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ÂÂÅÄÅÍÈÅ

Îäíîé èç çàäà÷ îïòèìèçàöèè â ñëó÷àéíîé ñðåäå, îïèñûâàåìîé ïîëóìàðêîâñêèì

ïðîöåññîì, ÿâëÿåòñÿ óñòàíîâëåíèå óñëîâèé ñõîäèìîñòè ïðîöåäóð îïòèìèçàöèè.

Ìíîæåñòâî ïðèìåðîâ îòíîñèòåëüíî ïðîöåäóð ñòîõàñòè÷åñêîé îïòèìèçàöèè ïðè

îáðàáîòêå è àíàëèçå ýêñïåðèìåíòàëüíûõ äàííûõ, ðàñïîçíàâàíèè îáðàçîâ â ñèñ-

òåìíîì àíàëèçå, îïòèìèçàöèè ñëîæíûõ ñèñòåì ñâèäåòåëüñòâóåò îá àêòóàëüíîñòè

ïðèìåíåíèé îïòèìèçàöèîííûõ ïðîöåäóð.

Ïðîöåäóðà ñòîõàñòè÷åñêîé îïòèìèçàöèÿ (ÏÑÎ) Êèôåðà–Âîëüôîâèöà [1] äëÿ

ôóíêöèè ðåãðåññèè C u( ) ñîñòîèò â ðåøåíèè óðàâíåíèÿ ðåãðåññèè � �C u( ) 0 , ò.å. â ïî-

èñêå êîðíÿ u* ýòîãî óðàâíåíèÿ ïðè ïîãðåøíîñòÿõ èçìåðåíèÿ ôóíêöèè ðåãðåññèè òèïà

ãàóññîâñêîãî áåëîãî øóìà. Â ðàáîòå [2] ðàññìîòðåí ñëó÷àé íåïðåðûâíîé ÏÑÎ, êîãäà

ôóíêöèÿ ðåãðåññèè çàâèñèò îò âíåøíåé ïîëóìàðêîâñêîé ñðåäû â ñõåìå óñðåäíåíèÿ.

Â íàñòîÿùåé ñòàòüå ñõîäèìîñòü íåïðåðûâíîé ÏÑÎ â ïîëóìàðêîâñêîé ñðåäå [4]

â ñõåìå äèôôóçèîííîé àïïðîêñèìàöèè ñ óñëîâèÿìè áàëàíñà íà ñèíãóëÿðíîå âîçìó-

ùåíèå ôóíêöèè ðåãðåññèè óñòàíàâëèâàåòñÿ ñ èñïîëüçîâàíèåì êîìïåíñèðóþùåãî

îïåðàòîðà ðàñøèðåííîãî ïðîöåññà ìàðêîâñêîãî âîññòàíîâëåíèÿ [5]. Ïðè ýòîì ðàñ-

ñìîòðåíû àñèìïòîòè÷åñêèå ðàçëîæåíèÿ êîìïåíñèðóþùåãî îïåðàòîðà (ðàçä. 3) è ðå-

øåíà ïðîáëåìà ñèíãóëÿðíîãî âîçìóùåíèÿ [6] äëÿ àñèìïòîòè÷åñêîãî ïðåäñòàâëåíèÿ

êîìïåíñèðóþùåãî îïåðàòîðà (ðàçä. 4).

1. ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È

Íåïðåðûâíàÿ ÏÑÎ ñ ïîëóìàðêîâñêèìè ïåðåêëþ÷åíèÿìè â ñõåìå äèôôóçèîííîé

àïïðîêñèìàöèè çàäàåòñÿ ýâîëþöèîííûì óðàâíåíèåì

du t

dt
a t C u t x t

�
� � �

( )
( ) ( ( ); ( / ))� 2 , (1)

ãäå

C u x C u x u C u x ub t
� � � �( ; ) ( ; ) ( ) ( ; ) ( )( )� � � � ��1

0 ,

� �
� � �

b t C u x
C u b t x C u b t x

b t
( ) ( ; )

( ( ( ); ) ( ( ); ))

( )2
, u R� . Ôóíêöèè ðåãðåññèè C u x( ; ) ,

u R� , x X� , óäîâëåòâîðÿþò óñëîâèÿì ñóùåñòâîâàíèÿ ãëîáàëüíîãî ðåøåíèÿ ñî-

ïðîâîæäàþùèõ ñèñòåì [8]

du t dt C u t xx x( ) / ( ( ); )� , x X� .

