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Êëþ÷åâûå ñëîâà: ñëàáàÿ çàâèñèìîñòü, ãàóññîâñêèé ñòàöèîíàðíûé ïðîöåññ, ïåðèîäî-

ãðàììíàÿ îöåíêà, ñèëüíàÿ ñîñòîÿòåëüíîñòü, àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå.

ÂÂÅÄÅÍÈÅ

Â íàñòîÿùåé ðàáîòå ðàññìîòðåí ðÿä àñèìïòîòè÷åñêèõ ñâîéñòâ ïåðèîäîãðàì-

ìíûõ îöåíîê íåèçâåñòíûõ ïàðàìåòðîâ, íåëèíåéíî âõîäÿùèõ â ôóíêöèþ

ðåãðåññèè çàäàííîãî âèäà ïðè íàëè÷èè ñëàáîçàâèñèìîãî ñëó÷àéíîãî øóìà.

Òàêèå îöåíêè äîâîëüíî ïðîñòû ïî ñâîåé ñòðóêòóðå è äîñòàòî÷íî õîðîøî

èññëåäîâàíû [1–3]. Äëÿ äèñêðåòíîãî ñëó÷àÿ ñâîéñòâà ïåðèîäîãðàììíûõ îöåíîê

ïîäðîáíî îïèñàíû â [4]. Â ðàáîòàõ [2, 5] èçó÷åíû àñèìïòîòè÷åñêèå ñâîéñòâà

L
p

-îöåíîê â îáùåì ñëó÷àå è ïðè p � 2 — îöåíîê íàèìåíüøèõ êâàäðàòîâ äëÿ

íåïðåðûâíîãî âðåìåíè. Ñâîéñòâà îöåíîê ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ ïðèâåäåíû

â [6]. Â óêàçàííûõ ðàáîòàõ àñèìïòîòè÷åñêèå ñâîéñòâà ïåðèîäîãðàììíûõ îöå-

íîê íåèçâåñòíûõ ïàðàìåòðîâ êàê äëÿ äèñêðåòíîãî, òàê è íåïðåðûâíîãî âðåìåíè

èññëåäîâàíû íà ïðèìåðå ãàðìîíè÷åñêîãî ñèãíàëà, êîãäà íåèçâåñòíûìè ïàðà-

ìåòðàìè ÿâëÿþòñÿ àìïëèòóäà è ÷àñòîòà ãàðìîíè÷åñêèõ êîëåáàíèé. Âàæíûå

ðåçóëüòàòû îöåíêè â ñëó÷àå, êîãäà ôóíêöèÿ ðåãðåññèè ïî÷òè ïåðèîäè÷åñêàÿ,

ïîëó÷åíû â [3, 7, 8]. Îäíàêî â áîëüøèíñòâå èçâåñòíûõ ðàáîò ïðè ðàññìîòðå-

íèè ðåãðåññèîííûõ ìîäåëåé ñî ñëàáîçàâèñèìûì ñëó÷àéíûì øóìîì, ò.å. òàêèõ,

êîððåëÿöèîííàÿ ôóíêöèÿ êîòîðûõ èíòåãðèðóåìà íà äåéñòâèòåëüíîé îñè R
1
,

òðåáóåòñÿ âûïîëíåíèå óñëîâèÿ ñèëüíîãî ïåðåìåøèâàíèÿ [9], ôàêòè÷åñêè íåðå-

àëèçóåìîãî âî ìíîãèõ ïðàêòè÷åñêèõ çàäà÷àõ. Â äàííîé ñòàòüå èññëåäîâàíû

àñèìïòîòè÷åñêèå ñâîéñòâà îöåíîê íåèçâåñòíûõ ïàðàìåòðîâ ïî÷òè ïåðèîäè÷å-

ñêîé ôóíêöèè â íåëèíåéíîé ìîäåëè ðåãðåññèè «ñèãíàë ïëþñ øóì» â ñëó÷àå,

êîãäà ñëó÷àéíûé øóì ÿâëÿåòñÿ ãàóññîâñêèì ñòàöèîíàðíûì ïðîöåññîì.

ÓÑËÎÂÈß È ÔÎÐÌÓËÈÐÎÂÊÀ ÇÀÄÀ×È

Îïèøåì ðàññìàòðèâàåìóþ ìîäåëü è ñäåëàåì îòíîñèòåëüíî íåå ðÿä ïðåäïîëî-

æåíèé.

