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Àííîòàöèÿ. Âûïîëíåíà ïîñòàíîâêà è ïîëó÷åíî ðåøåíèå îáðàòíîé çàäà÷è
ïî îïðåäåëåíèþ ôóíêöèè ïîëÿ è çàâèñÿùåé îò ãåîìåòðè÷åñêîé ïåðåìåííîé
ôóíêöèè èñòî÷íèêà äëÿ óðàâíåíèÿ àíîìàëüíîé äèôôóçèè ñ áèïîðÿäêîâîé
äðîáíîé ïðîèçâîäíîé Õèëüôåðà è ïåðåìåííûì íàïðàâëåíèåì âðåìåíè.
Óñòàíîâëåíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ äàííîé çàäà÷è.

Êëþ÷åâûå ñëîâà: àíîìàëüíàÿ äèôôóçèÿ, äðîáíî-äèôôåðåíöèàëüíîå óðàâíå-
íèå äèôôóçèè, áèïîðÿäêîâàÿ ïðîèçâîäíàÿ Õèëüôåðà, óðàâíåíèÿ ñ ïåðåìåí-
íûì íàïðàâëåíèåì âðåìåíè, îáðàòíàÿ çàäà÷à.

Ñîçäàíèå ñîâðåìåííûõ ýôôåêòèâíûõ èíôîðìàöèîííûõ òåõíîëîãèé äëÿ ìîäå-

ëèðîâàíèÿ äèíàìèêè ïåðåíîñà âåùåñòâà è ýíåðãèè â ãåîýêîëîãè÷åñêèõ ñèñòå-

ìàõ íåâîçìîæíî áåç äàëüíåéøåãî ðàçâèòèÿ è îáîáùåíèÿ êëàññè÷åñêèõ ìàòåìàòè-

÷åñêèõ ìîäåëåé â íàïðàâëåíèè ó÷åòà âëèÿíèÿ âàæíûõ àñïåêòîâ, â ÷àñòíîñòè, ñâÿ-

çàííûõ ñ íåâûïîëíåíèåì ïðèíöèïà ëîêàëüíîãî ðàâíîâåñèÿ [1]. Â íàñòîÿùåå

âðåìÿ äîñòèãíóò ñóùåñòâåííûé ïðîãðåññ â èññëåäîâàíèè îñîáåííîñòåé äèíà-

ìèêè ãåîìèãðàöîííûõ ïðîöåññîâ ñ ó÷åòîì íåëîêàëüíûõ ýôôåêòîâ ïî âðåìåíè

(ýôôåêòîâ ïàìÿòè [2]) è ïðîñòðàíñòâó (ýôôåêò ïðîñòðàíñòâåííûõ êîððåëÿöèé [3])

ñ èñïîëüçîâàíèåì àïïàðàòà èíòåãðî-äèôôåðåíöèðîâàíèÿ äðîáíîãî ïîðÿäêà

[4–7], ÿâëÿþùåãîñÿ äîñòàòî÷íî àäåêâàòíûì è íàäåæíûì ïîäõîäîì ïðè ïî-

ñòðîåíèè ñîîòâåòñòâóþùèõ ìàòåìàòè÷åñêèõ ìîäåëåé. Ñ ïðèìåíåíèåì äàííîãî

ïîäõîäà ïîñòàâëåíî è ðåøåíî áîëüøîå ÷èñëî êàê ïðÿìûõ, òàê è îáðàòíûõ çà-

äà÷ äëÿ ìàòåìàòè÷åñêèõ ìîäåëåé ïðîöåññîâ ìèãðàöèè â ãåîñðåäàõ, îñíîâàííûõ

íà óðàâíåíèÿõ äðîáíîãî ïîðÿäêà, â ÷àñòíîñòè, ðàññìîòðåíû îáðàòíûå çàäà÷è

äëÿ ìîäåëåé ñ äðîáíûìè ïðîèçâîäíûìè Êàïóòî [8–11], à òàêæå äëÿ áîëåå îá-

ùèõ ìîäåëåé ñ ïðîèçâîäíûìè Õèëüôåðà [12–14]. Ïðè ýòîì ïîñòàíîâêè îá-

ðàòíûõ çàäà÷ äëÿ óðàâíåíèé ñ äðîáíûìè ïðîèçâîäíûìè ÷àñòî âîñõîäÿò

ê ñîîòâåòñòâóþùèì ïîñòàíîâêàì äëÿ êëàññè÷åñêèõ ïàðàáîëè÷åñêèõ óðàâíåíèé,

êîòîðûì ïîñâÿùåíî ïðàêòè÷åñêè íåîáîçðèìîå êîëè÷åñòâî ëèòåðàòóðíûõ èñòî÷íè-

êîâ. Ââèäó îãðàíè÷åííîñòè îáúåìà ñòàòüè îòìåòèì òîëüêî ðàáîòû [15–17], â êî-

òîðûõ âûïîëíåíû ïîñòàíîâêè è ïîëó÷åíû ðåøåíèÿ îñíîâíûõ êëàññîâ îáðàò-

íûõ çàäà÷ ïî îïðåäåëåíèþ òåìïåðàòóðû è ïëîòíîñòè èñòî÷íèêîâ òåïëà ñîãëàñíî

àíàëèòè÷åñêîé òåîðèè òåïëîïðîâîäíîñòè, à òàêæå ðàáîòó [18], â êîòîðîé âû-

ïîëíåíà ïîñòàíîâêà è ïîëó÷åíî ðåøåíèå îáðàòíîé çàäà÷è äëÿ êëàññè÷åñêîãî

óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïàðàáîëè÷åñêîãî òèïà ñ ïåðåìåííûì íà-

