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Çàãðÿçíåíèå îêðóæàþùåé ñðåäû ÿâëÿåòñÿ ïîáî÷íûì ïðîäóêòîì êàæäîé ýêîíîìè-
÷åñêîé äåÿòåëüíîñòè. Áîðüáà ñ ýòèì òðåáóåò ïîñòîÿííî óâåëè÷èâàþùèõñÿ çàòðàò
è ïðèâîäèò ê ñîçäàíèþ íîâûõ ïðîèçâîäñòâ ïî ïåðåðàáîòêå è óíè÷òîæåíèþ âðåä-
íûõ îòõîäîâ. Â ðåçóëüòàòå ðàñøèðÿåòñÿ íåïîñðåäñòâåííî ñôåðà îáùåñòâåííîãî
ïðîèçâîäñòâà: îíà âêëþ÷àåò íå òîëüêî ñîçäàíèå ìàòåðèàëüíûõ áëàã, íî è ðàç-
ëè÷íûå âèäû äåÿòåëüíîñòè, ñâÿçàííûå ñ óìåíüøåíèåì çàãðÿçíåíèÿ îêðóæàþùåé
ñðåäû è âîçîáíîâëåíèåì ïðèðîäíûõ ðåñóðñîâ.

Îäíîé èç îñíîâíûõ ýêîíîìè÷åñêèõ ïðîáëåì ÿâëÿåòñÿ ïðîãíîçèðîâàíèå ïîñëå-
äóþùåãî ðàçâèòèÿ ýêîëîãè÷åñêîé ñèòóàöèè, öåëü êîòîðîãî — ïîèñê îïòèìàëüíîãî
ïëàíà ðàçâèòèÿ ýêîíîìèêè. Îñíîâíûì ñðåäñòâîì ïðîãíîçèðîâàíèÿ â ýòîì ñëó÷àå
ÿâëÿþòñÿ ìîäåëè ýêîëîãî-ýêîíîìè÷åñêîãî âçàèìîäåéñòâèÿ. Ìîäåëè ýòîãî êëàññà
ñîõðàíÿþò òðàäèöèîííóþ ñòðóêòóðó ýêîíîìèêî-ìàòåìàòè÷åñêèõ ìîäåëåé, à òàêæå
ñîäåðæàò äîïîëíèòåëüíûå ïåðåìåííûå è ñâÿçè, êîòîðûå õàðàêòåðèçóþò ýêîëîãè-
÷åñêóþ ïîäñèñòåìó.

Â íàñòîÿùåé ñòàòüå ïðîâîäèòñÿ èññëåäîâàíèå îäíîé èç ýêîíîìè÷åñêèõ çàäà÷ —
îïòèìèçàöèè îáîáùåííîé ìîäåëè ìåæîòðàñëåâîãî áàëàíñà ñ çàïàçäûâàíèåì ñ ó÷å-
òîì êîíòðîëÿ íàä çàãðÿçíåíèåì. Ïðîöåññ îïèñûâàåòñÿ ìîäåëüþ ýêîíîìè÷åñêîé äè-
íàìèêè, â îñíîâó êîòîðîé ïîëîæåí ìåæîòðàñëåâîé áàëàíñ, à ìîùíîñòè îòðàñëåé
îïèñûâàþòñÿ ïðîèçâîäñòâåííûìè ôóíêöèÿìè. Åñòåñòâåííîå óñîâåðøåíñòâîâàíèå
ìîäåëè — âêëþ÷åíèå çàïàçäûâàíèÿ.

Ðàññìîòðèì îáîáùåííóþ ìîäåëü ìåæîòðàñëåâîãî áàëàíñà ñ çàïàçäûâàíèåì
ñ ó÷åòîì êîíòðîëÿ íàä çàãðÿçíåíèåì [1]:
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Çäåñü X ( )1 — âàëîâîé âûïóñê ïðîäóêöèè; Y ( )1 — êîíå÷íàÿ ïðîäóêöèÿ; X ( )2 —
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I — èíâåñòèöèè; C — íåïðîèçâîäñòâåííîå ïîòðåáëåíèå; � — ìàòðèöà ñòðóêòó-
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( )1 ïðèíèìàåò âèä

� ( ) ( (
~

) ) [( ) ( ) ( ) ( ) ( ) ( )L t E W W
f kf kf kf
1 1 2 2 1 4 1 1� � � � �� � �

�
� � ���

�kf f
E W W L t( ) ( ) ( ) ( )(

~
) ] ( )2 2 1 4 1

� � � "� �( (
~

) )( ) ( ) ( ) ( )� �
kf kf

E W W1 2 2 1 4 1

" � � � � � ��{[ (
~

) ] ( )
~ ~( ) ( ) ( ) ( ) ( ) ( )E W W E W W L t C

f
1 3 2 1 4 1 � ìàã Y( , )}2 3 , (7)