Óñëîâèå 1. Ïóñòü { } { }n t t R n t( ), ( )� �

1
— äåéñòâèòåëüíûé íåïðåðûâíûé

ñ âåðîÿòíîñòüþ åäèíèöà ãàóññîâñêèé ñòàöèîíàðíûé ïðîöåññ ñ àáñîëþòíî

èíòåãðèðóåìîé íà äåéñòâèòåëüíîé îñè R
1

êîððåëÿöèîííîé ôóíêöèåé r t( ) è

íóëåâûì ñðåäíèì En t( ) � 0.

Ïîñêîëüêó êîððåëÿöèîííàÿ ôóíêöèÿ r t( ) ñòàöèîíàðíîãî ïðîöåññà n t( )

èíòåãðèðóåìà (ñëó÷àé ñëàáîé çàâèñèìîñòè), à èìåííî

| ( )|r t dt

0
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�
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ñóùåñòâóåò íåïðåðûâíàÿ è îãðàíè÷åííàÿ íà R
1

ñïåêòðàëüíàÿ ïëîòíîñòü f ( )� ,

ñâÿçàííàÿ ñ r t( ) ñîîòíîøåíèåì

r t e f d
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Óñëîâèå 2. Ïðåäïîëîæèì, ÷òî çàäàíà ïî÷òè ïåðèîäè÷åñêàÿ ôóíêöèÿ âèäà

�
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( )t c e
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i t
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���

�

	
,

ãäå äëÿ âåëè÷èí c
k

è �
k

âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå:

| |c
k

k���

�

	
� �, �

k

 0 ïðè k 
 0,

c c
k k
�

�

, � �
k k
� �

�

, | |� �
l k
� 
 �� 0 ïðè l k .

Ïóñòü íà îòðåçêå [ , ]0 T íàáëþäàåòñÿ ñëó÷àéíûé ïðîöåññ x t( ),

x t A t n t( ) ( ) ( )� �0 0� � , A0 0� , � 0 0� .

Óñëîâèå 3. Äëÿ çíà÷åíèÿ � �
i0 0 ñïåêòðàëüíàÿ ïëîòíîñòü f

i
( )� �

0 0 0� .

Äàëåå ðàññìîòðèì çàäà÷ó îöåíêè íåèçâåñòíûõ ïàðàìåòðîâ A0 è � 0

ñ èñïîëüçîâàíèåì ïðîöåññà { }x t t T( ), 0 � � , ïðåäïîëàãàÿ, ÷òî äëèíà èíòåðâàëà

íàáëþäåíèé T � �.

Ïðè îöåíèâàíèè íåèçâåñòíûõ ïàðàìåòðîâ A0 è � 0 èñïîëüçóþòñÿ ðàçíûå

îöåíêè, â çàâèñèìîñòè îò êîíêðåòíîãî âèäà ôóíêöèè �( )t è ñïîñîáà çàäàíèÿ

ôóíêöèîíàëà äëÿ èõ íàõîæäåíèÿ. Èçâåñòíî, ÷òî âî ìíîãèõ îòíîøåíèÿõ ïðåäïî÷-

òèòåëüíû îöåíêè ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ èëè áîëåå ïðîñòûå îöåíêè ìåòî-

äà íàèìåíüøèõ êâàäðàòîâ. Âûáåðåì â êà÷åñòâå îöåíîê ïàðàìåòðîâ A0 è � 0 åñ-

òåñòâåííûå îöåíêè, áëèçêèå ê îöåíêàì ìåòîäà íàèìåíüøèõ êâàäðàòîâ, íî íå

ñîâïàäàþùèå ñ íèìè.

Ðàññìîòðèì ôóíêöèîíàë

Q
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x t e dt
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� 
 0 .

Ïóñòü �
T

— çíà÷åíèå � � �[ , )0 , ïðè êîòîðîì ôóíêöèîíàë Q
T

( )� ïðèíèìàåò

íàèáîëüøåå çíà÷åíèå íà [ , )0 � . Çàìåòèì, ÷òî Q
T

( )� ñ âåðîÿòíîñòüþ åäèíèöà ÿâëÿåòñÿ

íåïðåðûâíîé ôóíêöèåé îò �, ïðè÷åì Q
T

( )� � 0 ïðè � � ��, à çíà÷èò, ïðè èçâåñ-

òíûõ ïðåäïîëîæåíèÿõ î ïðîöåññå n t( ) îöåíêà �
T

îïðåäåëåíà ñ âåðîÿòíîñòüþ åäèíèöà.