ïðàâëåíèåì âðåìåíè. Îòìåòèì, ÷òî ïîäîáíûå óðàâíåíèÿ èìåþò ìíîæåñòâî

ðàçíîîáðàçíûõ ïðèìåíåíèé, â ÷àñòíîñòè, îïèñûâàþò ïðîöåññû òåïëîïðîâîä-

íîñòè â íåîäíîðîäíûõ ñðåäàõ, ïðîöåññû âçàèìîäåéñòâèÿ ôèëüòðàöèîííûõ ïî-

òîêîâ, ñëîæíûå òå÷åíèÿ âÿçêîé æèäêîñòè è äð. [18, 19].

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à äëÿ äðîáíî-äèôôåðåí-

öèàëüíîãî óðàâíåíèÿ äèôôóçèè ñ áèïîðÿäêîâîé [20, 21] ïðîèçâîäíîé Õèëüôåðà

ñ ïåðåìåííûì íàïðàâëåíèåì âðåìåíè. Äèôôóçèîííûå óðàâíåíèÿ ñ ïðîèçâîäíû-

ìè Õèëüôåðà ïîçâîëÿþò ýôôåêòèâíî îïèñûâàòü îñîáåííîñòè äèíàìèêè ðÿäà àíî-

ìàëüíûõ ïðîöåññîâ ïåðåíîñà â óñëîâèÿõ ó÷åòà íåëîêàëüíûõ ýôôåêòîâ [22, 23].
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ÏÐÅÄÂÀÐÈÒÅËÜÍÛÅ ÑÂÅÄÅÍÈß: ÁÈÏÎÐßÄÊÎÂÀß
ÄÐÎÁÍÀß ÏÐÎÈÇÂÎÄÍÀß ÕÈËÜÔÅÐÀ

Ïóñòü I f t
t0

� ( ), D f t
t0

� ( ) — ñîîòâåòñòâåííî äðîáíûé èíòåãðàë è ïðîèçâîäíàÿ

Ðèìàíà–Ëèóâèëëÿ ïîðÿäêà � ( )Re � � 0 ôóíêöèè f t( ) äåéñòâèòåëüíîãî àðãó-

ìåíòà t � 0, îïðåäåëÿåìûå ñîîòíîøåíèÿìè [4–6]
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ãäå [ ( )]Re � — öåëàÿ ÷àñòü Re ( )� , �( )� — ãàììà-ôóíêöèÿ Ýéëåðà [24].

Ïðîèçâîäíàÿ Õèëüôåðà ïîðÿäêà � �( )0 1� � òèïà � ( )0 1� �� îïðåäåëÿåòñÿ

ñëåäóþùèì îáðàçîì [25]:

D f t I
d

dt
I f t

t t t0 0
1

0
1 1� � � � � �, ( ) ( )( )( ) ( )� � � � . (1)

Î÷åâèäíî, ÷òî äðîáíàÿ ïðîèçâîäíàÿ, îïðåäåëÿåìàÿ ñîãëàñíî ïîñëåäíåìó ñîîò-

íîøåíèþ, ÿâëÿåòñÿ îáîáùåíèåì äðîáíûõ ïðîèçâîäíûõ Êàïóòî è Ðèìàíà–Ëèó-

âèëëÿ, ïîñêîëüêó

D f t D f t I
d

dt
f t

t t t0
1

0 0
1� � �, ( )( ) ( ) ( )� � � , D f t D f t

t t0
0

0
� �, ( ) ( )� ,

ãäå D D
t t0 0

( ) ,� � — îïåðàòîðû Êàïóòî è Ðèìàíà–Ëèóâèëëÿ ñîîòâåòñòâåííî. Ñëå-

äîâàòåëüíî, ïðîèçâîäíàÿ Õèëüôåðà ÿâëÿåòñÿ íåïðåðûâíîé èíòåðïîëÿöèåé ïî

ïàðàìåòðó ��[ , ]0 1 îïåðàòîðîâ Ðèìàíà–Ëèóâèëëÿ è Êàïóòî îäíîãî ïîðÿäêà �.

Îáîáùàÿ ïîíÿòèå ïðîèçâîäíîé Õèëüôåðà íà ñèòóàöèè, ïîçâîëÿþùèå ìîäåëè-

ðîâàòü äèíàìèêó ñåìåéñòâ íåðàâíîâåñíûõ ïðîöåññîâ íà îñíîâå èíòåðïîëÿöèè

ïî ïàðàìåòðó � îïåðàòîðîâ Ðèìàíà–Ëèóâèëëÿ è Êàïóòî íå òîëüêî îäíîãî ïî-

ðÿäêà �, íî òàêæå ðàçëè÷íûõ ïîðÿäêîâ ïðîèçâîäíîé �, � (� �� ), ïðèõîäèì

ê ïîíÿòèþ áèïîðÿäêîâîé äðîáíîé ïðîèçâîäíîé, êîòîðóþ îïðåäåëèì ñëåäóþ-

ùèì ñîîòíîøåíèåì [20, 21]:

D f t I
d

dt
I f t

t t t0 0
1

0
1 1( , ) ( ) ( )( )( ) ( )� � � � � � �� � � � ( , ; )0 1 0 1� � � �� � � . (2)