Çàäà÷à ðàññìàòðèâàåòñÿ â óñëîâèÿõ ñóùåñòâîâàíèÿ åäèíñòâåííîé òî÷êè ýêñòðåìó-

ìà u* . Ïîëóìàðêîâñêèé ïðîöåññ x t t( ), � 0 , ÿâëÿåòñÿ ðåãóëÿðíûì è ðàâíîìåðíî

ýðãîäè÷åñêèì ñî ñòàöèîíàðíûì ðàñïðåäåëåíèåì �( ),B B �X, â ñòàíäàðòíîì ôà-

çîâîì ïðîñòðàíñòâå ( , )X X è çàäàåòñÿ ïîëóìàðêîâñêèì ÿäðîì [5]

Q x B t P x B G tx( , , ) ( , ) ( )� ,

ãäå G tx ( ) — ôóíêöèÿ ðàñïðåäåëåíèÿ âðåìåíè ïðåáûâàíèÿ â ñîñòîÿíèè x X� .
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Ñòàöèîíàðíîå ðàñïðåäåëåíèå �( )B äëÿ ïîëóìàðêîâñêîãî ïðîöåññà çàäàåòñÿ

ðàâåíñòâîì

� �( ): lim ( , ) ( ) ( ) /B P x B dx g x g
t

t

B

� �
	
 � ,

ãäå P x B P x t B x xt ( , ) ( ( ) | ( ) )� � �0 — ÿäðî ïåðåõîäíûõ âåðîÿòíîñòåé ïîëóìàðêîâ-

ñêîãî ïðîöåññà.

Èñïîëüçóåì ñîïðîâîæäàþùèé ìàðêîâñêèé ïðîöåññ x t0 ( ) , t � 0 , çàäàâàåìûé

ãåíåðàòîðîì

Q� � �( ) ( ) ( , )[ ( ) ( )]x q x P x dy y x

X

� �� . (2)

Çäåñü q x g x g x E x( ): / ( ), ( ):� �1 � := G t dtx ( )

0




� , G t G tx x( ): ( )� �1 .

Ñòàöèîíàðíîå ðàñïðåäåëåíèå �( ),B B �X, îïðåäåëÿåò ïðîåêòîð � â áàíàõîâîì

ïðîñòðàíñòâå B X( ) äåéñòâèòåëüíûõ ôóíêöèé �( )x , x X� , ñ ñóïðåìóì-íîðìîé

|| ( ) || : sup | ( )|� �x x
x X

�
�

:

�� � �� � �( ) � ( ), � ( ) ( ), ( )x x dx x x x X

X

� � �� ��1 1 .

Ïîòåíöèàëüíûé îïåðàòîð R0 ñîïðîâîæäàþùåãî ìàðêîâñêîãî ïðîöåññà x t0 ( ) ,

t � 0 , îïðåäåëÿåòñÿ ðàâåíñòâîì [5] R Q0 � � ��[ ]� �1 è óäîâëåòâîðÿåò ñîîòíîøå-

íèþ QR R Q0 0� � �I � . Ñòàöèîíàðíîå ðàñïðåäåëåíèå �( ),B B X� , âëîæåííîé

öåïè Ìàðêîâà x xn n: ( )� � , n � 0 , çàäàåòñÿ óðàâíåíèåì

� �( ) ( ) ( , )B dx P x B

X

� � , �( )X �1 .

Òàêèì îáðàçîì, èìååò ìåñòî ñâÿçü ìåæäó ñòàöèîíàðíûìè ðàñïðåäåëåíèÿìè

� � �( ) ( ) ( ), : ( ) ( )dx q x q dx q dx q x

X

� � � (3)

ëèáî

� � �( ) ( ) ( ) / , : ( ) ( ) /dx dx g x g g dx g x q

X

� � �� 1 .