Ëåììà 1 [2]. Ïóñòü ïðîöåññ { }n t( ) óäîâëåòâîðÿåò óñëîâèþ 1. Òîãäà

sup
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R

i t

T

T

e n t dt

1

1
0

0

( ) ïðè T � � (1)

ñ âåðîÿòíîñòüþ åäèíèöà.

ÑÈËÜÍÀß ÑÎÑÒÎßÒÅËÜÍÎÑÒÜ ÎÖÅÍÎÊ ×ÀÑÒÎÒÛ È ÀÌÏËÈÒÓÄÛ

Äîêàæåì ñíà÷àëà óòâåðæäåíèå î ñèëüíîé ñîñòîÿòåëüíîñòè îöåíêè âåëè÷èíû � 0 .

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1, 2, à òàêæå óñëîâèå | | | |c c
i i0
� ,

i i � 0 , i0 0� . Òîãäà
�

�
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�

T

T

i

� �

0

0 ïðè T � � (2)

ñ âåðîÿòíîñòüþ åäèíèöà.

Äîêàçàòåëüñòâî. Çàôèêñèðóåì �  0 è ðàññìîòðèì ïîâåäåíèå âåëè÷èíû Q
T
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.
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Èç óñëîâèÿ 2 ëåãêî âèäåòü, ÷òî

1

0

0
T

t e dt C
i t

T

� �
�

( )
�

�

�

�

�

�

�
� .

Èç ëåììû 1 ñëåäóåò, ÷òî sup

�

�| ( )|I
T

� 0 ïðè T � � ñ âåðîÿòíîñòüþ åäèíèöà.

Ïóñòü � �
T

i t

T

A

T

t e dt� � � �
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, ) ( )�

�
. Òîãäà ñïðàâåäëèâî ðàâåíñòâî
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2
. Ïðåäïîëîæèì, ÷òî äëÿ ëþáîãî k i èìååò

ìåñòî | |� � � �
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� � � � � 
 �( ) | ( )� � � � � � � �
l k l k0 0 0

1

2

1
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Ëåãêî âèäåòü, ÷òî lim ( ) | | .
T

T i i
Q A c

��

�� �
0 00 0
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4

Ïîêàæåì, ÷òî � �
T
� 0 ïðè T � � ñ âåðîÿòíîñòüþ åäèíèöà. Ïóñòü

E { }� e — ïðîñòðàíñòâî ýëåìåíòàðíûõ ñîáûòèé è "

�
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�
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�
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2
. Â ñèëó

ïðåäûäóùèõ ðàññóæäåíèé P{ }" �1. Òîãäà ðàññìîòðèì ìíîæåñòâî "1 � {e
T

, � íå

ñõîäèòñÿ ê � 0 ïðè T � �}. Ïóñòü ýëåìåíòàðíîå ñîáûòèå e� #" "1 . Äëÿ íåãî

ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü T e
k
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T e

k
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�

. Òîãäà â ñèëó òîãî, ÷òî
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Ïîëó÷èëè ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî, P{ }"1 0� è � �
T
� 0 ïðè T � �

ñ âåðîÿòíîñòüþ åäèíèöà.

Òåîðåìà äîêàçàíà.
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Àíàëîãè÷íàÿ òåîðåìà äëÿ ñòàöèîíàðíîãî ïðîöåññà, êîòîðàÿ óäîâëåòâîðÿåò

óñëîâèþ ñèëüíîãî ïåðåìåøèâàíèÿ è èìååò êîíå÷íûé ìîìåíò ÷åòâåðòîãî

ïîðÿäêà, äîêàçàíà â [3].

Ëåììà 2. Ïðè óñëîâèÿõ òåîðåìû 1 ñ âåðîÿòíîñòüþ åäèíèöà ñïðàâåäëèâî

ñîîòíîøåíèå
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Èç ëåììû 1 ñëåäóåò, ÷òî I
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�

�

�

�

�

 

�

!

�

�

�

4
0

0

2

2
0

0

2

0 0
A

T

t e dt

i t

T

i

� �
� �

( ) .