L t t
f

( ) ( ) ( )1 � � , t t t� �[ , ]0 0� ,

� � � � �( ) ( ( ) ( ( )),... , ( ) ( ( )( ) ( )t t f k t f km m m� 1 1 1 0 0
ìàã ìàã )) ,T
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ãäå
W wij i j

m m( )
,

,( )1
1 1

�
� �

, W wij i j m

m n( )
,

,( )3
1 1

�
� � �

,

� �kf k f k� ( / ( ))( )ìàã , � � ��kf k f k� ( / ( ))( )ìàã ,

~
(

~
) (

~
)( ) ( ) ( ) ( )( ) ( ) ( )C W E W C E W

kf
ìàã ìàã� � � �� �3 2 1 2 2 2�

�
1 2 1C C( )( ) ( )( )ìàã ìàã� ,

~
(

~
) [ ]( , ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) (Y W E W Q Y S Y Q Y2 3 3 2 1 2 2 2 3 1 2� � � �� ) ( ) ( )� �S Y1 3

� � ���
�kf

E W Q Y S Y( ) ( ) ( ) ( ) ( ) ( )(
~

) [ ]2 2 1 2 2 2 3 .

Çàäà÷à (7) ïðè êóñî÷íî-íåïðåðûâíîé âåêòîð-ôóíêöèè �( )t , t t t� �[ , ]0 0� , èìå-
åò ðåøåíèå L t

f
( )( ) ( )1 ìàã , t t T�[ , ]0 , êîòîðîå ÿâëÿåòñÿ êóñî÷íî-äèôôåðåíöèðîâàííîé

ôóíêöèåé [4]. Îäíàêî ðåøåíèå L t
f
( )( ) ( )1 ìàã , t t T�[ , ]0 , äîëæíî áûòü íåîòðèöà-

òåëüíûì, ïîýòîìó äëÿ ìåæîòðàñëåâîãî áàëàíñà ïîëó÷åíû îãðàíè÷åíèÿ íà äàí-
íûå çàäà÷è (7):

1) íà÷àëüíûé âåêòîð �( )t , t t t� �[ , ]0 0� , — ïîëîæèòåëüíûé;

2) âåêòîðû I t( )� �� 0, � ( )( )L t
f
1 0� , t t T�[ , ]0 , ò.å. âûïîëíÿþòñÿ íåðàâåíñòâà

[ ( ) ] ( ) (( ) ( ) ( ) ( ) ( ) ( )E W W E W W L t W E
f

� � � � � ��11 12 22 1 21 1 12� W ( ) )22 1� "

" � � � � �[ ]( )( ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )C Q Y S Y Q Y S Y C2 2 2 2 3 1 2 1 3ìàã) (1)(ìàã) � 0,

� � � ��# #[ ( ) ] ( )( ) ( ) ( ) ( ) ( ) (� � �
� � �kf kf f kf

E W W L t1 2 22 1 21 1 2 22 1) ( )( )E W� "�

" � � � � � �[ ] [ (( ) ( ) ( ) ( ) ( ) ( )C Q Y S Y E W W E W(2)(ìàã) 2 2 2 3 11 12# ( ) ( )) ]22 1 21� "W

" � � � � ��L t W E W C Q Y
f

( ) ( ) ( ) ( )( ( ) ( )( ) { ( ) [1 12 22 1 2 2 2� # ìàã) S Y( ) ( ) ]2 3 �

� � � �Q Y S Y C( ) ( ) ( ) ( ) ( )( }1 2 1 3 1 0ìàã) , (8)

ãäå X ( ),1 W ( ),11 W ( ),12 Q ( ),1 S ( ),1 I , C ( )1 ñîîòâåòñòâóþò ôîíäîîáðàçóþùèì îò-

ðàñëÿì, à X ( ),2 W ( ),21 W ( ),22 Q ( ),2 S ( ),2 C ( )2 — íåôîíäîîáðàçóþùèì îòðàñëÿì,

# � � � � �[ ( ) ]( ) ( ) ( ) ( )� �
kf kf

E W W1 2 22 1 21 1.

Ïîäñòàâèâ L
f

( )(1 ìàã) â (6), ïîëó÷èì âåêòîð L t
f
( )( ( )2 ìàã) , t t T�[ , ]0 . Ïðè÷åì êîì-

ïîíåíòû L t f k
i i i
( ) ( )( ) ( ( ))ìàã ìàã � 0 , i n�{ ,... , }1 , ÿâëÿþòñÿ íåïðåðûâíûìè ôóíêöèÿìè

íà [ , ]t T0 . Ïðè íåêîòîðîì ~� 0 íàéäåííûå L t
i
( ) ( , ~ )ìàã � � � 0 , i n�{ ,... , }1 , óäîâëåòâîðÿ-

