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ÌÀÒÅÌÀÒÈ×ÅÑÊÎÅ ÌÎÄÅËÈÐÎÂÀÍÈÅ
ÄÐÎÁÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÉ ÔÈËÜÒÐÀÖÈÎÍÍÎÉ ÄÈÍÀÌÈÊÈ
ÍÀ ÎÑÍÎÂÅ ÌÎÄÅËÈ Ñ ÏÐÎÈÇÂÎÄÍÎÉ ÕÈËÜÔÅÐÀ–ÏÐÀÁÕÀÊÀÐÀ

Àííîòàöèÿ. Ïîñòðîåíà îáîáùåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ îïèñàíèÿ
äðîáíî-äèôôåðåíöèàëüíîé äèíàìèêè ïðîöåññîâ ôèëüòðàöèè â òðåùèíîâà-
òî-ïîðèñòûõ ñðåäàõ, îñíîâàííàÿ íà èñïîëüçîâàíèè ïîíÿòèÿ äðîáíîé ïðîèç-
âîäíîé Õèëüôåðà–Ïðàáõàêàðà. Â ðàìêàõ óêàçàííîé ìîäåëè ïîëó÷åíû çàì-
êíóòûå ðåøåíèÿ ðÿäà êðàåâûõ çàäà÷ òåîðèè ôèëüòðàöèè î ìîäåëèðîâàíèè
äèíàìèêè äàâëåíèé ïðè ïóñêå ñêâàæèí â ñëó÷àå ïëîñêî-ðàäèàëüíîé ôèëüòðà-
öèè, à òàêæå ðàáîòå ãàëåðåé â óñëîâèÿõ ïëîñêî-ïàðàëëåëüíîé ôèëüòðàöèè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, äðîáíî-äèôôåðåíöèàëü-
íàÿ äèíàìèêà ôèëüòðàöèîííûõ ïðîöåññîâ, òðåùèíîâàòî-ïîðèñòûå ñðåäû, íå-
êëàññè÷åñêèå ìîäåëè, óðàâíåíèå ôèëüòðàöèè ñ äðîáíîé ïðîèçâîäíîé Õèëü-
ôåðà–Ïðàáõàêàðà, êðàåâûå çàäà÷è, çàìêíóòûå ðåøåíèÿ.

ÂÂÅÄÅÍÈÅ

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå äèíàìèêè ìèãðàöèîííûõ ïðîöåññîâ â ñëîæ-

íûõ óñëîâèÿõ ñóùåñòâåííîãî îòêëîíåíèÿ îò ðàâíîâåñíîãî ñîñòîÿíèÿ [1] àêòó-

àëüíî äëÿ ìíîãèõ çàäà÷ ãåîèíôîðìàòèêè, ãåîìàòåìàòèêè è ãåîýêîëîãèè,

â ÷àñòíîñòè ïðè èçó÷åíèè âîïðîñîâ îõðàíû ïîäçåìíûõ âîä îò çàãðÿçíåíèÿ

ïðîìûøëåííûìè èëè áûòîâûìè ñòîêàìè ëèáî çàñîëåíèÿ îðîøàåìûõ çåìåëü [2, 3].

Äëÿ ìîäåëèðîâàíèÿ äèíàìèêè óêàçàííûõ ïðîöåññîâ ýôôåêòèâåí ïîäõîä, áàçè-

ðóþùèéñÿ íà èäåÿõ èíòåãðî-äèôôåðåíöèðîâàíèÿ äðîáíîãî ïîðÿäêà [4–8]. Íà

åãî îñíîâå ïîñòðîåíû íîâûå ìàòåìàòè÷åñêèå ìîäåëè äèíàìèêè ãåîôèëüòðàöè-

îííûõ ïðîöåññîâ â ãåîïîðèñòûõ è òðåùèíîâàòî-ïîðèñòûõ ñðåäàõ â óñëîâèÿõ

èõ âðåìåííîé íåðàâíîâåñíîñòè è ïîëó÷åíû ðåøåíèÿ íåêîòîðûõ êðàåâûõ çàäà÷

òåîðèè íåðàâíîâåñíîé ãåîôèëüòðàöèè [9, 10]. Ñ èñïîëüçîâàíèåì äàííîãî ïîä-

õîäà òàêæå ñîçäàíû äðîáíî-äèôôåðåíöèàëüíûå ìàòåìàòè÷åñêèå ìîäåëè íåêî-

òîðûõ ñâÿçàííûõ ëîêàëüíî-íåðàâíîâåñíûõ ïðîöåññîâ ìèãðàöèè ñîëåâûõ ðàñ-

òâîðîâ è íàéäåíû ïðèáëèæåííûå ðåøåíèÿ ñîîòâåòñòâóþùèõ êðàåâûõ çàäà÷

êàê â îäíîìåðíîì, òàê è â äâóõìåðíîì ñëó÷àÿõ [11–13].

Â íàñòîÿùåé ðàáîòå ïîñòðîåíà íîâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ îïèñàíèÿ

íåðàâíîâåñíîé âî âðåìåíè äèíàìèêè ôèëüòðàöèîííîãî ïðîöåññà â òðåùèíîâà-

òî-ïîðèñòîé ñðåäå. Âûïîëíåíû ïîñòàíîâêè îñíîâíûõ ôèëüòðàöèîííûõ êðàåâûõ

çàäà÷ ïðèêëàäíîãî íàïðàâëåíèÿ, ìîäåëèðóþùèõ ðàáîòó ñêâàæèí è ãàëåðåé â òðå-

ùèíîâàòî-ïîðèñòûõ ïëàñòàõ, è ïîëó÷åíû çàìêíóòûå ðåøåíèÿ óêàçàííûõ çàäà÷.