Òàêèì îáðàçîì, íà îñíîâàíèè íåðàâåíñòâà (3) è äîêàçàòåëüñòâà òåîðåìû 1

ìîæíî óòâåðæäàòü, ÷òî ñ âåðîÿòíîñòüþ åäèíèöà

lim ( ) lim ( ) | |
T

T T

T

T i i
Q Q A c

�� ��

� �� � �
0 00 0

2 2
4 .

Ëåììà äîêàçàíà.

Ðàññìîòðèì ñêîðîñòü ñõîäèìîñòè îöåíêè �
T

ê åå èñòèííîìó çíà÷åíèþ.

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1. Òîãäà

T
T

i

�

�
�

0

0 0�

%

&

'

'

(

)

*

*

� ïðè T � �

ñ âåðîÿòíîñòüþ åäèíèöà.

Äîêàçàòåëüñòâî. Ïðè äîêàçàòåëüñòâå ëåììû 2 óñòàíîâëåíî, ÷òî ïðàâàÿ ÷àñòü (3)

ñõîäèòñÿ ê íóëþ ïðè T � � ñ âåðîÿòíîñòüþ åäèíèöà. Èç ýòîãî ñëåäóåò, ÷òî

2 20
0

0

2

0
0

0

0 0
A

T

t e dt

A

T

t e dt
i t

T

i t

T

T
i

� � � �
� � �

( ) ( )
�

�

�

�

�

�

�
�

�

�

�

�

�

�

�
�

2

0 (4)

ïðè T � � ñ âåðîÿòíîñòüþ åäèíèöà.
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Ðàññìîòðèì

lim ( ) lim
T

i t

T

T

k

iA

T

t e dt

A

T

c e
T k

�� ��

�

�

�

�

�

�

�
�

2 20
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0

2

0
� �

� � � �0

0

2

t

k

i t

T

e dt
T

���

�

	
�

%

&

'

'

(

)

*

*

�

�

�

�

�

�
�

�

�

�

�

�

�

�
�

��

���

�

�

	
�

lim |
( )

T

k

k

i t

T

A

T

c e dt A c
T k

2
4

0

0

2

0

20� � �
i

T

i T

i T

e

T

T i

0

0 0

0

2

0

2

1
| lim

( )

( )

��

�

�

�

�

�

��

�

�

��

� � �

� � �
. (5)

Ïîñêîëüêó � 0 0� è �
T

 0, ñ ó÷åòîì (5) ñîîòíîøåíèå (4) ñïðàâåäëèâî òîãäà

è òîëüêî òîãäà, êîãäà

e

T

i T

i T

T i
( )

( )

� � �

� � �

�

�

�

�

�

��

�

�

��
�

0 0

0

1
1

0

ïðè T � �

ñ âåðîÿòíîñòüþ åäèíèöà, èëè, ÷òî òî æå,

sin ( )

( )

� � �

� � �

i T

i T

T

T

0

0

0

0

1
�

�

� ïðè T � �

ñ âåðîÿòíîñòüþ åäèíèöà. Ïîñëåäíåå âîçìîæíî òîãäà è òîëüêî òîãäà, êîãäà

T
T

i

�

�
�

0

0 0�

%

&

'

'

(

)

*

*

� ïðè T � � ñ âåðîÿòíîñòüþ åäèíèöà.

Òåîðåìà äîêàçàíà.

Î÷åâèäíî, ÷òî èç ëåììû 2 âûòåêàåò òàêæå ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1–3. Òîãäà ïðè T � � âåëè÷èíà

A c Q
T i

T
T

�

�
1

2
0

1 1 2
| | ( )

/
� ÿâëÿåòñÿ ñèëüíî ñîñòîÿòåëüíîé îöåíêîé âåëè÷èíû A0 .

ÀÑÈÌÏÒÎÒÈ×ÅÑÊÀß ÍÎÐÌÀËÜÍÎÑÒÜ ÎÖÅÍÎÊ ×ÀÑÒÎÒÛ È ÀÌÏËÈÒÓÄÛ

Ñôîðìóëèðóåì öåíòðàëüíóþ ïðåäåëüíóþ òåîðåìó äëÿ èíòåãðàëîâ âèäà

a t n t dt
T

T

( ) ( )

0

�

ñ íåêîòîðîé ôóíêöèåé a t
T

( ), t 
 0, â òàêîé ôîðìå, êîòîðàÿ äàëåå ïîçâîëèò

óñòàíîâèòü àñèìïòîòè÷åñêóþ íîðìàëüíîñòü îöåíîê A
T

è �
T

ïðè âûïîëíåíèè

óñëîâèé 1, 2.

