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Àííîòàöèÿ. Ïîëó÷åíû óëó÷øåííûå îöåíêè òî÷íîñòè ñåòî÷íûõ ðåøåíèé
ïåðâîé êðàåâîé çàäà÷è äëÿ äâóìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè, ó÷èòû-
âàþùèå âëèÿíèå êðàåâîãî è íà÷àëüíîãî óñëîâèé. Ïîêàçàíî, ÷òî òî÷íîñòü
ñõåìû âûøå âáëèçè áîêîâûõ ãðàíåé è äíà ïðîñòðàíñòâåííî-âðåìåííîãî ïà-
ðàëëåëåïèïåäà.

Êëþ÷åâûå ñëîâà: ïàðàáîëè÷åñêîå óðàâíåíèå, íà÷àëüíî-êðàåâàÿ çàäà÷à,
ðàçíîñòíàÿ ñõåìà, îöåíêà òî÷íîñòè, ó÷åò âëèÿíèÿ êðàåâîãî è íà÷àëüíîãî
óñëîâèé.

ÏÎÑÒÀÍÎÂÊÀ ÇÀÄÀ×È È ÅÅ ÊÎÍÅ×ÍÎ-ÐÀÇÍÎÑÒÍÀß ÀÏÏÐÎÊÑÈÌÀÖÈß

Â òåîðèè è ïðèëîæåíèè ìåòîäà ñåòîê äëÿ ñòàöèîíàðíûõ è íåñòàöèîíàðíûõ çà-

äà÷ ïðåäñòàâëÿåò èíòåðåñ âîïðîñ î òî÷íîñòè ïðèáëèæåííîãî ðåøåíèÿ âáëèçè

òîé ÷àñòè ãðàíèöû îáëàñòè, ãäå çàäàíî êðàåâîå óñëîâèå Äèðèõëå. Ïîñêîëüêó

ñåòî÷íîå ðåøåíèå óäîâëåòâîðÿåò òàêîìó óñëîâèþ òî÷íî, åñòåñòâåííî îæèäàòü,

÷òî â ïðèãðàíè÷íûõ óçëàõ ñêîðîñòü ñõîäèìîñòè äèñêðåòíîãî ðåøåíèÿ ê òî÷íî-

ìó ðåøåíèþ áóäåò âûøå, ÷åì âî âíóòðåííèõ óçëàõ. Ýòî ïðåäïîëîæåíèå ïîä-

òâåðæäàåòñÿ â ïóáëèêàöèÿõ [1–5].

Òàê, â [1] èññëåäîâàíà òî÷íîñòü ðàçíîñòíîé ñõåìû äëÿ óðàâíåíèÿ Ïóàññîíà

ñî ñìåøàííûì êðàåâûì óñëîâèåì (íà íèæíåé ãðàíè �2 åäèíè÷íîãî êóáà � çàäà-

íî êðàåâîå óñëîâèå Íåéìàíà, íà äðóãèõ åãî ãðàíÿõ — óñëîâèå Äèðèõëå) è ïîëó-

÷åíà îöåíêà
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� — âáëèçè åãî âåðøèí (ïîñòîÿí-

íàÿ C íå çàâèñèò îò h è ðåøåíèÿ u x( )). Êðîìå òîãî, â [4] äëÿ óðàâíåíèÿ Ïóàñ-
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� — âáëèçè åãî âåðøèí.

Â ðàáîòå [5] ñ ïðèìåíåíèåì èíîãî ïîäõîäà äîêàçàíà îöåíêà òî÷íîñòè êîíå÷-

íî-ðàçíîñòíîé àïïðîêñèìàöèè ñìåøàííîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ Ïóàññî-

íà â åäèíè÷íîì êâàäðàòå D (ñ óñëîâèåì Íüþòîíà íà åãî ëåâîé ñòîðîíå ��1

è óñëîâèåì Äèðèõëå íà äðóãèõ åãî ñòîðîíàõ)
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ãäå �( ) min ( )( ), ( )x x x x x� � � �{ }1 1 11 2 1 2 .

Âîïðîñ î âëèÿíèè êðàåâûõ è íà÷àëüíûõ óñëîâèé íà ïîðÿäîê òî÷íîñòè ðàç-

íîñòíîé ñõåìû äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè èññëåäîâàí â ïóáëèêàöè-

ÿõ [6–8]. Â ðàáîòå [6] èçó÷åíà òî÷íîñòü òðàäèöèîííûõ êîíå÷íî-ðàçíîñòíûõ àï-

ïðîêñèìàöèé ïåðâîé êðàåâîé çàäà÷è äëÿ îäíî- è äâóìåðíîãî ïàðàáîëè÷åñêîãî

óðàâíåíèÿ. Â îäíîìåðíîì ñëó÷àå ïðè óñëîâèè
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ó÷èòûâàþùèå âëèÿíèå ñîîòâåòñòâåííî êðàåâîãî è íà÷àëüíîãî óñëîâèé, à â äâó-

ìåðíîì ñëó÷àå — îöåíêè
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Èäåè ðàáîòû [6] ðàçâèòû â [7, 8], ãäå ïîëó÷åíû àïðèîðíûå îöåíêè ñ âåñîì

äëÿ òî÷íîñòè ìåòîäà ñåòîê ïðè ðåøåíèè íà÷àëüíî-êðàåâîé çàäà÷è äëÿ îäíî- è

äâóìåðíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ â ñëó÷àå ñìåøàííîãî êðàåâîãî óñëîâèÿ