Îòìåòèì äîñòàòî÷íî áîëüøóþ îáùíîñòü ðàññìàòðèâàåìîé ôèëüòðàöèîííîé ìà-

òåìàòè÷åñêîé ìîäåëè, äîñòèãàåìóþ âñëåäñòâèå èñïîëüçîâàíèÿ ïîíÿòèÿ äðîáíîé

ïðîèçâîäíîé Õèëüôåðà–Ïðàáõàêàðà — îáîáùåíèÿ ïðîèçâîäíîé Õèëüôåðà

(â ñâîþ î÷åðåäü, ÿâëÿþùåéñÿ îáîáùåíèåì ïðîèçâîäíûõ Êàïóòî è Ðèìàíà–Ëèó-

âèëëÿ [4–8]).

Ñîãëàñíî [14, 15] äðîáíàÿ ïðîèçâîäíàÿ Õèëüôåðà–Ïðàáõàêàðà îïðåäåëÿåòñÿ
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, ( ) — îáîáùåííàÿ ôóíêöèÿ Ìèòòàã–Ëåô-

ôëåðà, ââåäåííàÿ â [16].

Íèæå èñïîëüçóåòñÿ ðåãóëÿðèçîâàííàÿ âåðñèÿ ïðîèçâîäíîé Õèëüôåðà–Ïðàá-

õàêàðà (1), îïðåäåëÿåìàÿ ñîîòíîøåíèåì [14–17]
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è íå çàâèñÿùàÿ îò èíòåðïîëÿöèîííîãî ïàðàìåòðà �.

ÎÁÎÁÙÅÍÍÀß ÄÐÎÁÍÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÀß ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÌÎÄÅËÜ
ÔÈËÜÒÐÀÖÈÎÍÍÎÉ ÄÈÍÀÌÈÊÈ Â ÒÐÅÙÈÍÎÂÀÒÎ-ÏÎÐÈÑÒÎÌ ÏËÀÑÒÅ

Ìàòåìàòè÷åñêàÿ ìîäåëü ôèëüòðàöèè â òðåùèíîâàòî-ïîðèñòûõ ïëàñòàõ, ñòàâøàÿ

óæå êëàññè÷åñêîé, ðàçðàáîòàíà â [18] è ïðåäïîëàãàåò íàëè÷èå ñðåäû ñ äâîé-

íîé ïîðèñòîñòüþ: ïîðèñòûå áëîêè, ðàçäåëÿåìûå ñèñòåìîé òðåùèí. Ïðè ýòîì

òðåùèíîâàòî-ïîðèñòàÿ ñðåäà ñ÷èòàåòñÿ ñïëîøíîé ñðåäîé è âñå åå õàðàêòåðèñ-

òèêè áåðóòñÿ îñðåäíåííûìè. Äâà âèäà ïóñòîò â òðåùèíîâàòî-ïîðèñòûõ ñðåäàõ

ðàçëè÷àþòñÿ ïî âîçäåéñòâèþ íà ïðîöåññ ôèëüòðàöèè. Õîòÿ ðàçìåðû îòäåëüíûõ

ïîð â áëîêàõ ìàëû, äîëÿ ñóììàðíîãî îáúåìà ïîð â îáùåì îáúåìå ãðóíòà äî-

âîëüíî çíà÷èòåëüíà. Ïðè ýòîì áëîêè ìàëîïðîíèöàåìû. ×òî êàñàåòñÿ òðåùèí,

òî èõ îáúåì íåâåëèê, îäíàêî òðåùèííàÿ ïðîâîäèìîñòü ñóùåñòâåííî ïðåâîñõîäèò

ïðîâîäèìîñòü áëîêîâ [18, 19].

Ñîîòâåòñòâóþùàÿ ñõåìà âûâîäà óðàâíåíèé ôèëüòðàöèè â òðåùèíîâàòî-ïî-

ðèñòîé ñðåäå äåòàëüíî èçëîæåíà, íàïðèìåð, â [19] è êðàòêî ñîñòîèò â ñëåäóþùåì.

Çàïèñûâàÿ óðàâíåíèÿ íåðàçðûâíîñòè ôèëüòðàöèîííîãî ïîòîêà â ñèñòåìå

òðåùèí è ïîðèñòûõ áëîêîâ â âèäå
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ãäå p p1 2, — äàâëåíèå â ñèñòåìå òðåùèí è ïîðèñòûõ áëîêàõ ñîîòâåòñòâåííî,
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Èñêëþ÷àÿ èç (10), (11), íàïðèìåð, ôóíêöèþ p2 , ïîëó÷àåì ñëåäóþùåå óðàâíå-

íèå ôèëüòðàöèè â òðåùèíîâàòî-ïîðèñòîé ñðåäå [18, 19]:
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ãäå �r — ïîëîæèòåëüíûé âåùåñòâåííûé ïàðàìåòð (ïàðàìåòð ðåëàêñàöèè).