Äðîáíóþ ïðîèçâîäíóþ ôóíêöèè f t( ), çàäàííóþ ñîîòíîøåíèåì (2), íàçîâåì

áèïîðÿäêîâîé äðîáíîé ïðîèçâîäíîé Õèëüôåðà ïîðÿäêîâ � è � òèïà �. Ïîñêîëüêó

D f t D f t
t t0

1
0

( , ) ( )( ) ( )� � �� , D f t D f t
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0
0

( , ) ( ) ( )� � �� , áèïîðÿäêîâàÿ äðîáíàÿ ïðîèçâîä-

íàÿ ÿâëÿåòñÿ íåïðåðûâíîé èíòåðïîëÿöèåé ïî ïàðàìåòðó ��[ , ]0 1 îïåðàòîðîâ ðàç-

ëè÷íûõ ïîðÿäêîâ: Ðèìàíà–Ëèóâèëëÿ D
t0

� ïîðÿäêà � è Êàïóòî D
t0

( )� ïîðÿäêà �

(â îáùåì ñëó÷àå � �� ). Îòñþäà çàêëþ÷àåì, ÷òî íà îñíîâå ïîíÿòèÿ áèïîðÿäêîâîé

äðîáíîé ïðîèçâîäíîé âîçìîæíî ìîäåëèðîâàíèå äèíàìèêè áîëåå øèðîêîãî êëàñ-

ñà àíîìàëüíûõ ïðîöåññîâ ïåðåíîñà, ÷åì ñ èñïîëüçîâàíèåì îáùåïðèíÿòîãî

îïðåäåëåíèÿ Õèëüôåðà, ïðåäñòàâëåííîãî ñîîòíîøåíèåì (1).

Íà îñíîâàíèè (2) íåòðóäíî ïîëó÷èòü ôîðìóëó äëÿ ïðåîáðàçîâàíèÿ Ëàïëàñà

áèïîðÿäêîâîé äðîáíîé ïðîèçâîäíîé ôóíêöèè f t( ) âèäà [20]

� �( ( )) ( )( , ) ( ) ( ) ( )(D f t p f p I
t t0

1
0
1 1� � � � � � � � � � �� �� � � � � ) ( )f 0� (3)

( , ; )0 1 0 1� � � �� � � ,
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ãäå I f I f t
t t t0
1 1

0 0
1 10( )( ) ( )( )( ) lim ( )� �

� �

� �� �� � � � ( ( ) ( , ))f t L� ��0 , � — îïåðàòîð ïðå-

îáðàçîâàíèÿ.

Ñ ó÷åòîì ñîîòíîøåíèÿ (3) ìîæíî ïîêàçàòü, ÷òî ðåøåíèå çàäà÷è

D u t u t f t
t0

( , ) ( ) ( ) ( )� � � �� � , I u
t0
1 1

00( )( ) ( )� � � �� � � ( 0 1 0 1� � � �� � �, ; ), (4)

( f t( ) — çàäàííàÿ ôóíêöèÿ èñòî÷íèêà, � �, 0 � const) çàïèñûâàåòñÿ â âèäå [20]
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(5)

ãäå � � � � �� � �( ), E z� �, ( ) — äâóõïàðàìåòðè÷åñêàÿ ôóíêöèÿ Ìèòòàã-Ëåôôëå-

ðà [26].

ÏÎÑÒÀÍÎÂÊÀ ÎÁÐÀÒÍÎÉ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈß ÀÍÎÌÀËÜÍÎÉ ÄÈÔÔÓÇÈÈ

Ðàññìîòðèì â îáëàñòè � � �� �� � ( ( , ) ( , ), ( , ) ( , ))� �� �� � � � �1 0 0 0 1 0T T

çàäà÷ó îïðåäåëåíèÿ çàâèñÿùåãî îò ãåîìåòðè÷åñêîé ïåðåìåííîé ìíîæèòåëÿ f x( )

â èñòî÷íèêîâîì ñëàãàåìîì ïðàâîé ÷àñòè íåêëàññè÷åñêîãî óðàâíåíèÿ äèôôóçèè
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ñîîòâåòñòâóþùèì íà÷àëüíûì óñëîâèÿì, óñëîâèÿì ôèíàëüíîãî ïåðåîïðåäåëåíèÿ
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à òàêæå îáîáùåííûì óñëîâèÿì [18, 27] ñîïðÿæåíèÿ íà ëèíèè x � 0

u u� �� , � � � �� �u u , t T�[ , ]0 , (10)
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( , )

0
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Çäåñü D
t0

( , )� � � — îïåðàòîð áèïîðÿäêîâîé äðîáíîé ïðîèçâîäíîé Õèëüôåðà ïî-

ðÿäêîâ � �, òèïà � [20] (ôóíêöèÿìè 	 
2 1, çàäàþòñÿ íà÷àëüíûå óñëîâèÿ,

ôóíêöèÿìè 	 
1 2, — óñëîâèÿ ôèíàëüíîãî ïåðåîïðåäåëåíèÿ).