Ôóíêöèÿ ñèíãóëÿðíîãî âîçìóùåíèÿ C u x0 ( , ), u R� , x X� , óäîâëåòâîðÿåò óñëîâèþ

áàëàíñà [6]

�

X

dx C u x� ( ) ( , )0 0 . (4)

Ñõîäèìîñòü ÏÑÎ (1) ðàññìàòðèâàåòñÿ â óñëîâèÿõ ýêñïîíåíöèàëüíîé óñòîé÷è-

âîñòè óñðåäíåííîé äèíàìè÷åñêîé ñèñòåìû [1, §4.4]:

du t dt C u t( ) / ( ( ))� � , C u dx C u x

X

( ): ( ) ( ; )� � � , (5)

êîòîðàÿ èìååò åäèíñòâåííóþ òî÷êó ýêñòðåìóìà u* óñðåäíåíèÿ ôóíêöèè ðåãðåñ-

ñèè C u( ) . Áåç óìåíüøåíèÿ îáîáùåííîñòè ïðèìåì u* � 0 .

Ðàññìîòðèì ýëåìåíòû ÏÑÎ (1), ïîëó÷àåìûå âñëåäñòâèå ðåøåíèÿ ïðîáëåìû

ñèíãóëÿðíîãî âîçìóùåíèÿ (áîëåå ïîäðîáíî îíè ðàññìîòðåíû â ðàçä. 4):

L C Lt tx V u a t x V u a t x V u( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )� � 2
0 , (6)

L C Lt ta t x a t x� �( ) ( ) ( ) ( )� � � �2
0 , (7)

ãäå
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L C PR C C00 0 0 2 0
2( ) ( ) ( ) ( ) ( )x x x x x� � 	 , (8)

L L0 0
1

2
V u x V u b u V u B u V u( ) ( ) ( ) ( ) ( ) ( ) ( )� � � � ��� � ,

b u b u b u( ) ( ) ( )� �0 	 , (9)

b u dx C u x C u x b u dx x

X X

0 0 0( ): ( ) ( ; ) ( ; ), ( ) : ( ) ( )� � �� �� � 		R0 C u x C u x0 0( ; ) ( ; )� ,

B u B u B u( ) ( ) ( )� �0 	 , (10)

B u dx C u x C u x B u dx x

X X

0 0 02( ): ( ) ( ; ) ( ; ), ( ): ( ) ( )� �� �� � 		R 0 C u x C u x0 0( ; ) ( ; ) ,

	( ): ( ( ) ( )) / ( )x g x g x g x� �2
22 ,

g x2 ( ) — âòîðîé ìîìåíò âðåìåíè ïðåáûâàíèÿ,

g x t G dt G t dt G t Gx x x x

t

2
2

0

2

0

22( ): ( ) ( ) , ( ): (( ) ( )� � �

 
 


� � � s ds) .

2. ÎÑÍÎÂÍÎÉ ÐÅÇÓËÜÒÀÒ

Òåîðåìà. Ïóñòü ñóùåñòâóåò ôóíêöèÿ Ëÿïóíîâà V u u R( ), � , êîòîðàÿ îáåñïå÷èâàåò

ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü óñðåäíåííîé ñèñòåìû (5) ñîãëàñíî óñëîâèÿì

C1– C7:

C1: C u V u c V u c� � � � �( ) ( ) ( ),0 0 0 ,

C2: | ( )| ( ( ))V u c V u� � �1 1 ,

C3: | ( ) ' ( )| ( )( )� � �b t C u C u kb t .

Ïðè � � � ��b t b t b tC u x C u C u x( ) ( ) ( )
~

( ; ): ( ) ( ; ) ,
~

( ): ( )L L Lt t tx x� � èìåþò ìåñòî äî-

ïîëíèòåëüíûå óñëîâèÿ:

C4: | ( ; )[ ( ; ) ( )] | ( ( ))C u x C u x V u c V u0 0 2 1R0 � � � � ,

| ( ; ) [
~

( ; ) ( )] | ( ( ))( )C u x C u x V u c V ui b tR0 � � � � �3 1 ,

| ( ; )[ ( ; ) [
~

( ; ) ( )] ] | ( (( )C u x C u x C u x V u c V ub t0 0 4 1R0 � � � � � � )) ,

| ( ; ) [ ( ; ) [ ( ; ) ( )] ] | ( ( ))C u x C u x C u x V u c V ui R R0 00 0 5 1� � � � � ,

| ( ; ) [
~

( ) ( )] | ( ( ))C u x x V u c V ui tR L0 � � � �6 1 ,

| ( ; )[ ( ; ) [
~

( ) ( )] ] | ( ( ))C u x C u x x V u c V ut0 0 7 1R L0 � � � � � ,

ãäå i � 0 1, . Êðîìå òîãî, ôóíêöèè ðàñïðåäåëåíèÿ G t x Xx ( ), � , óäîâëåòâîðÿþò

óñëîâèþ Êðàìåðà ðàâíîìåðíî ïî x X� :