Â ñëó÷àå íåðàâíîâåñíîãî âî âðåìåíè ôèëüòðàöèîííîãî ïðîöåññà âìåñòî (4),

(5) ïðåäïîëîæèì âûïîëíåíèå îáîáùåííûõ óðàâíåíèé íåðàçðûâíîñòè â ñèñòåìå

òðåùèí è ïîðèñòûõ áëîêîâ â âèäå
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Èñêëþ÷àÿ èç ñèñòåìû óðàâíåíèé (15), (16) ôóíêöèþ p2 , èìååì ñëåäóþùåå

îáîáùåííîå óðàâíåíèå íåðàâíîâåñíîé âî âðåìåíè ôèëüòðàöèè â òðåùèíîâà-
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Îòñþäà ïðè � � 0, � �1 ïîëó÷àåì êëàññè÷åñêîå óðàâíåíèå ôèëüòðàöèè â òðå-

ùèíîâàòî-ïîðèñòîé ñðåäå âèäà (12), ïðè � � 0, �r � 0, � �1 — óðàâíåíèå

óïðóãîãî ðåæèìà ôèëüòðàöèè [19]
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Ëåãêî âèäåòü, ÷òî èç äàííîãî óðàâíåíèÿ (êàê ÷àñòíûé ñëó÷àé) ìîæíî ïîëó-

÷èòü êàê êëàññè÷åñêîå óðàâíåíèå ôèëüòðàöèè â òðåùèíîâàòî-ïîðèñòîé ñðåäå

âèäà (12), òàê è óðàâíåíèå óïðóãîãî ðåæèìà ôèëüòðàöèè (18), à òàêæå óðàâíå-

íèå â ïðîèçâîäíûõ Êàïóòî âèäà (19). Ïðè � �1 � , � �1 � óðàâíåíèå (20) ïåðå-

õîäèò â (17).

Äàëåå ïîëó÷åíû çàìêíóòûå ðåøåíèÿ íåêîòîðûõ êðàåâûõ çàäà÷ òåîðèè ôèëüòðà-

öèè â òðåùèíîâàòî-ïîðèñòûõ ñðåäàõ, ïîñòàâëåííûõ, èñõîäÿ èç ìàòåìàòè÷åñêîé

ìîäåëè, îïèñûâàåìîé óðàâíåíèåì âèäà (17).

ÇÀÄÀ×À ÏËÎÑÊÎ-ÏÀÐÀËËÅËÜÍÎÉ ÔÈËÜÒÐÀÖÈÈ ÏÐÈ ÐÀÁÎÒÅ ÑÈÑÒÅÌÛ
ÝÊÑÏËÓÀÒÀÖÈÎÍÍÎÉ È ÍÀÃÍÅÒÀÒÅËÜÍÎÉ ÃÀËÅÐÅÉ

Â ñëó÷àå ïëîñêî-ïàðàëëåëüíîé ôèëüòðàöèè, ïðè çàäàíèè äåáèòà Q1 íà ýêñïëó-

àòàöèîííîé ãàëåðåå è ïîñòîÿííîãî äàâëåíèÿ pk íà êîíòóðå íàãíåòàòåëüíîé ãà-

ëåðåè, èìååì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

C
r
C

D p x t
x

p x t D p x t
� �
� �

� �
� �	 �

, ,
,

, ,
,( , ) ( ( , ) ( ,

0

2

2 0� ��
�

�
� )), (21)

�

�
�

p t

x
Q

( , )0
1, p l t pk( , ) � , (22)
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p x p( , )0 0� , (23)

ãäå l — ðàññòîÿíèå ìåæäó ãàëåðåÿìè, Q p pk1 0, , � const.

Ïåðåõîäÿ â (21)–(23) ê îäíîðîäíûì ãðàíè÷íûì óñëîâèÿì ñ ïîìîùüþ ïîä-

ñòàíîâêè

P x t p x t l x Q pk( , ) ( , ) ( )� � � �1 ,

ïîëó÷àåì äëÿ îïðåäåëåíèÿ ôóíêöèè P x t( , ) êðàåâóþ çàäà÷ó

C
r
C

D P x t
x

P x t D P x t
� �
� �

� �
� �	 �

, ,
,

, ,
,( , ) ( ( , ) ( ,

0

2

2 0� ��
�

�
� )) , (24)

�

�
�

P t

x

( , )0
0 , P l t( , ) � 0 , (25)

P x f x( , ) ( )0 � , (26)

ãäå f x p p l x Qk( ) ( )� � � �0 1.

Êîíå÷íîå èíòåãðàëüíîå ïðåîáðàçîâàíèå Ôóðüå ïî ïåðåìåííîé x âèäà [20, 21]

P t P x t x dxn n

l

( ) ( , )cos ( )� � �

0

�


n
n

l
n�

�
�

�

�
�

	



�

( )
, , , ...

2 1

2
1 2

ñòàâèò â ñîîòâåòñòâèå êðàåâîé çàäà÷å (24)–(26) çàäà÷ó Êîøè

C
n

n

r n

nD P t P t
� �
� � 	�

� 	�
, ,
, ( ) ( )

0

2

21
0� �

�
� , (27)

Pn n( )0 � � , (28)

ãäå �
� �

n
n n

n
k

Q
p p� � � �

�

�
�

�

�
�

�1
11 1

0( ) ( ) .

Íà îñíîâå ðåçóëüòàòîâ ðàáîòû [14] ðåøåíèå çàäà÷è (27), (28) çàïèøåì â âèäå

P t e tn n
n

r n

m

m
m

m( ) ( )
, ,

� �
�

�

�

�
�

	




�
�

�

�

���
	�

� 	�
� � �
�

2

2
0

1
1

, (29)

ãäå e t t E t� � �
� �

� �
� ��, , ,( ): ( )� �1 (Re Re� �, � 0), E z� �

�
, ( ) — òðåõïàðàìåòðè÷åñêàÿ

ôóíêöèÿ Ìèòòàã–Ëåôôëåðà [16, 22].