þò ðàâåíñòâó çàäà÷è 5.
Îïðåäåëèì ìàãèñòðàëüíûå çíà÷åíèÿ òðàåêòîðèè K t k L t

i i i
( ) ( ) ( )( ) ( )ìàã ìàã ìàã� è

ìàãèñòðàëüíîå óïðàâëåíèå C
i
( ),ìàã I t

i
( ) ( )ìàã � � , L t

i
( ) ( )ìàã � � , X t

i
( )( ) ( )1 ìàã � ��

� � �F K t L ti i i
( ( ), ( ))( ) ( )ìàã ìàã� � ,

Y t
I t C i

i

ij

j

n

j i( )( )
( ) ( )

( )
( ) , { ,

1
1

1
ìàã

ìàã ìàã

� �
� � �

�
�

�
� � ... , },

, { ,... , }( )

m

C i m n
i
ìàã � �

	



�

�
�



�
�

�
�1

, i n�{ ,... , }1 ;

X t E A MA A MA X( )( ) ( )( )( ) ( ) {( ) (2
22 32

1
21 31

1ìàã ìàã� � � � ��� t MY Y� � �� ) }( ) ( )3 2 ,

X t E A A X t A X( )( ) ( )( ) ( )( ) ( ) ( ( )3
33

1
31

1
32

2ìàã ìàã� � � � ��� � ( ) ( )( ) )ìàã t Y� �� 3 .
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Ñîñòîÿíèå ñèñòåìû
~

( )K ti , i n�{ ,... , }1 , t t T�[ , ]0 , îïðåäåëÿåòñÿ èç óðàâíåíèÿ

~
( ) ( )( ) ( ) ( ) ( )K t K e e I s dsi i

t t

t

t
t s

i
i i� � �� � � �

�0 0

0

� � �ìàã , i n�{ ,... , },1 t t T�[ , ]0 .

Íàéäåì êîìïîíåíòó a ti ( ) , i n�{ ,... , },1 t t T�[ , ]0 , èç (2)

� ( ) ( ) ( )( ) ( ) ( )
a t e U C ei

t t
i i i

t t

j

n

� � � �� � � � �

�

� � �� �0 0

1

ìàã � � �� 
 �ji j i i
k L t0

( ) ( ) ( )ìàã ìàã

� �� � �

�
� 
 � �� �

j ji
t t

j

n

i
e I t0

1

0( ) ( ) ( )ìàã .

Òîãäà ñîãëàñíî äîñòàòî÷íûì óñëîâèÿì îïòèìàëüíîñòè [3] ïðè âûïîëíåíèè
îãðàíè÷åíèÿ

~
( ) ,( )K T Ki i

T� i n�{ ,... , },1 îïòèìàëüíûì ïðîöåññîì ÿâëÿåòñÿ

 � {
~

( )K ti , I t
i
( ) ( )ìàã � � , C

i
( ),ìàã L t

i
( ) ( )ìàã � � , X t

i
( )( ) ( )1 ìàã � � , Y t

i
( )( ) ( )1 ìàã � � ,

X t
i
( )( ) ( )2 ìàã � � , X t

i
( )( ) ( )3 ìàã � � , i n�{ ,... , },1 t t T�[ , ]}0 .

Ïóñòü äëÿ ãðóïïû îòðàñëåé ñ íîìåðàìè i m i m i� � � �{ ,... , }0 11 íå âûïîëíÿþòñÿ
íåðàâåíñòâà

~
( ) ( )K T Ki i

T� . Òîãäà èç âòîðîé çàäà÷è îïòèìèçàöèè (2) âûòåêàåò

K T Ki i
T( ) ,( )� i m i m i� � � �{ ,... , }0 11 . Äëÿ ýòèõ îòðàñëåé íåîáõîäèìî ðåøèòü çàäà-

÷ó íà áûñòðîäåéñòâèå:

min( )T � � , X t w X t
i ij j

j

m i

j m i

m i
( ) ( )( )( ) ( )1 1

1 1

0

0

1

� � � �
�

�

� � �

�

�� �ìàã � � �w X tij j
( ) ( )1 �

� � � �
� � � �

� �
j m i

n

ij j ij j
j

n

ij j
w X t q Y s Y

1 1

1 2

1

( )( ) ( ) (( )ìàã � 3

1

1) ( ) ( )
j

n

i
Y t

�
� � � � ,

i m i m i� � � �{ ,... , }0 11 ,

Y t
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i

j m i

m i

ij j

j

m i

ij j
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(
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1

1 10

1 0

� �

� �
� � �

�

�

�

� �

�

� � � ìàã

ìàã

)
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( ) ( ), {

t

I t C t i m i

j m i

n

ij j i

� �

� � � � � �
� � �

�

�

� � �

1 1
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1

1
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� � � �

	




�
�
�

�

�
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�

�
�
�

�

�
�
�

, , },

( ), { , , }

�

�

m

C t i m m ii �

,

� ( ) ( ) ( )K t I t K ti i i i� � �� � , K Ki i
( )