ÔÎÐÌÀËÜÍÎÅ ÐÅØÅÍÈÅ ÇÀÄÀ×È. ÑÕÎÄÈÌÎÑÒÜ
È ÅÄÈÍÑÒÂÅÍÍÎÑÒÜ ÐÅØÅÍÈß

Èñêëþ÷àÿ ôóíêöèþ f x( ) èç óðàâíåíèÿ (6) ïîäñòàíîâêîé
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sgn x I x x f x
t

� � �� �� �
0
1 1 0( )( ) ( , ) ( ) ( )� � � 	 , x� � �( , ) ( , )1 0 0 1 , (14)

sgn x I x T x f x
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� � �� �� �
0
1 1( )( ) ( , ) ( ) ( )� � � 
 , x� � �( , ) ( , )1 0 0 1 , (15)

x � 0 , � �� �� , � � � �� �� � , t T�[ , ]0 . (16)

Ðåøåíèå çàäà÷è (12)–(14), (16) íàõîäèì ñ ïîìîùüþ ìåòîäà ðàçäåëåíèÿ ïåðå-

ìåííûõ â âèäå �( , ) ( ) ( )x t X x t� �  . Òîãäà äëÿ ôóíêöèè X x( ) èìååì çàäà÷ó

sgn constx
X x

X x

��
� �

( )

( )
� ,

(17)

� � � � �X X( ) ( )1 1 0, (18)

X X� �� , � � � �� �X X . (19)

Çàäà÷à (17)–(19) èññëåäîâàíà â [18], ãäå ïîêàçàíî, ÷òî ñîáñòâåííûå ôóíêöèè

îïåðàòîðà L X x X xx � � ��sgn ( ) èìåþò âèä

~
( )

cos (~ ( )) / cos (~ ), ,

(~ ( )) / (
X x

x x

x
k

k k

k

�
� �

�

� �

�

1 0

1ch ch ~ ), ,�k x �

�
�
� 0

� �� �~
k
2 0, k �� ; (20)

~~
( )

(~ ( )) / (~ ), ,

(~ ( )) / cos
X x

x x

x
k

k k

k

�
� �

�

ch ch

cos

� �

�

1 0

1 (~ ), ,�k x �

�
�
� 0

� �� � �~
k
2 0, k �� ; (21)

X x
x

x
0

1 2 0

1 2 0
( )

/ , ,

/ , ,
�

�

�

�
�
�

� � 0. (22)

Ñîîòâåòñòâóþùèå ñîáñòâåííûå çíà÷åíèÿ äàííîãî îïåðàòîðà îáðàçóþò äèñêðåò-
íûé ñïåêòð è ÿâëÿþòñÿ ðåøåíèÿìè ñëåäóþùåãî òðàíñöåíäåíòíîãî óðàâíåíèÿ:
tg th~ ~� �k k� � , k � 0 1 2, , , ... Êàê îòìå÷åíî â [18], îïåðàòîð Lx ñèììåòðè÷åñêèé
è êîìïàêòíûé. Ñîãëàñíî òåîðåìå Ãèëüáåðòà–Øìèäòà ñèñòåìà ñîáñòâåííûõ
ôóíêöèé ïîëíàÿ è îðòîãîíàëüíàÿ â L2 1 0 0 1(( , ) ( , ))� � .

Äëÿ îïðåäåëåíèÿ  ( )t èç (12) èìååì óðàâíåíèå

D t t
t0

0( , ) ( ) ( )� � � �  � � .

Îòñþäà ñ ó÷åòîì (4), (5) ïîëó÷àåì:

! ïðè � �� �~
k
2 0, k �� ,

 k
k

k

k
t

E T
t E t( )

(~ )
(~ )( )( )

, ( )� � �
� �

�

�
�

�
�

� �
� � � �

�

2

1 1
1

2 ; (23)

! ïðè � �� � �~
k
2 0, k �� ,

 k k k
t t E t( ) ( ~ )( )( )

, ( )� �� �
� �� �� �

� � � �
�1 1

1
2 ; (24)

! ïðè � � 0

 
�0 0

1 1

1
( )

( ( ))

( )( )

t
t

�
� �

� �
�

� � �

� �

( , , )� � �0 k k � const . (25)

Ñ ó÷åòîì (20)–(25) ðåøåíèå çàäà÷è (12)–(16) èùåì â âèäå ñëåäóþùåãî ðÿäà

ñ íåèçâåñòíûìè êîýôôèöèåíòàìè A Bk k, ( ),k C�� :

�
� � �

� �
� �( , )

( )

( ( ))

~~
( )( )( )

,x t t
X x C

A X x Ek k
�

� �
�� �

�
1 1 0

1� � �
��( ) ( ~ )1

2

1

�
�

�
� �

�

	





"

#
$
$

% k
k

t

�
�

�




&

'

(
(

� �
B X x

E t

E T
k k

k

k

~
( )

(~ )

(~ )

, ( )� � � �
�

�
�

�

�

1
2

2
, (26)

ãäå E z� ( ) — îäíîïàðàìåòðè÷åñêàÿ ôóíêöèÿ Ìèòòàã-Ëåôôëåðà [4–6, 26].
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Íà îñíîâàíèè (26) èç (14), (15) ïîëó÷àåì ðàâåíñòâî

A X x E T B X x
E T

k k k k k

k

~~
( )( ( ~ ))

~
( )

(~ )
1 1

12

2
� � � �

�

	




�

�

�
�

�
�

�

�




"

#

$
$

&

'

(
(
�

�

�

%
k 1

� � �� � ��sgn x x x( ( ) ( )).	 
 (27)