Îòíîñèòåëüíî óñëîâèé ñõîäèìîñòè ðÿäà (29) íåîáõîäèìî îòìåòèòü

ñëåäóþùåå. Ñ ó÷åòîì îïðåäåëåíèÿ òðåõïàðàìåòðè÷åñêîé ôóíêöèè Ìèòòàã–Ëåô-

ôëåðà ñîîòíîøåíèå (29) ïåðåïèøåì â âèäå

P t t E tn n
n

r n

m

m

m
m

m( ) (
,

� �
�

�

�

�
�

	




�
�

�

�

���
	�

� 	�
��

� �
�

2

2
0

1
1

�
�

��
�

)
!

( , )�
�

�

�

� �n

k k

k

m
k n m

m

t

k
b t

=0 0

,

ãäå b a
m k

m k m
m

k n m
n
m( , ) ( )

( )

( ) ( )
� �

�

� �
1

1

 

  

�

� � �
, an

n

r n

�
�

	 �

� 	 �

2

21
,  ( )z — ãàììà-ôóíê-

öèÿ Ýéëåðà [7, 22]. Ââèäó àáñîëþòíîé ñõîäèìîñòè ðÿäà, îïðåäåëÿþùåãî ôóíê-

öèþ E
m

m
� �
�

, �1
, äîñòàòî÷íî óñòàíîâèòü ñóììèðóåìîñòü ïî m ïðè ôèêñèðî-

âàííîì k. Ïðèìåíÿÿ èçëîæåííûé â [23] ïîäõîä, ïîëó÷àåì
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�
!

!
! !

!
! � �

�1

1

�( ) )m� �
!

!
! !

!
!"

1 1

" � � ��| | | |a t k mn
� �� � 1 0 ( )m �� .

Îòñþäà ñëåäóåò àáñîëþòíàÿ ñõîäèìîñòü ðÿäà (29).

Âîçâðàùàÿñü â ñîîòíîøåíèè (29) â îáëàñòü îðèãèíàëîâ ïî ãåîìåòðè÷åñêîé

ïåðåìåííîé, èìååì

P x t e tn

r n

m

m
m

m

n

( , ) ( )
, ,

� �
�

�

�

�
�

	




�
�

�

�

�
�
�

	�

� 	�
� � �
�

2

2
0

1
11

�

� � �n nxcos ( ) . (30)

Òàêèì îáðàçîì, ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è îïðåäåëÿåòñÿ ñîîòíîøåíèåì

p x t p l x Q P x tk( , ) ( ) ( , )� � � �1 ,

ãäå P x t( , ) îïðåäåëÿåòñÿ ôîðìóëîé (30).

ÌÎÄÅËÈÐÎÂÀÍÈÅ ÐÀÁÎÒÛ ÝÊÑÏËÓÀÒÀÖÈÎÍÍÎÉ È ÍÀÃÍÅÒÀÒÅËÜÍÎÉ ÃÀËÅÐÅÉ
Â ÄÂÓÕÑËÎÉÍÎÌ ÒÐÅÙÈÍÎÂÀÒÎ-ÏÎÐÈÑÒÎÌ ÏËÀÑÒÅ
ÏÐÈ ÏËÎÑÊÎ-ÏÀÐÀËËÅËÜÍÎÉ ÔÈËÜÒÐÀÖÈÈ

Ðàññìîòðèì äâóõñëîéíûé òðåùèíîâàòî-ïîðèñòûé ïëàñò ñóììàðíîé ìîùíîñòüþ l.

Ïóñòü ìîùíîñòü ïåðâîãî ñëîÿ äâóõñëîéíîãî ïëàñòà ðàâíà l0 (äàâëåíèå p1),

òîãäà ìîùíîñòü âòîðîãî ñëîÿ áóäåò l l� 0 (äàâëåíèå âî âòîðîì ñëîå ïðåäïîëî-

æèì ðàâíûì p2). Äàâëåíèÿ â ñëîÿõ ïëàñòà îïðåäåëÿþòñÿ â ðåçóëüòàòå

ðåøåíèÿ êðàåâîé çàäà÷è

C
r
C

D p x t
x

p x t D p
� �
� �

� �
� �	 �

, ,
,

, ,
,( , ) ( ( , )

0 1 1

2

2 1 0 1� ��
�

�
� ( , ))x t ( , ),0 00� � �x l t (31)

C
r
C

D p x t
x

p x t D p
� �
� �

� �
� �	 �

, ,
,

, ,
,( , ) ( ( , )

0 2 2

2

2 2 0 2� ��
�

�
� ( , ))x t ( , ),l x l t0 0� � � (32)

�

�
�

p t

x
Q1

1
0( , )

, p l t pk2 ( , ) � , (33)

p l t p l t1 0 2 0( , ) ( , )� , (34)

�

�
�

�

�

�

�
��

	



��

�

�
�

�

�
� �

�

��
� �
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x
D

p

x

p
r
C

x l

1
0

1

0

2

0

�
� �
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, ,
, #

x
D

p

x
r
C

x l

�
�

�

�

�
��

	



��

�

�
�

�

�
��
� �

�
� �
� �

, ,
,

0
2

00

, (35)

p x p x p1 2 00 0( , ) ( , )� � , (36)

ãäå # � k k2 1/ , k k1 2, — êîýôôèöèåíòû ôèëüòðàöèè ñîîòâåòñòâåííî äëÿ ïåðâî-

ãî è âòîðîãî ñëîåâ, Q pk1, — çàäàííûå ïîñòîÿííûå âåëè÷èíû äåáèòà è äàâëå-

íèÿ íà ëèíèÿõ ýêñïëóàòàöèîííîé è íàãíåòàòåëüíîé ãàëåðåé, p0 — íà÷àëüíîå

çíà÷åíèå äàâëåíèé.