C e G t dt H h
x X

ht
x5 0

0

: sup ( ) ,
�




� � � 
 � .
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Íàêîíåö, íîðìèðóþùèå ôóíêöèè a t b t( ), ( ) óäîâëåòâîðÿþò óñëîâèÿì

C a t dt a t dt a t b t dt t s6 0

0

2

0 0

: ( ) , ( ) , ( ) ( ) , ,


 
 


� � �� 
 � 
 � 
 � ,

C
a t s b t s

b t s
A a t s A

a t
7

2

2 2

2

2
2

:
( ) ( )

( )
, ( ) ,

(� � �

�
� � � �

�� �

�
�

� s

a t
A A

)

( )
,� � 
 .

Òîãäà ïðè êàæäîì ïîëîæèòåëüíîì � � �� 0 0, — äîñòàòî÷íî ìàëîå, ÏÑÎ (1) ñõî-

äèòñÿ ïðè t 	 
 ñ âåðîÿòíîñòüþ åäèíèöà ê åäèíñòâåííîé òî÷êå ýêñòðåìóìà

óñðåäíåííîé ýâîëþöèîííîé ñèñòåìû (5)

P u t
t

{ lim ( ) }
	


� �� 0 1 .

3. ÑÂÎÉÑÒÂÀ ÊÎÌÏÅÍÑÈÐÓÞÙÅÃÎ ÎÏÅÐÀÒÎÐÀ ÏÑÎ (1)

Ðàññìîòðèì ðàñøèðåííûé ïðîöåññ ìàðêîâñêîãî âîññòàíîâëåíèÿ (ÏÌÂ), çàäàâàå-

ìîãî ïîñëåäîâàòåëüíîñòüþ

u u x xn n n n n n
� � � � � � �� � � ��� � �( ), ( ), , (11)

ãäå � �n kk

n
�

�� 1
, n � 0, �0 0� , — ìîìåíòû âîññòàíîâëåíèÿ ïîëóìàðêîâñêîãî

ïðîöåññà x t( ), t � 0 [2].

Ðàññìîòðèì êëàññ íåîäíîðîäíûõ ïîëóãðóïï C
t s

t
x t x X

�
� �

�

�
2

0
,

( ), , , ïîðîæäàå-

ìûé ñîïðîâîæäàþùåé ÏÑÎ, êîòîðàÿ íà òåñò-ôóíêöèÿõ �( ) ( )u C R� 1 èìååò ïðåä-

ñòàâëåíèå
C

t s

t
x xx u u t s u t u

�
� � �

�

� � � �
2

2,
( ) ( ) ( ( )), ( ) , (12)

ãäå u t s u t s u u t u t ux x x x( ): ( , ), ( ): ( , )� � � � .

Ïîðîæäàþùèé îïåðàòîð Ct x� ( ) ïîëóãðóïïû (12) îïðåäåëÿåòñÿ ôîðìóëîé

C C Ct tx u a t x u a t x u� � � � �( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )� � �1
0 , (13)

ãäå

C Ct b tx u C u x u x u C u x u( ) ( ) ( ; ) ( ), ( ) ( ) ( ; ) ( )( )� � � �� � � � �0 0 .

Îïðåäåëåíèå. Êîìïåíñèðóþùèé îïåðàòîð (ÊÎ) ÏÌÂ, îïðåäåëÿåìûé ñîîòíî-

øåíèåì

Lt n n n nu x q x E u x u x u u x� � � � �� � � �( ; ) ( ) [ ( , ) ( ; )| ,� � ��
� �

2
1 1

� x] ,

ïðåäñòàâèì â âèäå

L Ct x
t s

t

X

u x q x G ds x P x dy u�

�

�� � �( ; ) ( ) ( ) ( ) ( , ) (
,� �




�� �
2

0

2
, ) ( ; )y u x�

�

�
�
�

�

�
�
�

� . (14)

Ëåììà 1. ÊÎ (14) íà ôóíêöèÿõ �( ; ) ( )u C R� � 3 äîïóñêàåò àñèìïòîòè÷åñêèå

ïðåäñòàâëåíèÿ

L Q G Qt tu x u x x u x� �� � � �( ; ) ( ; ) ( ) ( ; ),� ��2 1
0 , (15)