Ñêàëÿðíî äîìíîæàÿ ñîîòíîøåíèå (27) íà
~~

( )X xk , à çàòåì íà
~

( )X xk , ñ ó÷åòîì

îðòîãîíàëüíîñòè ñîáñòâåííûõ ôóíêöèé ïîëó÷àåì âûðàæåíèÿ äëÿ èñêîìûõ êî-

ýôôèöèåíòîâ A Bk k, â âèäå

A
x x x X x

X x E

k
k

k

�
� �� � ��

� �

( ( ( ) ( )),
~~

( ))

~~
( ) ( ( ~

sgn 	 


��

2

1
k
T2 � ))

,

B
x x x X x

X x
E T

k
k

k

k

�
� �� � ��( ( ( ) ( )),

~
( ))

~
( )

(~ )

sgn 	 


��
�

2

2

1
�

�

	






�

�




1

, k �� , (28)

ãäå ( , ) — ñêàëÿðíîå ïðîèçâåäåíèå â L2 1 0 0 1(( , ) ( , ))� � , | | | | ( )f f x dx2 2

1

1

�
�
� .

Îáðàùàÿ (11), ñ ó÷åòîì ðàâåíñòâà (26) óñòàíàâëèâàåì ñïðàâåäëèâîñòü ñîîòíîøåíèÿ

I u x t x
t0
1 1( )( ) ( , ) ( )� � � �� � 	

�
�

� � ��t
X x C

A X x E t B X x
E

k k k k k
�

� �
�

�
�0

1
2

1

( )

( )

~~
( ) ( ~ )

~
( ),�

� �
�

�
�

�

�

, (~ )

(~ )
.

�

�

� �

	






�

�




"

#

$
$

&

'

(
(

% 1
2

2
1

k

kk

t

E T
(29)

Òîãäà èç (15) íà îñíîâàíèè (29) ïîëó÷àåì

T
X x C

A X x E T B X x
E

k k k k k
�

� �
� �

�
�0

1
2

1

( )

( )

~~
( ) ( ~ )

~
( ),� �

� � ��
, (~ )

(~ )

�
�

�
�

�

�

�

�

� �

	






�

�




"

#

$
$

&

'

(
(
�% 1

2

2
1

k

kk

T

E T

� �
 	( ) ( )x x . (30)

Ñîîòíîøåíèå (30) ïîçâîëÿåò îïðåäåëèòü íåèçâåñòíóþ ïîñòîÿííóþ C. Äåéñòâè-

òåëüíî, äîìíîæàÿ ñêàëÿðíî ðàâåíñòâî (30) íà X x0 ( ), íàõîäèì

C
T

x x X x�
�

�
�( )

( ( ) ( ), ( ))
1

0
�

	 

�

.
(31)

Ñ ó÷åòîì (28), (31) èñêîìóþ ôóíêöèþ èñòî÷íèêà f x( ) çàïèøåì â âèäå

f x x X x C A X x E T B X xk k k k k

k

( ) ( ) (
~~

( ) ( ~ )
~

( ))� � � � �
�

sgn 0
2

�
��

1

�

%
"

#
$

&

'
( � ��
 ( )x . (32)

Ïðè ýòîì èñêîìàÿ ôóíêöèÿ ïîëÿ u x t( , ) îïðåäåëÿåòñÿ ðÿäàìè

u x t t
x X x Ct

t Ak( , )
( ) ( )

( ( ))

~~( )�
�

� �
�� � �� � �

�
�	

� � �

1 1 2 0

1�
X x E tk k

k

( ) ( ~ ), ( )� � � �
��2 1

2

1

� �
�

�
� �

�

	





"

#
$
$

%
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�
�

�




&

'

(
(

� �
B X x

E t

E T
k k

k

k

~
( )

(~ )

(~ )

, ( )� � � �
�

�
�

�

�

2 1
2

2
, ( , )x t � �� , (33)

u x t t
x C X x t T

( , )
( ) ( )( ( ) )

( )

( )�
� � � �

�
� � �� � �

� �
 �

�

1 1 1 0 1

1

�

� �( ( ))� � �� �
�

"

#
$
$ 1

� � � �� � �(
~~

( )( ( ~ ) ( ~
, , ( )A X x T E T t Ek k k k

�
� �

� �
� � � �� �1

2
2 1

2 t

k

� )) �
�

�

%
1

� �� � �
B X x

E T
T E T t Ek k

k

k

~
( )

(~ )
( (~ ), ) , (

�
�

�
� �

� �
� � �

�
�

2 1
2

2 1 �
��) (~ )))

k
t2

&

'

(
(

, ( , )x t � �� . (34)

Òàêèì îáðàçîì, ôîðìàëüíîå ðåøåíèå çàäà÷è (6)–(10) îïðåäåëÿåòñÿ ñîîòíîøå-

íèÿìè (32)–(34), (28), (31). Ïîêàæåì, ÷òî ïîñòðîåííîå ðåøåíèå ÿâëÿåòñÿ êëàñ-

ñè÷åñêèì ðåøåíèåì ðàññìàòðèâàåìîé çàäà÷è. Äîêàæåì, íàïðèìåð, ñîîòíîøå-

íèå u x t C( , ) (
~

)� � ,
~

(� � � )* �t 0 . Ó÷èòûâàÿ àñèìïòîòè÷åñêèå îöåíêè ôóíêöèè

E z� �, ( ) äëÿ áîëüøèõ çíà÷åíèé | |z [26], ïîëó÷àåì äëÿ îáùåãî ÷ëåíà ðÿäà

èç (33) ïðè ïðîèçâîëüíîì t t+ �0 0 îöåíêó

| ~ |
~~

( ) ( ~ )( )
, ( )a t A X x t E tk k k k

� � �� � �
� �

� � � �
� � � �

��1 1
2 1

2
�

	





�
�

�



�

� �
B X x t

E t

E T
k k

k

k

~
( )

(~ )

(~ )

, ( )� � � � �
�

�
�

�

�

2 1
2

2

� �
"

#

$
$

&

'

(
(
�M A X x

M
B X x

M
k k

k

k k

k

1
2

2

3

2
| | |

~~
( )|

~
| | |

~
( )|

~� �

C
A B

k

k k
1

2~
(| | | | )

�
� �

� �
C

k
A Bk k

1

2 2�
(| | | | )

(35)

( ( , ), , ( ) )M i Ci � � � � � �0 1 3 0 1 11 � � � .