Ðåøåíèå çàäà÷è (31)–(36) èùåì â âèäå

p x t v x P x ti i i( , ) ( ) ( , )� � ( , )i �1 2 , (37)
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ãäå

v x p Q x
Q

l l lk1 1
1

0 0( ) ( )� � � � �
#

# , v x p
Q

x
Q l

k2
1 1( ) � � �
# #

. (38)

Îòñþäà äëÿ îïðåäåëåíèÿ ôóíêöèé P P1 2, ïîëó÷àåì êðàåâóþ çàäà÷ó

C
r
C

D P x t
x

P x t D P
� �
� �

� �
� �	 �

, ,
,

, ,
,( , ) ( ( , )

0 1 1

2

2 1 0 1� ��
�

�
� ( , ))x t ( , )0 00� � �x l t , (39)

C
r
C

D P x t
x

P x t D P
� �
� �

� �
� �	 �

, ,
,

, ,
,( , ) ( ( , )

0 2 2

2

2 2 0 2� ��
�

�
� ( , ))x t ( , ),l x l t0 0� � � (40)

�

�
�

P t

x

1 0
0

( , )
, P l t2 0( , ) � , (41)

P l t P l t1 0 2 0( , ) ( , )� , (42)
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��

�

�
�

�

�
��
� �

�
� �
� �

, ,
,

0
2

00

, (43)

P x f x P x f x1 1 2 20 0( , ) ( ), ( , ) ( )� � , (44)

ãäå f x p v xi i( ) ( )� �0 (i �1 2, ).

×àñòíûå ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è èùåì â âèäå

P x t X x T t P x t X x T t1 2( , ) ( ) ( ), ( , ) ( ) ( )� � .

Ðàçäåëÿÿ ïåðåìåííûå, ïîëó÷àåì

$$ � �X x X x( ) ( )�2 0, $ �X ( )0 0 ( )0 0� �x l , (45)

C

r

D T t T t
� �
� � 	 �

� 	 �
, ,
, ( ) ( )

0
1

2

1
21

0� �
�

� ( )t � 0 , (46)

$$ � �X x X x( ) ( )� 2 0, X l( ) � 0 ( )l x l0 � � , (47)

C

r

D T t T t
� �
� � 	 �

� 	 �
, ,
, ( ) ( )

0
2

2

2
21

0� �
�

� ( )t � 0 , (48)

ãäå � �, — ïàðàìåòðû ðàçäåëåíèÿ.

Ðåøåíèÿ çàäà÷ (45), (47) èìåþò âèä

X x A
x

l
( )

cos ( )

cos ( )
�

�

� 0

, X x B
l x

l l
( )

sin ( ( ))

sin ( ( ))
�

�

�

�

� 0

,

ãäå A B, — ïðîèçâîëüíûå ïîñòîÿííûå.

Ñîîòíîøåíèÿ (46), (48) îïðåäåëÿþò çàâèñèìîñòü � � 	 	� 1 2/ . Ïåðâîå

óñëîâèå ñîïðÿæåíèÿ (óñëîâèå (42)) äàåò ñîîòíîøåíèå A B� , à èç âòîðîãî (óñëî-

âèÿ (43)) ïîëó÷àåì óðàâíåíèå äëÿ îïðåäåëåíèÿ ñîáñòâåííûõ çíà÷åíèé � n
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tg ctg( ) ( )� �n nl w q0 � ,

ãäå w � # 	 	1 2/ , q l l� �( ) /0 1 2	 	 .

Óêàçàííûì ñîáñòâåííûì çíà÷åíèÿì ñîîòâåòñòâóþò ñîáñòâåííûå ôóíêöèè

X x

x

l
x l

l x
n

n

n

n

n

( )

cos ( )

cos ( )
( ),

sin ( ( ))

sin (
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�

0
00

( ))
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l l
l x l

�
� �

%

&
'
'

(
'
' 0

0

(49)

è ñëåäóþùèå ðåøåíèÿ óðàâíåíèé (46), (48):

T t e tn
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m

m
m

m( ) ( )
, ,
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�

�
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, (50)

T t e tn
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m
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��
	 �
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� � �
�2

2

2
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0
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1
, (51)

ãäå � � 	 	n n� 1 2/ .

Ñ ó÷åòîì èçëîæåííîãî ðåøåíèå çàäà÷è (39)–(44) ïîëó÷àåì â âèäå

P x t a X x T tn n n

n

( , ) ( ) ( )�
�

�

�
1

, (52)

ãäå

P x t
P x t x l

P x t l x l
( , )

( , ) ( ),

( , ) ( ),
�

� �

� �

%
&
(

1 0

2 0

0

ôóíêöèè X xn ( ) ( , , ... )n �1 2 îïðåäåëÿþòñÿ ñîãëàñíî ñîîòíîøåíèÿì (49), T tn ( )

( , , ... )n �1 2 — îäíèì èç ñîîòíîøåíèé (50), (51), à an ( , , ... )n �1 2 — êîýôôèöè-

åíòû, ïîäëåæàùèå îïðåäåëåíèþ. Îòñþäà, ïðèíèìàÿ âî âíèìàíèå ñâîéñòâî

îðòîãîíàëüíîñòè ñîáñòâåííûõ ôóíêöèé çàäà÷è, â ðåçóëüòàòå ðÿäà ïðîñòûõ, íî

ãðîìîçäêèõ ïðåîáðàçîâàíèé íàõîäèì èñêîìûå êîýôôèöèåíòû ðàçëîæåíèÿ (52)

â âèäå
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Ïîñëåäóþùèé ïåðåõîä ê ôóíêöèÿì p p1 2, îñóùåñòâëÿåòñÿ ñîãëàñíî ñîîòíî-

øåíèÿì (37), (38).