L Q C Pt u x u x a t x u x� � � � � �( ; ) ( ; ) ( ) ( ) ( ; )� � �� �2 1
0

� � �a t x u x a t x x u x xt t( ) ( ) ( ; ) ( ) ( ) ( ) ( ; ) (,C P C P G� 	 � � �2
2 0

2 2 ) ( ; )� u x . (16)

Çäåñü

G C Ct x
t s t s

t
x G s x x ds�

�

�

�

�, ,
( ) ( ) ( ) ( )1

0

2 2
�




� �� , (17)
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G C F Q C Ft tx u x a t x x u x x� �� � �, ,( ) ( ; ) ( ) ( ) ( ) ( ; ) ( )2
0

22
0 0

2� � t x u x� �, ( ) ( ; )31
0Q �


� � � �� �C G Q G Q
0
2 32

0
21

0( ) ( ) ( ; ) ( ) ( ; ), ,x x u x x u xt t� , (18)

F Ct x
t s

t
x G s

a t s

a t
x ds�

�

��, ,
( ) ( )

( )

( )
( )22 2

0

2

2
�

� �



�� ,

G C Ct x
t s

t

t
x G s

a t s

a t
x�

�

�

�

�, ,
( ) ( )

( )

( )
( )32 3

0

2 2

2 2 2
�

�



� �� s
x ds� ( ) ,

F Ct x
t s

x G s
a t s a t s

a t

�

�

�� �, ( ) ( )
( ) ( )

( )

31 3

0

2 2 2

2

2
2

�
� � �




��
,

( )
t

x ds ,

G C C Ct x
t s t s t s

x G s x x�

� � �

, ( ) ( )([ ( ) ( ) (21 2

0

1 2
2 2 2

� � �



� � ��
�

�

�
( )) ] ( ))

,
x x ds

t s

t2
2

C
�

,

C
t s

x
a t s b t s a t s b t s

b t�
�

� � � � � � �

��

� � � �
2

1
2 2 2 2

( )
( ) ( ) ( ) ( )

( �
�2

2

s
C u x

b t s
)

( ; )
( )

�
�

,

C
t s

x
a t s b t s

b t s
C u b t s

�
�

� � �

�
� � �

�

� �

�
�

2

2
2 2

2

2

2
( )

( ) ( )

( )
[ ( ( ); ) ( ( ); )]x C u b t s x� � � � �2 ,

C C
t s

x a t s x a t s C u x
�

�� � � � � �
�

� � �
2

0 2 2
0

2
0( ) ( ) ( ) ( ) ( ; ) ,

Q P P0 � � �q x x x P x dy y

X

( ) ( ), ( ): ( , ) ( )� � � .

Çàìå÷àíèå. Â óñëîâèÿõ C6, C7 òåîðåìû èìååò ìåñòî îöåíêà

G t x u x M M� �, ( ) ( ; ) ,2 � � 
 . (19)

Äîêàçàòåëüñòâî ëåììû 1. Âûäåëèì â (14) ãåíåðàòîð Q�( )x (ñì. (2)), èñïîëü-

çóÿ ñëàãàåìîå ��( , )u y âî âíóòðåííåì èíòåãðàëå:

L Ct x
t s

t

X

u x q x G ds x P x dy�

�

�� � �( ; ) ( ) ( ) ( )) ( , ) (
,� �




�� �
2

0

2
u y u x, ) ( ; )�

�

�

�
�

�

�

�
�

��

� � ��
�� � �2q x P x dy u y u x

X

( ) ( , )[ ( , ) ( ; )]

� �
�

�

�



�� �� �
�

�2

0

2
q x G ds x I P x dy u yx

t s

t

X

( ) ( )[ ( ) ] ( , ) ( , )
,C�

�

�

�

�
�

. (20)

Â ïåðâîì ñëàãàåìîì (20) ïîëó÷àåì ãåíåðàòîð ñîïðîâîæäàþùåãî ìàðêîâñêîãî

ïðîöåññà, à âî âòîðîì ñëàãàåìîì âûïîëíÿåì ïðåîáðàçîâàíèÿ, èñïîëüçóÿ èíòåãðèðîâà-

íèÿ ïî ÷àñòÿì. Äëÿ ýòîãî èñïîëüçóåì óðàâíåíèå ïîëóãðóïïû C
t s

t
x

� �

�
2

,
( ) , t � 0, x X� :

d x x x dss
t s

t

t s t s

tC C C
� � �

�
�

�

�

�

�

��
2 2 2

2, ,
( ) ( ) ( ) .