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ a t
T

( ) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì.

Óñëîâèå 4. Ïóñòü a t
T

( ) — äåéñòâèòåëüíàÿ ôóíêöèÿ, îïðåäåëåííàÿ äëÿ t 
 0

è òàêàÿ, ÷òî ïðè êàæäîì T � 0

W T a t dt
T

T

2 2

0

( ) ( )� � �

�
.

Óñëîâèå 5. Ñ íåêîòîðîé êîíñòàíòîé 0� � �C èìååò ìåñòî

W T a t

C

Tt T

T

�

� �

�

1

0

( ) | ( )|sup , W T( ) � �, T � �.

Óñëîâèå 6. Ïðè ëþáîì äåéñòâèòåëüíîì u ñóùåñòâóåò

lim

( )

( | | ) ( ) ( )
T

T T

T

W T

a t u a t dt u

��

� �

�

1

2

0

� ,
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ïðè÷åì ôóíêöèÿ � íåïðåðûâíà. Â òàêîì ñëó÷àå ëåãêî ïðîâåðèòü [10], ÷òî ïî

òåîðåìå Áîõíåðà–Õèí÷èíà ôóíêöèÿ � äîïóñêàåò ïðåäñòàâëåíèå

� � �
�

( ) ( )u e d
i u

�

��

�

�
,

ãäå � �( ) — ìîíîòîííî íåóáûâàþùàÿ è îãðàíè÷åííàÿ íà R
1

ôóíêöèÿ.

Òåîðåìà 4 [1, 11]. Ïðåäïîëîæèì, ÷òî ïðîöåññ n t( ) óäîâëåòâîðÿåò óñëîâèÿì

1–3, à ôóíêöèÿ a t
T

( ) — óñëîâèÿì 4–6. Òîãäà ñëó÷àéíàÿ âåëè÷èíà

1

0
W T

a t n t dt
T

T

( )
( ) ( )

�

àñèìïòîòè÷åñêè íîðìàëüíà ïðè T � � ñ ïàðàìåòðàìè 0 è � 	 � � �
2

2�

��

�

�
f d( ) ( ).

Èç òåîðåìû 4 âûòåêàåò ñëåäñòâèå.

Ëåììà 3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1–3. Òîãäà êàæäàÿ èç ñëó÷àéíûõ

âåëè÷èí
1

0

0
T

tn t dt

T

cos ( )�
�

,
1

0

0
T

tn t dt

T

sin ( )�
�

,

1 1

3 2
0

0

3 2
0

0
T

t tn t dt

T

t tn t dt

T T

/ /
cos ( ) , sin ( )� �

� �

àñèìïòîòè÷åñêè íîðìàëüíà ïðè T � � ñ ïàðàìåòðàìè ( , ( ))0
0 0	 � �f

i
äëÿ

ïåðâûõ äâóõ ñëó÷àéíûõ âåëè÷èí è ñ ïàðàìåòðàìè 0
3

0 0, ( )
	

� �f
i

%

&

'

(

)

*
äëÿ äâóõ äðóãèõ.

Äîêàæåì âñïîìîãàòåëüíîå óòâåðæäåíèå.

Ëåììà 4. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1–3. Òîãäà èìååò ìåñòî ðàâåíñòâî

T

Q
T i

T T

�

+

+

� �

1 2 0

1 2
0/

( )� �

�

 
 , (6)

ãäå 

T1 — àñèìïòîòè÷åñêè íîðìàëüíàÿ ñëó÷àéíàÿ âåëè÷èíà ñ íóëåâûì

ìàòåìàòè÷åñêèì îæèäàíèåì è äèñïåðñèåé � 	 � �
2

0

2 2

0

16

3
0 0

� A c f
i i

| | ( ), à ñëó-

÷àéíàÿ âåëè÷èíà 

T 2 0� ïðè T � � ïî âåðîÿòíîñòè.

Äîêàçàòåëüñòâî. Ñïðàâåäëèâî ñëåäóþùåå âûðàæåíèå:

1 4

1 2

0

5 2

0

0

T

Q

T

x t t dt

T i

T

/ /

( )
( )cos ( )

+

+

�

+

+

�

�

�

�

�

�

�

�

�

� �

� �
�

2

0

2

0 0

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

 

�

!