ÏËÎÑÊÎ-ÐÀÄÈÀËÜÍÀß ÔÈËÜÒÐÀÖÈß ÏÐÈ ÏÓÑÊÅ ÑÊÂÀÆÈÍÛ
Ñ ÇÀÄÀÍÍÛÌ ÇÀÁÎÉÍÛÌ ÄÀÂËÅÍÈÅÌ Â ÍÅÎÃÐÀÍÈ×ÅÍÍÎÌ
ÒÐÅÙÈÍÎÂÀÒÎ-ÏÎÐÈÑÒÎÌ ÏËÀÑÒÅ

Â ýòîì ñëó÷àå òðåáóåòñÿ ðåøèòü êðàåâóþ çàäà÷ó

C
r r
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rD p r t p r t D p r t
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, ,
,( , ) [ ( , ) ( ( ,
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p r t tc( , ) ( )� �1 , (54)

p r r p r t( , ) ( ), | ( , )|0 0� � ��� , (55)

ãäå rc � 0 — ðàäèóñ ñêâàæèíû, � �0 1, — çàäàííûå ôóíêöèè, � r
r r

r
r

�
�

�

�

�
�
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�

	



�

1
.

Ïðèìåíèì ê çàäà÷å (53)–(55) èíòåãðàëüíîå ïðåîáðàçîâàíèå Âåáåðà [21] âèäà
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,
(56)

ãäå ÿäðî ïðåîáðàçîâàíèÿ îïðåäåëÿåòñÿ ñîîòíîøåíèåì
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(J z Y z0 0( ), ( ) — ôóíêöèè Áåññåëÿ ñîîòâåòñòâåííî ïåðâîãî è âòîðîãî ðîäà ïî-

ðÿäêà 0). Â ðåçóëüòàòå ïîëó÷àåì çàäà÷ó Êîøè
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Ïðèìåíÿÿ ê çàäà÷å Êîøè (57), (58) ðàçðàáîòàííóþ â [14] ìåòîäèêó ïðåîáðàçî-

âàíèÿ Ëàïëàñà, íàõîäèì ðåøåíèå óêàçàííîé çàäà÷è

� ( , ) � ( ) ( )
, ,
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0� f t îïðåäåëÿåòñÿ ñîîòíîøåíèåì (2).

Âîñïîëüçîâàâøèñü ôîðìóëîé îáðàùåíèÿ (56), ïîëó÷èì èñêîìîå ðåøåíèå

ðàññìàòðèâàåìîé çàäà÷è â âèäå
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Îòìåòèì íåêîòîðûå ÷àñòíûå ñëó÷àè.

1. Ïðè � � 0 ïðîèçâîäíàÿ Õèëüôåðà–Ïðàáõàêàðà ïðåîáðàçóåòñÿ â ïðîèçâîä-

íóþ Êàïóòî ïîðÿäêà � ( )0 1� �� è óðàâíåíèå (53) ñòàíîâèòñÿ óðàâíåíèåì ñ ïðî-

èçâîäíûìè Êàïóòî. Ïðè ýòîì ðåøåíèå ñîîòâåòñòâóþùåé (53)–(55) êðàåâîé çàäà-

÷è äëÿ óðàâíåíèÿ â ïðîèçâîäíûõ Êàïóòî ïîëó÷àåòñÿ èç (59) è èìååò âèä
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0

(60)

ãäå E z E z
 
 �( ), ( ), — îäíî- è äâóõïàðàìåòðè÷åñêàÿ ôóíêöèè Ìèòòàã–Ëåôôëå-

ðà [7, 8, 22] ñîîòâåòñòâåííî.

2. Ïîëîæèì â ñîîòíîøåíèè (60) � �1. Òîãäà èç äàííîãî ñîîòíîøåíèÿ ïîëó-

÷àåì ðåøåíèå ñîîòâåòñòâóþùåé êðàåâîé çàäà÷è òåîðèè ôèëüòðàöèè â òðåùèíî-

âàòî-ïîðèñòîé ñðåäå â ðàìêàõ ìàòåìàòè÷åñêîé ìîäåëè Ã.È. Áàðåíáëàòòà,

Þ.Ï. Æåëòîâà, È.Í. Êî÷èíîé [18] â âèäå
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� 	� � � �( , ) . (61)

3. Åñëè â (61) ïîëîæèòü �r � 0, òî ïîëó÷àåì ðåøåíèå ñîîòâåòñòâóþùåé êðàå-

âîé çàäà÷è òåîðèè ôèëüòðàöèè â ðàìêàõ êëàññè÷åñêîé ìîäåëè óïðóãîãî ðåæèìà,

ñîâïàäàþùåå ñ ïðèâåäåííûì â ðàáîòå [24]:

p r t r W r e dc r c

t

( , ) � ( ) ( , ) ( )� � $
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�� � 	 � � � �	� �

0 1
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2
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e W r dt	� � � �( , ) .