~
( )� �� ,

K T Ki i
T( ) ,( )� i m i m i� � � �{ ,... , }0 11 , t T�[ , ]� ,

X t X t
i i
( ) ( )( )( ) ( )1 1� � �� �ìàã , Y t Y t

i i
( ) ( )( )( ) ( )1 1� � �� �ìàã ,

I t I ti i
( ) ( )( )� � �� �ìàã , L t L ti i

( ) ( )( )� � �� �ìàã ,

i m i� �{ ,... , }1 0 , i m i n� � �{ ,... , }1 1 , t � �[ , ]� � � ,

L t L t
i

i

m i

i m i

m i

i

i m i

( ) ( ) ( )ìàã

�

�

� � �

�

� � �
� �� � � �

1 1 1

0

0

1

1

� �
n

i
L t N t� � � �( ) ( ) ( )ìàã � � , t T�[ , ]� ,

C t Ci i( ) ,min� �� 0 1� � � �X t F K t
i i i
( ) ( ) ( ( )� � , L ti ( ))� � ,

~
( ) ( ) ,( )K t K t Ki i i

T� � � �� � t T�[ , ]� ,

I ti ( )� �� 0, L ti ( )� �� 0, Y t
i
( ) ( )1 0� �� , i m i m i� � � �{ ,... , }0 11 . (9)
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Ñîãëàñíî äîñòàòî÷íûì óñëîâèÿì ðåøèì äâå çàäà÷è îïòèìèçàöèè, àíàëîãè÷-
íûå (2):

~
( , ( ), ( ), ( ), ( ), ( ), ( ))( )R t K t K t I t X t L t C t� � � � � �

�

� � � � �1

sup
~

( ) ( ) , ( ) , { ,..., },( )
K t K t K L t i m i m ii i i

T
i� � � � � � �0 10 1

0� � � � � �X t F K t L t t Ti i i i

T K T

( ) ( ( ), ( )), [ , ],

,

~
( , , ( )

� � � �

�� , ( ), ( ), ( )) inf .K T K K
t T

� � �
� �

� � � �
�0

(10)

Ïåðâàÿ çàäà÷à èç (10) ðàçáèâàåòñÿ íà ïÿòü ñîîòâåòñòâóþùèõ çàäà÷ îïòèìè-
çàöèè, â ðåçóëüòàòå ÷åãî îïòèìàëüíûì ðåøåíèåì ÿâëÿåòñÿ K t K t

i i
( ð) ( )

~
( )ï � ,

t T�[ , ]� , i m i m i� � � �{ ,... , }0 11 , èëè k t ki i
( ) ( )� ìàã è C t C

i i
( ð) (min)( )ï � �� ,

i m i m i� � � �{ ,... , }0 11 .
Íàéäåì óïðàâëåíèå I ti ( )� � , t T�[ , ]� , èç óðàâíåíèÿ äâèæåíèÿ êàïèòàëà ïðè

óñëîâèè, ÷òî ìàòðèöà W w
i i

ij i j m i

m i( , )
,

( )0 1

0

1
1

�
� � �

� — ïðîäóêòèâíàÿ, íåîòðèöàòåëüíàÿ,

íåðàçëîæèìàÿ,
I t k L t k L t

t

i i i i i i( ) ( ) � ( ) ( ) ( ),

[ ,

( ) ( )� � �

�

� � � �

�

ìàã ìàã
0 0

T i m i m i] , { ,... , }.� � � �0 11
(11)

Ïîäñòàâèì (11) â óðàâíåíèå ìåæîòðàñëåâîãî áàëàíñà, ïîëó÷èì çàäà÷ó äëÿ îïðå-
äåëåíèÿ ðàáî÷åé ñèëû Li :

L t f k w f ki i i
j m i

m i

ij j j
( ) ( ( )) ( (( ) ( )� �

� � �

�

�� �ìàã ìàã
0
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1

� � �0 )) ( ) ( )L t P tj i� � � �

� �
� � �

�

�
j m i

m i

ij j j j j
k L t k L

0

1

1
0 0� � � �( ( )� ( ) ( )( ) ( )ìàã ìàã

j t( ))�

� � � �
�

�

� � �
� �� � � �ij

j

m i

j
j m i

n

ij j
I t I t

1 1

0

1

( ) ( )( ) ( )ìàã ìàã ,

L t ti i( ) ( )� � , t � �[ , ]� � � , i m i m� � �{ ,... , }0 1 ; (12)

L t f k w f ki i i
j m i

m i

ij j j
( ) ( ( )) ( (( ) ( )� �

� � �

�

�� �ìàã ìàã
0

10

1

� � �0

11

)) ( ) ( ),

{ ,... , },

L t P t

i m m i

j i� � �

� � �

(13)

ãäå
P t w X t w Xi ij

j

m i

j
j m i

n

ij j
( ) ( )( )( )� � � �

�

�

� � �
� �� �

1

1

1

0

1

ìàã ( )( ) ( )1 ìàã t � ��

� � � �
�

�{ } ( )( ) ( ) ( )q Y s Y C tij

j

n

j ij j i
1

2 3 ïð � .