Ñ ó÷åòîì ñîîòíîøåíèÿ [26]

� � �
�

�
� � �

�
� �

�z E z E z, ,( ) ( )
( )

,� � �
1

�
z, , ,� � �� �� Re 0,

äëÿ îáùåãî ÷ëåíà ~~ak ðÿäà èç (34) ïîëó÷àåì àíàëîãè÷íóþ îöåíêó

| ~~ |
~~

( )( ( ~ )( )
,a t A X x T E T t Ek k k k

� � �� � �
�

� � � �
� �

� �
��1 1

1
2

, ( ) ( ~ ))2 1
2

� � �
��� � � ��

	

 k

t

� �� � �
B X x

E T
T E T t Ek k

k

k

~
( )

(~ )
( (~ ), , (

�
�

�
� �

� �
� � � �

�
�

2 1
2

2 1 ) (~ ))� �
k

t2 �
�
 �
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�M A X x

M M
B Xk k

k k

k k1
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2
| | |

~~
( )|

~ ~
| | |

~
(

� �
x

M M
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~ ~

�
�

��

	






�

�




"

#

$
$

&

'

(
(
�4

2

5

2� �

� � � �
C

A B
C

k
A B

k

k k k k
2

2

2

2 2~
(| | | | ) (| | | | )

� �
( ( , ), )� � � �M i Ci 0 1 5 02 . (36)

Íà îñíîâàíèè îöåíîê (35), (36) è îãðàíè÷åííîñòè (ïðè èçâåñòíûõ óñëîâè-

ÿõ [18]) êîýôôèöèåíòîâ A B kk k, ( )�� çàêëþ÷àåì, ÷òî ðÿäû â (33), (34) ìàæî-

ðèðóþòñÿ ñõîäÿùèìñÿ ðÿäîì. Ïîýòîìó, â ñèëó ìàæîðàíòíîãî ïðèçíàêà Âåéåð-

øòðàññà, ðÿä â ñîîòâåòñòâóþùåì âûðàæåíèè äëÿ u x t( , ) â îáëàñòè
~
� ñõîäèòñÿ

àáñîëþòíî è ðàâíîìåðíî è åãî ñóììà ïðåäñòàâëÿåò ñîáîé íåïðåðûâíóþ ôóíê-

öèþ â äàííîé îáëàñòè. Ðåøåíèå u x t( , ) — íåïðåðûâíàÿ ôóíêöèÿ, ÿâëÿþùàÿñÿ

ñóììîé íåïðåðûâíîé ôóíêöèè è ðàâíîìåðíî ñõîäÿùåãîñÿ ðÿäà.

Ïîñêîëüêó â îáëàñòè � ñïðàâåäëèâî íåðàâåíñòâî

| ( , )| | ( , )|
| | | |( )( )t u x t p x t M
A B

k

k k

k

1 1

2
1

� �

�

�
� �

�
� �%� �

( p x t( , ) — íåïðåðûâíàÿ â îáëàñòè � ôóíêöèÿ, M � �const 0), èìååì

t u x t C( )( ) ( , ) ( )1 1� � �� � � .

Àíàëîãè÷íî èçëîæåííîìó âûøå óñòàíîâèì ñîîòíîøåíèÿ

D u x t u x t C
t xx0

( , ) ( , ), ( , ) (
~

)� � � � � .

Îòíîñèòåëüíî âîïðîñà î åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è îòìåòèì

ñëåäóþùåå.

Ïóñòü { } { }u f u f1 1 2 2, , , — äâà ðàçëè÷íûõ ðåøåíèÿ çàäà÷è. Òîãäà ôóíêöèè

u u u f f f� � � �2 1 2 1, óäîâëåòâîðÿþò óðàâíåíèþ

sgn x D u x t
u

x
f x

t
t

� �
�

�
�

�

� �

0

2

2

1 1

1

( , )
( )( )

( , ) ( )
( (

� � �
� �

� �� � �))
,

îäíîðîäíûì êðàåâûì óñëîâèÿì

� �

�
�

u t

x

( , )1
0 ,
�

�
�

u t

x

( , )1
0 , t T�[ , ]0 ,

I u x I u x T
t t0
1 1

0
1 10 0( )( ) ( )( )( , ) ( , )� � � �� �� � � �

è óñëîâèÿì ñîïðÿæåíèÿ íà ëèíèè x � 0

u u� �� , � � � �� �u u , t T�[ , ]0 .