ÏËÎÑÊÎ-ÐÀÄÈÀËÜÍÀß ÔÈËÜÒÐÀÖÈß ÏÐÈ ÏÓÑÊÅ ÑÊÂÀÆÈÍÛ Ñ ÇÀÄÀÍÍÛÌ
ÄÅÁÈÒÎÌ Â ÍÅÎÃÐÀÍÈ×ÅÍÍÎÌ ÒÐÅÙÈÍÎÂÀÒÎ-ÏÎÐÈÑÒÎÌ ÏËÀÑÒÅ

Â ñëó÷àå ïóñêà ñêâàæèíû ñ çàäàííûì äåáèòîì ìîäåëèðîâàíèå äðîáíî-äèôôå-

ðåíöèàëüíîé äèíàìèêè äàâëåíèé â òðåùèíîâàòî-ïîðèñòîì ïëàñòå ñâîäèòñÿ

ê ðåøåíèþ êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ (53) ïðè óñëîâèÿõ

�

�
�

�
�

�

�
� � �
�

p

r
t

r rc

�2 ( ), (62)

p r r p r t( , ) ( ), | ( , )|0 0� � ��, , (63)

ãäå �2 0( ), ( )t r, — çàäàííûå ôóíêöèè (ñîîòâåòñòâåííî äåáèòà è íà÷àëüíîãî

ðàñïðåäåëåíèÿ äàâëåíèÿ).

Ïðèìåíÿÿ ê çàäà÷å (53), (62), (63) èíòåãðàëüíîå ïðåîáðàçîâàíèå Âåáåðà âèäà [21]

� ( , ) ( , ) ( , )( )p t rp r t W r dr

rc

� ��
�

�
1 ,

ïîëó÷àåì âñïîìîãàòåëüíóþ çàäà÷ó
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Ñ èñïîëüçîâàíèåì ìåòîäèêè ïðåîáðàçîâàíèÿ Ëàïëàñà [14] ìîæíî ïîêàçàòü, ÷òî

ðåøåíèå çàäà÷è (64), (65) îïðåäåëÿåòñÿ ñîîòíîøåíèåì
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. (66)

Ïåðåõîäÿ â îáëàñòü îðèãèíàëîâ ïî ãåîìåòðè÷åñêîé ïåðåìåííîé, íàõîäèì ðå-

øåíèå ðàññìàòðèâàåìîé çàäà÷è â âèäå

p r t p t W r d( , ) � ( , ) ( , )( )�
�

� � � � �1

0

, (67)

ãäå � ( , )p t� îïðåäåëÿåòñÿ ñîîòíîøåíèåì (66).

Â ÷àñòíîì ñëó÷àå, êîãäà � � 0, �r � 0, � �1 , èç (66), (67) ïîëó÷àåì ðåøåíèå

ñîîòâåòñòâóþùåé ðàññìàòðèâàåìîìó ñëó÷àþ ôèëüòðàöèîííîé çàäà÷è, ïîñòàâëåí-

íîé â ðàìêàõ êëàññè÷åñêîé ìàòåìàòè÷åñêîé ìîäåëè óïðóãîãî ðåæèìà, â âèäå
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, (68)

ãäå â öåëÿõ óïðîùåíèÿ âû÷èñëåíèé ïîëîæåíî ,0 0� , �2 � �Q const.

Ïîñëåäíåå ñîîòíîøåíèå ñîâïàäàåò ñ ðåøåíèåì, ïðèâåäåííûì â ðàáîòå [24].

ÐÅØÅÍÈÅ ÔÈËÜÒÐÀÖÈÎÍÍÎÉ ÇÀÄÀ×È Ñ ÃÐÀÍÈ×ÍÛÌ ÓÑËÎÂÈÅÌ
ÒÐÅÒÜÅÃÎ ÐÎÄÀ ÍÀ ÊÎÍÒÓÐÅ ÑÊÂÀÆÈÍÛ

Â äàííîì ñëó÷àå òðåáóåòñÿ ðåøèòü óðàâíåíèå (53) ïðè ñëåäóþùèõ êðàåâûõ

óñëîâèÿõ:

�

�
�

�

�
�

�

�
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�

p

r
hr t

r rc

�3 ( ) , p r r p r t( , ) ( ), | ( , )|0 0� � ��� , (69)

ãäå � �3 0( ), ( )t r — çàäàííûå ôóíêöèè, h — ïîëîæèòåëüíàÿ âåùåñòâåííàÿ êîíñòàíòà.

Äàëåå ïðèâîäèòñÿ êðàòêîå èçëîæåíèå ìåòîäèêè ïîëó÷åíèÿ ðåøåíèÿ ðàññìàò-

ðèâàåìîé çàäà÷è.
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Ïðèìåíÿÿ ê çàäà÷å (53), (69) ìîäèôèöèðîâàííîå ïðåîáðàçîâàíèå Âåáåðà

âèäà [21]
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Ðåøåíèå çàäà÷è (70), (71) èìååò âèä
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Îêîí÷àòåëüíî ðåøåíèå èñõîäíîé çàäà÷è (53), (69) çàïèøåì â âèäå ñîîòíîøåíèÿ

p r t p t W r d( , ) � ( , ) ( , )( )�
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0

, (73)

ãäå � ( , )p t� îïðåäåëÿåòñÿ ñîîòíîøåíèåì (72).