Ïóñòü â ñèñòåìå (13) ìàòðèöà W w
i i

ij i j m

m i( , )
,

( )1 1 1
1

�
� �

� ÿâëÿåòñÿ ïðîäóêòèâíîé, íå-

îòðèöàòåëüíîé, íåðàçëîæèìîé. Èç (13) âûðàçèì L ti ( )� � , i m m i� � �{ ,... , }1 1 , ÷å-
ðåç L t

i
( )� � , i m i m� � �{ ,... , }0 1 , è ïîäñòàâèì â çàäà÷ó (12). Ïóñòü ìàòðèöà

� �
kf

i i

kf

i i i i i i
E W W

( , ) ( , ) ( , ) ( , )( )0 0 0 1 1 1 1 01� � � èìååò îáðàòíóþ ìàòðèöó # . Òîãäà íà-

÷àëüíàÿ çàäà÷à ïî îïðåäåëåíèþ L
f

i( )0 ïðèíèìàåò âèä
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kf
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0� ìàã , t � �[ , ] ,� � � (14)

ãäå èíäåêñ i0 îòîáðàæàåò îòðàñëè ñ íîìåðàìè i m i m� � �{ ,... , },0 1 à i1 —

ñ íîìåðàìè i m m i� � �{ ,... , }1 1 , ìàòðèöàìè � �( )
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ij i m i j

m m i0
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� � � � � �
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Ïðè êóñî÷íî-íåïðåðûâíîì âåêòîðå � ( ) ( )i
t0 , t � �[ , ]� � � , çàäà÷à (14) èìååò ðå-

øåíèå L t
f

i( ) ( )0 , t T�[ , ]� , êîòîðîå ÿâëÿåòñÿ êóñî÷íî-äèôôåðåíöèðîâàííîé ôóíêöèåé.

×òîáû ðåøåíèÿ L t
f

i( ) ( )0 , L t
f

i( ) ( )1 , t T�[ , ]� , áûëè íåîòðèöàòåëüíûìè, äîñòàòî÷íî âû-

ïîëíåíèÿ òàêèõ óñëîâèé:
1) íà÷àëüíîå óñëîâèå � ( ) ( )i

t0 , t � �[ , ]� � � , — ïîëîæèòåëüíîå;

2) âûïîëíÿþòñÿ íåðàâåíñòâà
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E W W E W W L

i i i i i i i i
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i n i i i i i( , ) ( ) ( , min) ( , ) ( , ) ( )( ) (0 0 0 1 1 13 1 1 t � � ) ,

W w
i

ij i m i j

m m i( , )
,

,( )0

0

01
1 1

�
� � � �

� , W w
i n

ij i m i j m i

m n( , )
,

,( )0

0 11 1
�

� � � � � �
,

S t W X t W X t
i m i i n i( ) ( , ) ( , ) ( , ) ( , )( ) ( ) (1 1 0 1 1� � � �� �ìàã ìàã � �� )

� � �Q Y S Y C
i n i n i( , ) ( ) ( , ) ( ) ( , min)1 1 12 3 ,

ãäå W w
i m

ij i m j

m i m i( , )
,

,( )1 1 0
1 1

�
� � �
� � , W w

i n
ij i m j m i

m i n( , )
,

,( )1

1

1
1 1

�
� � � � �
� .

Ðåøèâ çàäà÷ó (14) , ïîëó÷èì ïðàâîå óïðàâëåíèå L t
i
( ) ( , )ïð � 0 ,

i m i m� � �{ ,... , }0 1 , t T�[ , ]� , è ñîîòâåòñòâåííî L t
i
( ) ( , )ïð � 0 , i m m i� � �{ ,... , }1 1 .

Ïðè ýòîì ïðîâåðÿåì âûïîëíåíèå íåðàâåíñòâà

0

0

1

1
0� � �

� � �

�

�
i m i

m i

i
L t( ) ( , )ïð � �

� � � � �
�

�

� � �
� �N t L t L

i
i

m i

i m i

n

i
( ) ( , ) (( ) ( )� � �ìàã ìàã

0
1 1

0

1

t � � �, )0 , t T�[ , ]� . (17)



Åñëè âûïîëíÿåòñÿ (17), òî íàéäåíî ïðàâîå óïðàâëåíèå L t
i
( ) ( , )ïð � � � 0 , i �

� � � �{ , , }m i m i0 11 � . Â ïðîòèâíîì ñëó÷àå íåîáõîäèìî âûáîðîì � 0 äîáèòüñÿ
åãî âûïîëíåíèÿ.