Ïî ôîðìóëå èíòåãðèðîâàíèÿ ïî ÷àñòÿìè èìååì

G ds x I G s x Ix
t s

t
x

t s

t

0

02 2




� �� � � � �( )[ ( ) ] ( )[ ( ) ]|
, ,C C

�

�

�

� 
 �� �2 1G t x, ( ) .
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Èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷àåì ïðåäñòàâëåíèå (15).

Äëÿ ïîëó÷åíèÿ àñèìïòîòè÷åñêîãî ïðåäñòàâëåíèÿ (16) èñïîëüçóåì èíòåãðèðîâà-

íèå ïî ÷àñòÿì äëÿ Gt x�, ( )1 .

Â ðåçóëüòàòå èìååì

G C C F Gt t t tx x g x a t x x x� � � ��, , ,( ) ( ) ( ) ( ) ( ) ( ) (1 2
0
2 23 2 2� � � ) ,

ãäå C C Ct
t s t s

t
xx g x x x G s�

�

�

�

�
( ) ( ) ( ) ( ) ( )

, |�
� �



2 2

2
0 .

Îòñþäà ïîëó÷èì

L Q Ct tu x u x x P u x� �� � � �( ; ) ( ; ) ( ) ( ; )� � ��2

� �a t x x u x x u xt t
2

0
2 23

0
2 2

0( ) ( ) ( ) ( ; ) ( ) ( ; ), ,C F Q G Q� �� � � .

Èíòåãðèðîâàíèå ïî ÷àñòÿì äëÿ îïåðàòîðà Ft x�, ( )23 äàåò âîçìîæíîñòü ïîëó÷èòü

ïðåäñòàâëåíèå

F C Ft
t s

t
x tx

a t s

a t
x G s�

�

��
�, ,

( )
( )

( )
( ) ( )|23

2 2

2

2
0

2
2

�
�

�
�


 � ��, ,( ) ( )31 2 32x xt� �G

� � �
I

g x
x xt t

2 2

2 31 2 32

( )
( ) ( ), ,� �� �F G .

Ýòî äàåò âîçìîæíîñòü ïîëó÷èòü àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå ãåíåðàòîðà (16).

4. ÐÅØÅÍÈÅ ÏÐÎÁËÅÌÛ ÑÈÍÃÓËßÐÍÎÃÎ ÂÎÇÌÓÙÅÍÈß

Êëþ÷åâûì ìîìåíòîì äîêàçàòåëüñòâà òåîðåìû åñòü ðåøåíèå ïðîáëåìû ñèíãóëÿð-

íîãî âîçìóùåíèÿ äëÿ ñðåçàííîãî îïåðàòîðà

L Q C P C C
t

a t x a t x a t x x
0

2 1
0 2 0

2� � � 	� � � �� � ( ) ( ) ( )[ ( ) ( ) ( ) ( )]P , (21)

ïîñêîëüêó èìååò ìåñòî îöåíêà (19) äëÿ ÊÎ (16). Ðàññìîòðèì âîçìóùåííóþ

ôóíêöèþ Ëÿïóíîâà

V u x t V u a t V u x a t V u x� � �( , , ) ( ) ( ) ( ; ) ( ) ( ; )� � �1
2

2 . (22)

Ôóíêöèè âîçìóùåíèÿ V u x1 ( ; ), V u x2 ( ; ) îïðåäåëÿþòñÿ ðåøåíèåì ïðîáëåìû ñèíãó-

ëÿðíîãî âîçìóùåíèÿ (ÐÏÑÂ) [6, c. 50].