Ïîëîæèâ â (72), (73) � �� �0 0, r , � �1 , ïîëó÷àåì ñëó÷àé êëàññè÷åñêîé ìî-

äåëè óïðóãîãî ðåæèìà ôèëüòðàöèè. Ïðåäïîëàãàÿ â öåëÿõ óïðîùåíèÿ âû÷èñëåíèé

�0 0� , �3 � �V const, ïîñëå ðÿäà ïðîñòûõ ïðåîáðàçîâàíèé èç (72), (73) íàõîäèì
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1 0
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1 0 ( )]rc� 2
, (75)

÷òî ñîâïàäàåò ñ ðåçóëüòàòàìè ðàáîòû [24]. Îòìåòèì òàêæå, ÷òî èç (74), (75)

ïðè h � 0, V Q� ïîëó÷àåì ñîîòíîøåíèå (68).
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ÇÀÊËÞ×ÅÍÈÅ

Íà îñíîâå ïîäõîäà, èñïîëüçóþùåãî ïîíÿòèå äðîáíîé ïðîèçâîäíîé Õèëüôå-

ðà–Ïðàáõàêàðà, â ðàáîòå ïîñòðîåíà îáîáùåííàÿ ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ

îïèñàíèÿ äèíàìèêè íåðàâíîâåñíîãî âî âðåìåíè ïðîöåññà ôèëüòðàöèè â òðåùèíî-

âàòî-ïîðèñòîé ñðåäå. Âûïîëíåíû ïîñòàíîâêè ðÿäà êðàåâûõ çàäà÷ î ìîäåëèðîâà-

íèè äðîáíî-äèôôåðåíöèàëüíîé äèíàìèêè äàâëåíèé ïðè ðàáîòå ãàëåðåé

(ïëîñêî-ïàðàëëåëüíàÿ ôèëüòðàöèÿ) è ïóñêå ñêâàæèí (ïëîñêî-ðàäèàëüíàÿ

ôèëüòðàöèÿ). Ïðèâåäåíû àíàëèòè÷åñêèå ðåøåíèÿ ïîñòàâëåííûõ êðàåâûõ çà-

äà÷ íåêëàññè÷åñêîé òåîðèè ôèëüòðàöèè â òðåùèíîâàòî-ïîðèñòîé ñðåäå.
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Â.Ì. Áóëàâàöüêèé
ÌÀÒÅÌÀÒÈ×ÍÅ ÌÎÄÅËÞÂÀÍÍß ÄÐÎÁÎÂÎ-ÄÈÔÅÐÅÍÖ²ÉÍÎ¯ Ô²ËÜÒÐÀÖ²ÉÍÎ¯ ÄÈÍÀÌ²ÊÈ
ÍÀ ÎÑÍÎÂ² ÌÎÄÅË² Ç ÏÎÕ²ÄÍÎÞ Õ²ËÜÔÅÐÀ–ÏÐÀÁÕÀÊÀÐÀ

Àíîòàö³ÿ. Ïîáóäîâàíî óçàãàëüíåíó ìàòåìàòè÷íó ìîäåëü äëÿ îïèñó äðîáî-
âî-äèôåðåíö³éíî¿ äèíàì³êè ïðîöåñ³â ô³ëüòðàö³¿ â òð³ùèíóâàòî-ïîðèñòèõ ñå-
ðåäîâèùàõ, ÿêà ´ðóíòóºòüñÿ íà âèêîðèñòàíí³ ïîíÿòòÿ äðîáîâî¿ ïîõ³äíî¿
Õ³ëüôåðà–Ïðàáõàêàðà. Ó ðàìêàõ çàçíà÷åíî¿ ìîäåë³ îäåðæàíî çàìêíåí³ ðîç-
â’ÿçêè íèçêè êðàéîâèõ çàäà÷ òåîð³¿ ô³ëüòðàö³¿ ùîäî ìîäåëþâàííÿ äèíàì³êè
òèñê³â ïðè ïóñêó ñâåðäëîâèí ó âèïàäêó ïëîñêî-ðàä³àëüíî¿ ô³ëüòðàö³¿, à òà-
êîæ ðîáîò³ ãàëåðåé çà óìîâ ïëîñêî-ïàðàëåëüíî¿ ô³ëüòðàö³¿.

Êëþ÷îâ³ ñëîâà: ìàòåìàòè÷íå ìîäåëþâàííÿ, äðîáîâî-äèôåðåíö³éíà äèíàì³êà
ô³ëüòðàö³éíèõ ïðîöåñ³â, òðiùèíóâàòî-ïîðèñò³ ñåðåäîâèùà, íåêëàñè÷í³ ìî-
äåë³, ð³âíÿííÿ ô³ëüòðàö³¿ ç äðîáîâîþ ïîõ³äíîþ Õ³ëüôåðà–Ïðàáõàêàðà, êðà-
éîâ³ çàäà÷³, çàìêíåí³ ðîçâ’ÿçêè.

V.M. Bulavatsky
MATHEMATICAL MODELING OF FRACTIONAL DIFFERENTIAL FILTRATION DYNAMICS
BASED ON MODELS WITH HILFER–PRABHAKAR DERIVATIVE

Abstract. We construct a generalized mathematical model to describe the
fractional differential dynamics of filtration processes in fractured porous media,
based on the use of the concept of Hilfer–Prabhakar fractional derivative. Within
the framework of this model, we obtain a number of closed solutions to
boundary-value problems of filtration theory for modeling the dynamics of
pressures at launch of wells in case of plane-radial filtration, as well as by
activity of galleries under plane-parallel filtration.

Keywords: mathematical modeling, fractional-differential dynamics of filtration
processes, fractured porous media, non-classical models, equation of filtration
with Hilfer–Prabhakar fractional derivative, boundary value problems, closed
form solutions.
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