(ñ óñëîâèÿìè Äèðèõëå è Íåéìàíà íà ðàçëè÷íûõ ÷àñòÿõ ãðàíèöû îáëàñòè). Èç äî-

êàçàííûõ îöåíîê ñëåäóåò, ÷òî òî÷íîñòü ñõåìû â ñëó÷àå îäíîìåðíîãî ïàðàáîëè-

÷åñêîãî óðàâíåíèÿ âîçðàñòàåò âáëèçè áîêîâîé ñòîðîíû, ãäå çàäàíî êðàåâîå óñëî-

âèå Äèðèõëå, è äíà ïðîñòðàíñòâåííî-âðåìåííîãî ïðÿìîóãîëüíèêà, à â ñëó÷àå

äâóìåðíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ — âáëèçè áîêîâûõ ãðàíåé (ñ êðàåâûì

óñëîâèåì Äèðèõëå) è äíà ïðîñòðàíñòâåííî-âðåìåííîãî ïàðàëëåëåïèïåäà.

Öåëü íàñòîÿùåé ðàáîòû — ïðîäîëæèòü èññëåäîâàíèå [6] è ïîëó÷èòü óëó÷øåí-

íûå îöåíêè òî÷íîñòè ñåòî÷íûõ ðåøåíèé ïåðâîé êðàåâîé çàäà÷è äëÿ äâóìåðíîãî óðàâ-

íåíèÿ òåïëîïðîâîäíîñòè, ó÷èòûâàþùèå âëèÿíèå êðàåâîãî è íà÷àëüíîãî óñëîâèé.

Ðàññìîòðèì çàäà÷ó
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Ââåäåì ñåòî÷íûå ìíîæåñòâà:
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Ñ ïîìîùüþ îïåðàòîðîâ [9]
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ÎÖÅÍÊÀ ÒÎ×ÍÎÑÒÈ ÐÀÇÍÎÑÒÍÎÉ ÑÕÅÌÛ
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Èçâåñòíî (ñì., íàïðèìåð, [10]), ÷òî ðàçíîñòíàÿ ñïåêòðàëüíàÿ çàäà÷à
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Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó
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Åå ðåøåíèå �( , )x t èùåì â âèäå
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Ðåøàÿ ðåêóððåíòíîå ñîîòíîøåíèå, ïîëó÷àåì
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Èç íåðàâåíñòâ (13)–(16) ñëåäóåò óòâåðæäåíèå.
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ãäå M — êîíñòàíòà, íå çàâèñÿùàÿ îò h è �.

Òàêèì îáðàçîì, îöåíêè (17) è (18) ñâèäåòåëüñòâóþò î ïîâûøåíèè òî÷íîñòè

ñõåìû (2) â ïðèãðàíè÷íûõ óçëàõ ñåòî÷íîãî ìíîæåñòâà � � �� , ÷òî îòðàæàåò âëè-

ÿíèå êðàåâîãî è íà÷àëüíîãî óñëîâèé.
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Í.Â. Ìàéêî
ÏÎÊÐÀÙÅÍ² ÎÖ²ÍÊÈ ÒÎ×ÍÎÑÒ² Ð²ÇÍÈÖÅÂÎ¯ ÑÕÅÌÈ
ÄËß ÄÂÎÂÈÌ²ÐÍÎÃÎ ÏÀÐÀÁÎË²×ÍÎÃÎ Ð²ÂÍßÍÍß Ç ÓÐÀÕÓÂÀÍÍßÌ
ÅÔÅÊÒÓ Â²Ä ÊÐÀÉÎÂÈÕ ² ÏÎ×ÀÒÊÎÂÈÕ ÓÌÎÂ

Àíîòàö³ÿ. Îòðèìàíî ïîêðàùåí³ îö³íêè òî÷íîñò³ ñê³í÷åííî-ð³çíèöåâèõ àïðîêñè-
ìàö³é ïåðøî¿ êðàéîâî¿ çàäà÷³ äëÿ äâîâèì³ðíîãî ð³âíÿííÿ òåïëîïðîâ³äíîñò³
ç óðàõóâàííÿì âïëèâó ïî÷àòêîâèõ ³ êðàéîâèõ óìîâ. Ïîêàçàíî, ùî òî÷í³ñòü ñõå-
ìè âèùà ïîáëèçó á³÷íèõ ãðàíåé ³ äíà ïðîñòîðîâî-÷àñîâîãî ïàðàëåëåï³ïåäà.

Êëþ÷îâ³ ñëîâà: ïàðàáîë³÷íå ð³âíÿííÿ, ïî÷àòêîâî-êðàéîâà çàäà÷à, ð³çíèöåâà
ñõåìà, îö³íêà òî÷íîñò³, óðàõóâàííÿ âïëèâó êðàéîâî¿ òà ïî÷àòêîâî¿ óìîâ.

N.V. Mayko
IMPROVED ERROR ESTIMATES OF THE FINITE-DIFFERENCE SCHEME
FOR THE TWO-DIMENSIONAL PARABOLIC EQUATION WITH REGARD
FOR THE EFFECT OF THE INITIAL AND BOUNDARY CONDITIONS

Abstract. We obtain the improved error estimates of the finite-difference
scheme for a two-dimensional parabolic equation in a unit square, considering
the effect of the Dirichlet boundary condition and the initial condition. We
prove that the accuracy order is higher near the sides and the bottom of the
space-time parallelepiped.

Keywords: parabolic equation, initial-boundary problem, finite-difference
scheme, error estimate, boundary and initial effects.
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