Èç (11) îïðåäåëèì êîìïîíåíòû ïðàâîãî óïðàâëåíèÿ I t
i
( ) ( )ïð � � , X t

i
( )( ) ( )1 ïð � � ,

X t
i
( )( ) ( )2 ïð � � , X t

i
( )( ) ( )3 ïð � � , Y t

i
( )( ) ( )1 ïð � � , t T�[ , ]� , i m i m i� � � �{ ,... , }0 11 .

Ïðàâîå ñîñòîÿíèå ñèñòåìû îïðåäåëÿåòñÿ èç óðàâíåíèÿ äâèæåíèÿ êàïèòàëà çà-
äà÷è (9):

K t K t e I s e d
i i

t
i

t
t si i( ) ( ) ( ) ( )( )

~
( ) ( )ïð ïð� � �� � � �

�
� �

�

�� s ,

t T�[ , ]� , i m i m i� � � �{ ,... , }0 11 .

Íàéäåì
~� ( ) ~� ( ) ( ) ~� ( )( ) ( ) ( ) ( )a t t k L t t ki i i i i i

� � � �	 	 �0 1ìàã ïð ( ) ( ) ( )ìàã ïðL t
i

� ��

� � � � �[ ~ ( ) ~ ( )][ ( )( ) ( ) ( ) ( ) (	 	 � �
i i i i i i

t t k L t I0 1 ìàã ïð ïð) ( )]t � ��

� �
~

( ) (min)
 �i i
t C , t T�[ , ]� , i m i m i� � � �{ ,... , }0 11 .

Òî÷êà � ìîìåíòà ïåðåêëþ÷åíèÿ óïðàâëåíèé íàõîäèòñÿ èç ðåøåíèÿ çàäà÷è

$~
( ) ~ ( ) ~ ( )

~
( )( )� � � � 	 � �� � � � �

� � �

�

�
i m i

m i

i i ia K

0

1

1

0

%� � � � � �
�
�~ ( )

~
( ) ~ ( )

~� ( ) in( ) ( )
.

	 � � � � 	 �

� �

�

i i i iK t K t dt1 1 f
t T0� ��

.

Ôóíêöèÿ
~
� — íåïðåðûâíàÿ ïî � íà [ , ]t T0 , ïîýòîìó äîñòèãàåò ñâîåé òî÷íîé ãðà-

íèöû. Ñëåäîâàòåëüíî, òî÷êà � ñóùåñòâóåò. Òîãäà îïòèìàëüíûì ðåøåíèåì çàäà-
÷è (1) ÿâëÿåòñÿ ïðîöåññ

 � � �� � � �{ ( ), ( ), ( ), (( ) ( ) ( ) ( )( )K t I t C t X topt opt opt opt1 ), ( ),

( ), ( ),

( )( )

( )( ) ( )( ) (

X t

X t Y t L

2

3 1

opt

opt opt o

�

� �

�

� � pt) ( ) , [ , ]}t t t T� �� 0
ñ êîìïîíåíòàìè

K t
K t t t

K t t T
i

i

i

( )
( )

( )
~
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( ), [ , ] ,
opt

ïð
�
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0 �

�
I t

I t t t

I t t
i

i

i

( )
( )

( )( )
( ), [ , ),

( ), [
opt

ìàã

ïð� �
� �

� �
�

� �

�

0

�, ].T

	


�

Àíàëîãè÷íûé âèä èìåþò êîìïîíåíòû C t
i
( ) ( )opt � � , X t

i
( )( ) ( )1 opt � � , X t

i
( )( ) ( )2 opt � � ,

X t
i
( )( ) ( )3 opt � � , Y t

i
( )( ) ( )1 opt � � , L t

i
( ) ( )opt � � , i n�{ ,... , }1 .

Ïîëó÷åííûå ðåçóëüòàòû ñôîðìóëèðóåì â âèäå òåîðåìû.
Òåîðåìà 1. Ïóñòü ïðîèçâîäñòâåííûå ôóíêöèè F K Li i i( , ) , i n�{ ,... , }1 , — äâàæ-

äû íåïðåðûâíî äèôôåðåíöèðóåìûå, âûïóêëûå è ìîíîòîííî âîçðàñòàþùèå; ôóíêöèè
ïîëåçíîñòè U Ci i( ) , i n�{ ,... , }1 , — íåïðåðûâíûå, ìîíîòîííî âîçðàñòàþùèå è âûïóê-
ëûå ïî Ci . Ìàòðèöû A33 , A MA22 32� , W,