Îòñþäà, ó÷èòûâàÿ ñîîòíîøåíèÿ (28), (31), èìååì C A Bk k� � � 0 ( )k �� . Íà

îñíîâàíèè (32)–(34), ñ ó÷åòîì ïîëíîòû ñèñòåìû ñîáñòâåííûõ ôóíêöèé îïåðà-

òîðà Lx , çàêëþ÷àåì, ÷òî u x t( , ) � 0, f x( ) � 0 â îáëàñòè � . Ýòèì ôàêòîì

óñòàíàâëèâàåòñÿ íàëè÷èå ñâîéñòâà åäèíñòâåííîñòè ðåøåíèÿ ðàññìàòðèâàåìîé

îáðàòíîé çàäà÷è.

Â çàêëþ÷åíèå ðàññìîòðèì íåêîòîðûå ÷àñòíûå ñëó÷àè ïðèâåäåííîé çàäà÷è.

Ïîñêîëüêó ïðè � �1 èìååì D u t D u t D u t
t t t0 0

1
0

( , ) ( , ) ( )( ) ( ) ( )� � � � � �� � , ãäå D
t0

( )� —

îïåðàòîð äðîáíîé ïðîèçâîäíîé Êàïóòî ïîðÿäêà �, èç íàéäåííîãî âûøå ðåøåíèÿ

êàê ÷àñòíûé ñëó÷àé ïîëó÷àåì ðåøåíèå ñîîòâåòñòâóþùåé îáðàòíîé çàäà÷è äëÿ
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äðîáíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ äèôôóçèè ñ ïðîèçâîäíîé Êàïóòî âèäà

sgn x D u x t
u

x
f x

t
� �

�

�
�

0

2

2

( ) ( , ) ( )� .

Åñëè � �� �1, òî èìååì D u t D u t
du

dtt t0 0
1 1( , ) ( , )( ) ( )� � � �� � . Òîãäà èç íàéäåííîãî

âûøå ðåøåíèÿ, â ÷àñòíîñòè, ïîëó÷àåì ðåøåíèå ñîîòâåòñòâóþùåé îáðàòíîé

êðàåâîé çàäà÷è äëÿ êëàññè÷åñêîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ïåðåìåííûì

íàïðàâëåíèåì âðåìåíè, ïðèâåäåííîå â [18].

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. Ñîáîëåâ Ñ.Ë. Ëîêàëüíî-íåðàâíîâåñíûå ìîäåëè ïðîöåññîâ ïåðåíîñà. Óñïåõè ôèçè÷åñêèõ íàóê.

1997. Ò. 167, ¹ 10. Ñ. 1095–1106.

2. Õàñàíîâ Ì.Ì., Áóëãàêîâà Ã.Ò. Íåëèíåéíûå è íåðàâíîâåñíûå ýôôåêòû â ðåîëîãè÷åñêè ñëîæ-

íûõ ñðåäàõ. Ìîñêâà–Èæåâñê: Èíñòèòóò êîìïüþòåðíûõ èññëåäîâàíèé, 2003. 288 ñ.

3. Ìåéëàíîâ Ð.Ï., Áåéáàëàåâ Â.Ä., Øèáàíîâà Ì.Ð. Ïðèêëàäíûå àñïåêòû äðîáíîãî èñ÷èñëåíèÿ.

Saarbrucken: Palmarium Academic Publishing, 2012. 135 ñ.

4. Samko S.G., Kilbas A.A., Marichev O.I. Fractional integrals and derivatives: Theory and

applications. Yverdon, Switzerland: Gordon and Breach Science Publishers, 1993. 688 p.

5. Kilbas A.A., Srivastava H.M., Trujillo J.J. Theory and àpplications of fractional differential

equations. Amsterdam: Elsevier, 2006. 523 p.

6. Podlubny I. Fractional differential equations. New York: Academic Press, 1999. 341 p.

7. Mainardi F. Fractional calculus and waves in linear viscoelasticity. London: Imperial College Press,

2010. 368 p.

8. Áåðäûøåâ À.Ñ., Êàäèðêóëîâ Á.Æ., Òóðìåòîâ Á.Õ. Î íåêîòîðûõ îáðàòíûõ çàäà÷àõ äëÿ óðàâíå-

íèÿ òåïëîïðîâîäíîñòè äðîáíîãî ïîðÿäêà. Âåñòíèê Êàçàõñêîãî ÍÓ. Ñåð. ìàòåìàòèêà, ìåõà-

íèêà, èíôîðìàòèêà. 2010, ¹ 2 (65). Ñ. 36–41.

9. Kirane M., Malik S.A. Determination of an unknown source term and the temperature distribution

for the linear heat equation involving fractional derivative in time. Applied Mathematics and

Computation. 2011. Vol. 218. P. 163–170.

10. Aleroev T.S., Kirane M., Malik S.A. Determination of a source term for a time fractional diffusion

equation with an integral type over-determining condition. Electronic Journal of Differential

Equations. 2013. Vol. 270. P. 1–16.

11. Al-Musalhi F., Al-Salti N., Kerbal S. Inverse problems of a fractional differential equations with

Bessel operator. arXiv: 1609.04587 v1, 2016.

12. Furati K.M., Iyiola O.S., Kirane M. An inverse problem for a generalized fractional diffusion.

Applied Mathematics and Computation. 2014. Vol. 249. P. 24–31.

13. Furati K.M., Iyiola O.S., Kassem M. An inverse source problem for a two-parameter anomalous

diffusion with local time datum. arXiv: 1604.06886 v1, 2016.