Ëåììà 2. Êîìïåíñèðóþùèé îïåðàòîð L
t0
� íà âîçìóùåííîé ôóíêöèè Ëÿïóíîâà

V u x t� ( , , ) ïðè V u C R( ) ( )� 4 äîïóñêàåò ïðåäñòàâëåíèå

L L
t tV u x t V u t V u
0 0

� � ���( , , ) ( ) ( ) ( )� � , (23)

ãäå

L C Lt tV u a t V u a t V u( ) ( ) ( ) ( ) ( )� �� 2
0 ,

C t b tV u C u V u� � � �( ) ( ) ( )( ) ,

L0
1

2
V u b u V u B u V u( ) ( ) ( ) ( ) ( )� � � �� . (24)

Îñòàòî÷íûé îïåðàòîð ��
0

( ) ( )t V u óäîâëåòâîðÿåò óñëîâèþ | ( ) ( )|��
0

t V u M� .

Äîêàçàòåëüñòâî ëåììû 2. Ðàññìîòðèì îïåðàòîð L
t

V
0

� � íà ôóíêöèÿõ

V u x t� ( , , ) :

L Q
t

V u x t V u
0

2� � �( , , ) ( )� �� �� � �1
1 0a t V u x x PV u( )[ ( ; ) ( ) ( )]Q C
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� � � �a t V u x a t x PV u x x PV ut( )[ ( ; ) ( ) ( ) ( ; ) ( ) ( )Q C C2 0 1

� �a t x x PV u t V u2
2 0

2
0

( ) ( ) ( ) ( )] ( ) ( )	 ���C .

Â ñîîòâåòñòâèè ñ óòâåðæäåíèåì 5.2 èç [5] ðåøåíèå ïðîáëåìû ñèíãóëÿðíîãî âîçìó-

ùåíèÿ äëÿ îïåðàòîðà (21) íà ôóíêöèÿõ (22) ïðèâîäèò ê ñèñòåìå óðàâíåíèé

QV u( ) � 0 , (25)

Q CV u x x PV u1 0 0( ; ) ( ) ( )� � , (26)

a t V u x a t x PV u x a t x PV ut( ) ( ; ) ( ) ( ) ( ; ) ( ) ( ) ( )Q C C2 0 1� � �

� �a t x x PV u V ut
2

2 0
2( ) ( ) ( ) ( ) ( )	 C L (27)

ñ îñòàòî÷íûì ÷ëåíîì â âèäå

� ��
0

2
0 2 1( ) ( ) ( )[[[ ( ) ( )] ( ; ) ( ) (t V u a t x x V u x x Vt t� � �C C P C P u x; )]� (28)

� �a t x x V u x V u x( ) ( ) ( ) [ ( ; ) ( ; )]]	 �2 0
2

1 2C P .

Óðàâíåíèå (25) âûïîëíÿåòñÿ, ïîñêîëüêó V u( ) íå çàâèñèò îò x X� . Óñëîâèå áà-

ëàíñà (4) îáåñïå÷èâàåò ðàçðåøèìîñòü óðàâíåíèÿ (26), ðåøåíèå êîòîðîãî ìîæíî

ïðåäñòàâèòü â âèäå

V u x x V u1 0 0( ; ) ( ) ( )� R C . (29)

Ïîäñòàâëÿÿ (29) â ðàâåíñòâî (27), ïîëó÷àåì (6). Èñïîëüçóåì ñëåäóþùåå

ñîîòíîøåíèå äëÿ ïðàâîé ÷àñòè (8):

PR R0 0� � �g x I( )[ ]�

è ïîëó÷èì

L C R C C C C C0 0 0 0 0 0 0
2

2 0
2( ) ( ) ( ) ( ) ( ) ( ) ( )x x x g x g x x x� � � � �� 	

� �C R C C0 0 0 0
2( ) ( ) ( ) ( )x x x x	 . (30)

Â ñîîòâåòñòâèè ñ óòâåðæäåíèåì 5.2 èç [5] ïðåäåëüíûé îïåðàòîð Lt â (23) èìååò

âèä Lt � � �Lt x( ) . Òàêèì îáðàçîì, èñïîëüçóÿ (30) â (6), ïîëó÷èì (7). Èç ïåðâî-

ãî ñëàãàåìîãî â (7) ïîëó÷èì ïåðâîå ñëàãàåìîå â (23), èç âòîðîãî ñëàãàåìîãî (7)

ïîëó÷èì

� � � � � �L C R C C0 0 0 0 0
2( ) ( ) ( ) ( ) ( ) ( ) ( )x V u x V u x x V u� � �	

� � � � �� �C R C0 0 0 0( ) ( ; ) ( ) ( ) ( )( ; ) ( )x C u x V u x x u x V u	

� � � � �� �� �C u x C u x V u C u x C u x V u0 0 0 0 0 0( ; ) ( ; ) ( ) ( ; ) ( ; ) ( )R R

� � � � ��� �	 	( ) ( ; ) ( ; ) ( ) ( ) ( ; ) ( ; ) (x C u x C u x V u x C u x C u x V0 0 0 0 u) .