~
,( )W 2 W ( ),22 W

i i( , ),0 1 W
i i( , )1 1 — ïðîäóê-

òèâíûå, íåîòðèöàòåëüíûå è íåðàçëîæèìûå, à ìàòðèöû � �
kf kf

E W W( ) ( ) ( ) ( )(
~

) ,1 2 2 1 4� � �

� kf , � �
kf kf

E W W( ) ( ) ( ) ( )(
~

) ,1 2 22 1 21� � � � �
kf

i i

kf

i i i i i i
E W W

( , ) ( , ) ( , ) ( , )( )0 0 0 1 1 1 1 01� � � èìåþò

îáðàòíûå ìàòðèöû. Âûïîëíÿþòñÿ íåðàâåíñòâà (8), (15), (16). Òîãäà îïòèìàëüíàÿ
òðàåêòîðèÿ K t( ) ( )opt , t t T�[ , ]0 , — êóñî÷íî-äèôôåðåíöèðóåìàÿ ôóíêöèÿ, îïòè-
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ìàëüíîå óïðàâëåíèå C t( ) ( )opt , X t( )( ) ( )1 opt , X t( )( ) ( )2 opt , X t( )( ) ( )3 opt , L t( ) ( )opt — êó-

ñî÷íî-äèôôåðåíöèðóåìûå íà [ , ]t T0 , à I t( ) ( )opt , Y t( )( ) ( )1 opt — êóñî÷íî-íåïðåðûâ-

íûå íà [ , ]t T0 .
Ïðîâåäåíî èññëåäîâàíèå ìîäåëè (1) ïðè òàêèõ äàííûõ: t0 0� , T � 10, n � 3,

m � 1, � 0 2� , � � 005. , � � 0 25. , � � ( . ; . ; . )0 07 0 08 0 09 , � �( ) ( . ; . ; . )� 0 3 0136 016 ,
	 �( ) ( . ; . ; . )� 0117 0 084 0 051 , 
 0 1 15 2� ( ; . ; ) , K ( ) ( ; ; )0 2 1 1� , K T( ) ( ; ; . )� 6 7 4 5 , C (min) �

� ( . ; . ; . )01 0 2 0 3 ; U C C1 1 1
1 2( ) /� , U C C2 2 2

1 22( ) /� , U C C3 3 3
1 23( ) /� ; F K L1 1( , ) �

� 10
1
1 4 3 4K L

/ / , F K L K L2 2 2
1 3 2 312( , ) / /� , F K L K L3 3 3

1 5 4 515( , ) / /� ;
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. . .

. . .
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006 0059 006

�
�

�

�
�
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�

�

�
. . .

. . .

. . .
�
�
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002 0085 0073

018 0045 0025

�
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�
�
�

�. . .

. . .

. . . �

�
�
�

,
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00001 00004 000043

00002 00006 00006

00003 00

�

. . .

. . .

. . 007 000076.
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�

�
�
�

�

�

�
�
�
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008 005 045

007 0087 0004
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�
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�
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�

�

�
. . .

. . .

. . .
�
�

, A23

01 06 013

02 03 006

046 05 08

�
�

�

�
�
�

�

�

�
�
�

. . .

. . .

. . .

,
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00008 000048 00009

000057 00008 00007

000073 0

�

. . .

. . .

. . .00027 000064

�

�

�
�
�

�

�

�
�
�
, A32

0002 0034 0012

008 0045 0023

0048 0075 0003
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�
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. . .

. . .

. . .
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�
�
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�

�
�
�

, A33

013 002 005

067 05 003
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�
�

�

�
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�
�

. . .

. . .

. . .

,

� �
�

�

�
�
�

�
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�
�
�

1 1 1

0 0 0

0 0 0

; Y ( )
.

.

.

2
0005

0004
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�
�

�

�
�
�

�

�

�
�
�
, Y ( )

.

.

.

3
0001
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�
�
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�
�

�

�

�
�
�

.

Â ðåçóëüòàòå ðàñ÷åòà ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:
— îïòèìàëüíûå òðàåêòîðèÿ è óïðàâëåíèå (íåêîòîðûå èç íèõ ïðèâåäåíû â òàáë.1):

C t
1

0244( ) ( ) .opt � , C t Y t
2 2

0433( ) ( )( ) ( ) .opt opt� � , t �[ , ]0 10 ; C t
3
( ) ( )opt � Y t

3
( ) ( )opt �

�
	


�

�

�

0549 0 95

03 95 10

. , [ , . ),

. , [ . , ];

t

t

— ìîìåíò ïåðåêëþ÷åíèÿ óïðàâëåíèé � � 95. .