�

�

�

�

x t t dt

T

i

( )sin ( )�

� � �

� � � �

�

8

5 2
0 0 0

0

0 00

T

A t n t t dt t A t n
i

T

/
[ ( ) ( )]cos ( ) [ ( )� � � � � � ( )]sin ( )t t dt

i

T

� �
0 0

0

�

�

�

�

�

�

�

� � �

�
[ ( ) ( )]sin ( ) [ ( ) ( )]coA t n t t dt t A t n t

i

T

0 0 0

0

0 00
� � � � � � s ( )� �

i

T

t dt
0 0

0

�

�

 

�

!

�

. (7)

Ðàññìîòðèì êàæäûé ÷ëåí ïðàâîé ÷àñòè (7) â îòäåëüíîñòè (äàëåå ïîëàãàåì,

÷òî ñõîäèìîñòü èìååò ìåñòî ïî âåðîÿòíîñòè):

lim ( )cos ( ) ( )sin ( )
/

T

i

T

i

A

T

t t dt tn t t

��

�

0

5 2
0 0

0

00 0
� � � � � � dt

T

0

�
�
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�

��

���

�

	
�

lim cos ( ) ( )s
/

T

v

i t

v

i

T

A

T

c e t dt tn t
v0

5 2
0

0

0

0

� �
� � in ( )� �

i

T

t dt
0 0

0

�
�

�

�
�

��

�
A

c c

T

tn t t dt

i i

T

i

T

0
3 2

0

0

0 0

0
2

1
lim ( )sin ( )

/
� � , (8)

lim ( )sin ( ) ( )cos ( )
/

T

i

T

i

A

T

t t dt tn t t

��

�

0

5 2
0 0

0

00 0
� � � � � � dt

T

0

�
�

�

�
�
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�
A

c c

i
T

tn t t dt

i i

T

i

T

0
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0

0

0 0

0
2

1
lim ( )cos ( )

/
� � , (9)

lim ( )cos ( ) si
/

T

i

T

v
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v

A

T

n t t dt t c e
v
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���

�

�
	

0
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0

0

0

0� �
� �

n ( )� �
i

T

t dt
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0

�
�

�

�
�

��

�
A

c c

i
T

n t t dt

i i

T

i

T

0
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0

0

0 0

0
4

1
lim ( )cos ( )

/
� � , (10)

lim ( )sin ( ) co
/

T

i

T

v
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v

A

T

n t t dt t c e
v
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���

�

�
	

0

5 2
0

0

0

0� �
� �

s ( )� �
i

T

t dt
0 0

0

�
�

�

�
�

��

�
A

c c

i
T

n t t dt

i i

T

i

T

0
1 2

0

0

0 0

0
4

1
lim ( )sin ( )

/
� � , (11)

lim ( )cos ( ) ( )sin (
/

T

i

T

i

A

T

t t dt t t

��

�

�

0

2

5 2
0 0

0

00 0
� � � � � � � � 0

0

t dt

T

)
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

� �
� � � � � � � �( )sin ( ) ( )cos ( ) ]0 0

0

0 0

0

0 0
t t dt t t t dt

i

T

i

T

�

�

 

�

!

�

�

� �

� �

�

� ��

�

�

�

�

�

� � � �

A

c c c c

i

c c

i

c c
i i i i i i i i

0

2 0 0 0 0 0 0 0 0

2 4 2 4
� 0, (12)

lim ( )cos ( ) ( )sin ( )
/

T

i

T

i

T

n t t dt tn t t dt

��

�

�

1

5 2
0

0

00 0
� � � �

0

T

�
�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

�

 

�

!