Èñõîäÿ èç ýòîãî, ïîëó÷èì (24), îòêóäà ëåãêî âûäåëèòü ôóíêöèþ ñìåùåíèÿ (9)

è ìàòðèöó äèôôóçèè (10). Èç (27), (29), à òàêæå ðàâåíñòâà

V u x x V ut t2 0( , ) [ ( ) ] ( )� �R L L

èìååì îãðàíè÷åííîñòü îñòàòî÷íîãî ÷ëåíà ��
0

( ) ( )t V u (ñì. (28)) äëÿ V u C R( ) ( )� 4 .
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Ëåììà 3. Êîìïåíñèðóþùèé îïåðàòîð íà âîçìóùåííîé ôóíêöèè Ëÿïóíîâà

â óñëîâèÿõ òåîðåìû äîïóñêàåò îöåíêó

LtV u x t c a t V u ka t b t V u a t c� � ( , , ) ( ) ( ) ( ) ( )( ( )) ( ) (� � � � �0
21 1�V u( )) .

Äîêàçàòåëüñòâî ëåììû 3. Èñïîëüçóÿ óñëîâèÿ Ñ1–Ñ3 èç òåîðåìû, èìååì âîç-

ìîæíîñòü ïîëó÷èòü îöåíêó äëÿ ïåðâîãî ñëàãàåìîãî (7):

a t C u V u a t C u C u C u V ub t b t( ) ( ) ( ) ( )| ( ) ( ) ( )| (( ) ( )� � � � � � � � � ) �

� � � � � � � �a t C u V u ka t b t V u c a t V u kc a t( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )0 1 b t V u( )( ( ))1� .

Äàëåå îöåíèì äåéñòâèå îïåðàòîðà L0 , èñïîëüçóÿ óñëîâèÿ Ñ4, Ñ5 òåîðåìû:

L0 1V u c V u( ) ( ( ))� � .

Êëþ÷åâîå íåðàâåíñòâî ëåììû 3 è îãðàíè÷åííîñòü îñòàòî÷íûõ ÷ëåíîâ â ëåììàõ 1 è 2

äàþò âîçìîæíîñòü çàâåðøèòü äîêàçàòåëüñòâî òåîðåìû, èñïîëüçóÿ ðåçóëüòàòû Íå-

âåëüñîíà–Õàñüìèíñêîãî [1, òåîðåìà 2.8.1].

Çàìå÷àíèå. Óñëîâèå C2 òåîðåìû ìîæíî çàìåíèòü íåðàâåíñòâîì èç

[1, ïðèìåð 5.2]

| ( )| | ( ) ( )| ( ( ))� � �� � �V u B u V u c V u
1

2
11 .

ÇÀÊËÞ×ÅÍÈÅ

Â ïðîöåññå ðàáîòû ïîëó÷åíî ïðåäñòàâëåíèå êîìïåíñèðóþùåãî îïåðàòîðà ðàñøè-

ðåííîãî ïðîöåññà ìàðêîâñêîãî âîññòàíîâëåíèÿ äëÿ ÏÑÎ â ñõåìå äèôôóçèîííîé

àïïðîêñèìàöèè, ÷òî ÿâëÿåòñÿ îñíîâíûì â àñèìïòîòè÷åñêîì àíàëèçå ñëó÷àéíîé

ýâîëþöèè. Ïàðàìåòðîì ñëó÷àéíîé ýâîëþöèè ñëóæèò ïîëóìàðêîâñêèé ïðîöåññ.

Ïîëó÷åííûé ðåçóëüòàò ïîçâîëÿåò ðàññìîòðåòü àñèìïòîòè÷åñêóþ íîðìàëüíîñòü

äàííîé ïðîöåäóðû [7], à òàêæå óñëîâèÿ ñõîäèìîñòè ìîäèôèêàöèé ÏÑÎ è ôëóê-

òóàöèé ñ èìïóëüñíûìè âîçìóùåíèÿìè [9].
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