Ò à á ë è ö à 1 . Çàâèñèìîñòü îïòèìàëüíîé òðàåêòîðèè è óïðàâëåíèÿ îò âðåìåíè

t , ãîä K t2
( ) ( )opt

X1
1( )( )opt

I3
( )opt

L1
( )opt

X2
2( )( )opt

X3
3( )( )opt

Y1
( )opt

1 2 3 4 5 6 7 8

0 1 4.606 0.051 0.3 8.303 9.885 0.496

0.25 1.001 5.25 0.06 0.34 10.87 12.94 0.54

0.5 1.002 5.89 0.07 0.38 13.41 15.97 0.59

0.75 1.008 6.56 0.09 0.42 16.1 19.17 0.64

1 1.019 7.27 0.1 0.47 18.93 22.54 0.7

1.25 1.035 8.01 0.11 0.52 21.91 26.09 0.75

1.5 1.056 8.79 0.13 0.57 25.04 29.82 0.81

1.75 1.083 9.62 0.14 0.62 28.34 33.74 0.88

2 1.116 10.49 0.16 0.68 31.81 37.87 0.94

2.25 1.15 11.4 0.18 0.74 35.46 42.21 1.01

2.5 1.19 12.36 0.2 0.8 39.3 46.79 1.09

2.75 1.25 13.37 0.22 0.87 43.34 51.6 1.16

3 1.31 14.43 0.24 0.94 47.59 56.66 1.25

3.25 1.37 15.55 0.26 1.01 52.06 61.99 1.33

3.5 1.44 16.73 0.28 1.09 56.77 67.59 1.42

3.75 1.52 17.97 0.31 1.17 61.72 73.49 1.52
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Ýêîíîìè÷åñêîå îáîñíîâàíèå ïîëó÷åííûõ ðåçóëüòàòîâ: ïåðâàÿ è âòîðàÿ îòðàñëè
íà âñåì ïðîìåæóòêå âðåìåíè t �[ , ]0 10 äâèæóòñÿ ïî ìàãèñòðàëè; òðåòüÿ îòðàñëü äî
ìîìåíòà ïåðåêëþ÷åíèÿ óïðàâëåíèé t �[ , . ]0 95 äâèæåòñÿ ïî ìàãèñòðàëè, à ïîñëå
t �[ . , ]95 10 — ïî ïðàâîé òðàåêòîðèè, ïðè ýòîì ïîòðåáëåíèå ìèíèìàëüíîå, ïðîèñõî-
äèò íàêîïëåíèå êàïèòàëà.

Òàêèì îáðàçîì, èññëåäîâàíà äèíàìèêà îáîáùåííîé ìîäåëè ìåæîòðàñëåâîãî áà-
ëàíñà ñ çàïàçäûâàíèåì, îïðåäåëåíû âîçìîæíûå ñöåíàðèè åå ðàçâèòèÿ è âîçðàñòàíèÿ,
ïðåäëîæåí àëãîðèòì âû÷èñëåíèÿ ìîìåíòà ïåðåêëþ÷åíèÿ óïðàâëåíèé. Ýòà ìåòîäèêà
èñïîëüçóåòñÿ äëÿ ïðèíÿòèÿ óïðàâëåí÷åñêèõ ðåøåíèé ýêîíîìè÷åñêèìè ïðîöåññàìè.
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(Ïðîäîëæåíèå òàáë. 1)

1 2 3 4 5 6 7 8

4 1.61 19.27 0.33 1.25 66.94 79.69 1.62

4.25 1.7 20.64 0.36 1.34 72.42 86.22 1.72

4.5 1.81 22.08 0.39 1.43 78.19 93.09 1.83

4.75 1.92 23.6 0.42 1.53 84.26 100.32 1.95

5 2.04 25.2 0.45 1.64 90.65 107.93 2.07

5.25 2.17 26.88 0.48 1.75 97.37 115.93 2.2

5.5 2.31 28.65 0.52 1.86 104.45 124.35 2.34

5.75 2.46 30.51 0.55 1.98 118.9 133.22 2.48

6 2.63 32.47 0.59 2.11 119.72 142.54 2.63

6.25 2.8 34.53 0.63 2.24 127.97 152.35 2.79

6.5 2.99 36.7 0.67 2.39 136.64 162.68 2.95

6.75 3.19 38.98 0.72 2.53 145.76 173.54 3.13

7 3.4 41.38 0.76 2.69 155.36 184.97 3.31

7.25 3.63 43.91 0.81 2.86 165.47 197 3.51

7.5 3.87 46.56 0.87 3.03 176.1 209.65 3.71

7.75 4.13 49.36 0.92 3.21 187.28 222.97 3.93

8 4.4 52.3 0.98 3.4 199.05 236.98 4.15

8.25 4.69 55.4 1.04 3.6 211.44 251.73 4.39

8.5 5 58.66 1.1 3.82 224.47 267.24 4.64

8.75 5.32 62.09 1.17 4.04 238.18 283.57 4.9

9 5.67 65.69 1.24 4.27 252.61 300.74 5.18

9.25 6.03 69.49 1.31 4.52 267.79 318.82 5.47

9.5 6.42 73.48 1.39 4.78 256.51 305.39 5.78

9.75 6.83 77.69 1.47 5.06 271.82 323.62 6.1

10 7.27 82.11 1.55 5.34 287.93 342.8 6.44