� �
n t t dt tn t t dt

i

T

i

T

( )sin ( ) ( )cos ( )� � � �
0 00

0

0

0 �

� 0. (13)

Òàêèì îáðàçîì, èç (7)–(13) ñëåäóåò ðàâåíñòâî (6), ãäå


 � �
T i i i

T

c c

A

T

tn t t dt1
0

3 2
0

0

4
0 0 0

� � � �
� �

[ ] ( )sin ( )
/

� � �
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4
0 0 0

0

3 2
0

0

[ ] ( )cos ( )
/

c c

A

T

tn t t dt
i i i

T
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� � �
� �

2
0 0 0

0

1 2
0

0

i c c

A

T

n t t dt
i i i

T
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/

� � 2
0 0 0

0

1 2
0

0

i c c

A

T

n t t dt
i i i

T

[ ] ( )sin ( )
/

�
� �

� � .
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Íàéäåì ôóíêöèþ �( )u , îïðåäåëåííóþ â óñëîâèè 6. Îáîçíà÷èì

a

c c

i

i i

0

0 0

2
�

�
�

, b

c c

i

i

i i

0

0 0

2
�

�
�

,

a t A b t

t

T

a t
T i i i i

( ) cos ( ) sin ( )� �

%

&

'

(

)

*
�4 1

2
10 0 00 0 0 0

� � � � �

%

&

'

(

)

*

�

�

�

�

�

�

2t

T

. (14)

Òîãäà

�( ) lim

( )

( | | )
u

A

W T

t u

T

t

TT

T

� �

�%

&

'

(

)

*
�

%

&

'

(

��

�

16
1

2
1

20

2

2

0
)

*
� �{a t u

i i0 0 0sin ( ( | | ))� �

� � �b t u a t b
i i i i i i0 0 0 0 0 00 0 0cos( ( | | )) sin ( ) cos (� � � � � �}{ t dt u

i
) cos ( | | )} � � �

0 0 .

Ñëåäîâàòåëüíî, âåëè÷èíà



T T

T

T

a t n t dt1

0

1
�

�
( ) ( ) ,

ãäå a t
T

( ) îïðåäåëÿåòñÿ ðàâåíñòâîì (14), àñèìïòîòè÷åñêè íîðìàëüíà ñ íó-

ëåâûì ìàòåìàòè÷åñêèì îæèäàíèåì è äèñïåðñèåé � 	 � �
2 0

2

2

0

8

3
2

0 0
� �

A

c f
i i

| | ( )

�

16

3
0

2 2

00 0
	 � �A c f

i i
| | ( ).

Ëåììà äîêàçàíà.

Ëåììà 5. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ 1–3. Òîãäà äëÿ ëþáîé ñëó÷àéíîé âåëè-

÷èíû ��
T

, óäîâëåòâîðÿþùåé ñ âåðîÿòíîñòüþ åäèíèöà íåðàâåíñòâó | � |� � �
T i
� �

0 0

� �| |� � �
T i0 0 , äëÿ âñåõ T � 0 âåëè÷èíà
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32

2

2

2

0
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T

Q c

A
T T
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� �

( � ) | |�

�

ïî

âåðîÿòíîñòè.

Äîêàçàòåëüñòâî. Ñïðàâåäëèâî ñëåäóþùåå ñîîòíîøåíèå:

1 8
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Íà îñíîâàíèè òåîðåìû 2, ëåììû 3 è íåðàâåíñòâà |sin sin | | |a b a b� � � äëÿ

ëþáûõ äåéñòâèòåëüíûõ a è b ëåãêî âèäåòü, ÷òî ïî âåðîÿòíîñòè
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Òåîðåìà äîêàçàíà.

ÇÀÊËÞ×ÅÍÈÅ

Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñîñòîÿòåëüíîñòè è íàéäåíû àñèìïòîòè÷åñêèå

ðàñïðåäåëåíèÿ îöåíîê íåèçâåñòíûõ ïàðàìåòðîâ ïî÷òè ïåðèîäè÷åñêîé ôóíêöèè

â íåëèíåéíîé ìîäåëè ðåãðåññèè ñ íåïðåðûâíûì âðåìåíåì è ñëàáîçàâèñèìûì

ãàóññîâñêèì ñòàöèîíàðíûì øóìîì. Äàííûå ðåçóëüòàòû ïîçâîëÿþò ñäåëàòü
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ñëåäóþùèé âàæíûé øàã â èçó÷åíèè àñèìïòîòè÷åñêèõ ñâîéñòâ ïåðèîäîãðàì-

ìíûõ îöåíîê, à èìåííî íàéòè äîâåðèòåëüíûå èíòåðâàëû äëÿ íåèçâåñòíûõ ïà-

ðàìåòðîâ ôóíêöèè è îïðåäåëèòü ýôôåêòèâíîñòü îöåíîê â ñëó÷àå ñëàáîçà-

âèñèìîãî ãàóññîâñêîãî ñëó÷àéíîãî øóìà.
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