåëåíèå 18. Îáîáùåííûì ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (93) íà-
çûâàåòñÿ ôóíêöèÿ � ( , ) ( , )x t W Td� 0 , êîòîðàÿ " �w x Vd( )
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� #
0

T

nl u dt� �( ; )$ ,
(95)

ãäå íà êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà îïðåäåëåíèÿ (n �1)-ãî ïðèáëèæå-
íèÿ un � 1 ðåøåíèÿ u �U çàäà÷è (90), (13) â ðàâåíñòâàõ (95) èñïîëüçóåì ôóíê-
öèþ ~ ( , )y W T� 0 , êîòîðàÿ " �w x V( ) 0 óäîâëåòâîðÿåò ðàâåíñòâàì
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Çàìå÷àíèå 11. Åñëè â çàäà÷å (90), (13) u u1 2, � const, ïðàâóþ ÷àñòü ðàâåíñòâà

(96) íà îñíîâàíèè íà÷àëüíî-êðàåâîé çàäà÷è (87)–(89) ìîæåì ïðåäñòàâèòü ñëåäó-
þùèì îáðàçîì:
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ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. Ñ å ð ã è å í ê î È . B . , Ä å é í å ê à Â . Ñ . Ðåøåíèå ãðàíè÷íûõ îáðàòíûõ çàäà÷ äëÿ

ïàðàáîëè÷åñêèõ ìíîãîêîìïîíåíòíûõ ðàñïðåäåëåííûõ ñèñòåì // Êèáåðíåòèêà è ñèñòåìíûé àíàëèç. —

2007. — ¹ 4. — Ñ. 49–73.

2. Ñ å ð ã è å í ê î È . B . , Ä å é í å ê à Â . Ñ . Ðåøåíèå êîìáèíèðîâàííûõ îáðàòíûõ çàäà÷ äëÿ

ïàðàáîëè÷åñêèõ ìíîãîêîìïîíåíòíûõ ðàñïðåäåëåííûõ ñèñòåì // Òàì æå. — 2007. — ¹ 5. — Ñ. 48–71.

3. Ñ å ð ã è å í ê î È . B . , Ä å é í å ê à Â . Ñ . Ðåøåíèå êîìïëåêñíûõ îáðàòíûõ çàäà÷ äëÿ

ïñåâäîïàðàáîëè÷åñêèõ ìíîãîêîìïîíåíòíûõ ðàñïðåäåëåííûõ ñèñòåì // Ïðîáë. óïðàâëåíèÿ è

èíôîðìàòèêè. — 2007. — ¹ 4. — Ñ. 33–58.

4. Ñ å ð ã è å í ê î È . B . , Ä å é í å ê à Â . Ñ . Ðåøåíèå êîìïëåêñíûõ îáðàòíûõ çàäà÷ äëÿ

ãèïåðáîëè÷åñêèõ ìíîãîêîìïîíåíòíûõ ðàñïðåäåëåííûõ ñèñòåì // Êèáåðíåòèêà è ñèñòåìíûé àíàëèç.

— 2008. — ¹ 2. — Ñ. 55–80.

5. Ñ å ð ã è å í ê î È . B . , Ä å é í å ê à Â . Ñ . Ðåøåíèå êîìïëåêñíûõ îáðàòíûõ çàäà÷ äëÿ

ïñåâäîãèïåðáîëè÷åñêèõ ìíîãîêîìïîíåíòíûõ ðàñïðåäåëåííûõ ñèñòåì // Ïðîáë. óïðàâëåíèÿ è

èíôîðìàòèêè. — 2008. — ¹ 1. — Ñ. 54–78.

ISSN 0023-1274. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2009, ¹ 1 63



6. À ë è ô à í î â Î . Ì . , À ð ò þ õ è í Å . À . , Ð ó ì ÿ í ö å â Ñ . Â . Ýêñòðåìàëüíûå ìåòîäû

ðåøåíèÿ íåêîððåêòíûõ çàäà÷. — Ì.: Íàóêà, 1988. — 288 ñ.

7. S e r g i e n k o I . V . , D e i n e k a V . S . Optimal control of distributed systems with conjugation condi-

tions. — New York: Kluwer Añad. Publ., 2005. — 400 p.

8. Ä å é í å ê à Â . Ñ . Îïòèìàëüíîå óïðàâëåíèå ýëëèïòè÷åñêèìè ìíîãîêîìïîíåíòíûìè

ðàñïðåäåëåííûìè ñèñòåìàìè. — Êèåâ: Íàóê. äóìêà, 2005. — 364 ñ.

Ïîñòóïèëà 18.09.2008

64 ISSN 0023-1274. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2009, ¹ 1