14. Òóðìåòîâ Á.Õ., Øèíàëèåâ Ê.Ì. Î ðàçðåøèìîñòè íåêîòîðûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ

îáîáùåííîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè. Âåñòíèê Åâðàçèéñêîãî íàö. óíèâåðñèòåòà

èì. Ë.Í. Ãóìèëåâà. Ñåð. Åñòåñòâåííî-òåõíè÷åñêèå íàóêè. 2011. Âûï. 6 (85). Ñ. 8–14.

15. Êàëèåâ È.À., Ïåðâóøèíà Ì.Ì. Îáðàòíûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ñîâðåìåí-

íûå ïðîáëåìû ôèçèêè è ìàòåìàòèêè. Óôà: Ãèëåì, 2004. Ò. 1. Ñ. 50–55.

16. Êàëèåâ È.À., Ñàáèòîâà Ì.Ì. Çàäà÷è îïðåäåëåíèÿ òåìïåðàòóðû è ïëîòíîñòè èñòî÷íèêîâ òåïëà

ïî íà÷àëüíîé è êîíå÷íîé òåìïåðàòóðàì. Ñèáèðñêèé æóðíàë èíäóñòðèàëüíîé ìàòåìàòèêè.

2009. Ò. 12, ¹ 1 (37). Ñ. 89–97.

17. Îðàçîâ È., Ñàäûáåêîâ Ì.À. Îá îäíîé íåëîêàëüíîé çàäà÷å îïðåäåëåíèÿ òåìïåðàòóðû è ïëîò-

íîñòè èñòî÷íèêîâ òåïëà. Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. 2012. ¹ 2. Ñ. 70–75.

80 ISSN 1019-5262. Êèáåðíåòèêà è ñèñòåìíûé àíàëèç, 2019, òîì 55, ¹ 2



18. Êàëèåâ È.À., Ìóãàôàðîâ Ì.Ô., Ôàòòàõîâà Î.Â. Îáðàòíàÿ çàäà÷à äëÿ ïàðàáîëè÷åñêîãî óðàâíå-

íèÿ ñ ïåðåìåííûì íàïðàâëåíèåì âðåìåíè ñ îáîáùåííûìè óñëîâèÿìè ñîïðÿæåíèÿ. Óôèìñêèé

ìàòåìàòè÷åñêèé æóðíàë. 2011. Ò. 3, ¹ 2. Ñ. 34–42.

19. ßíåíêî Í.Í., Íîâèêîâ Â.À. Îá îäíîé ìîäåëè æèäêîñòè ñ çíàêîïåðåìåííûì êîýôôèöèåíòîì

âÿçêîñòè. ×èñëåííûå ìåòîäû ìåõàíèêè ñïëîøíîé ñðåäû. Íîâîñèáèðñê: ÂÖ ÑÎ ÀÍ ÑÑÑÐ,

1973. Ò. 4, ¹ 2. Ñ. 142–147.

20. Bulavatsky V.M. Closed form of the solutions of some boundary-value problems for anomalous

diffusion equation with Hilfer’s generalized derivative. Cybernetics and Systems Analysis. 2014.

Vol. 50, N 4. P. 570–577.

21. Bulavatsky V.M., Gladky A.V. Mathematical modeling of the dynamics of a nonequilibrium

diffusion process on the basis of integro-differentiation of fractional order. Cybernetics and Systems

Analysis. 2015. Vol. 51, N 1. P. 134–141.

22. Sandev T., Metzler R., Tomovski Z. Fractional diffusion equation with a generalized

Riemann–Liouville time fractional derivative. Journal of Physics A. 2011. Vol. 44. P. 5–52.

23. Tomovski Z., Sandev T., Metzler R., Dubbeldam J. Generalized space-time fractional diffusion

equation with composite fractional time derivative. Physica A. 2012. Vol. 391. P. 2527–2542.

24. Abramovitz M., Stegun I.A. Handbook of mathematical functions. New York: Dover, 1965. 831 p.

25. Hilfer R. Fractional time evolution. Applications of Fractional Calculus in Physics. Ed. Hilfer R.

Singapore: World Scientific, 2000. P. 87–130.

26. Gorenflo R., Kilbas A.A., Mainardi F., Rogosin S.V. Mittag-Leffler functions, related topics and

applications. Berlin: Springer-Verlag, 2014. 454 p.

27. Òóëàñûíîâ Ì.Ñ. Ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ îäíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ìåíÿþùèìñÿ

íàïðàâëåíèåì âðåìåíè ñ ïîëíîé ìàòðèöåé óñëîâèé ñêëåèâàíèÿ. Âåñòíèê Íîâîñèáèðñêîãî ãîñ.

óí-òà. Ñåðèÿ: Ìàòåìàòèêà, ìåõàíèêà, èíôîðìàòèêà. 2009. Ò. 9, âûï. 1. Ñ. 57–68.

Íàä³éøëà äî ðåäàêö³¿ 12.02.2018

Â.Ì. Áóëàâàöüêèé
ÏÐÎ ÎÄÍÓ ÎÁÅÐÍÅÍÓ ÇÀÄÀ×Ó ÄËß Ð²ÂÍßÍÍß ÀÍÎÌÀËÜÍÎ¯ ÄÈÔÓÇ²¯ Ç Á²ÏÎÐßÄÊÎÂÎÞ
ÏÎÕ²ÄÍÎÞ Õ²ËÜÔÅÐÀ

Àíîòàö³ÿ. Âèêîíàíî ïîñòàíîâêó òà îòðèìàíî ðîçâ’ÿçîê îáåðíåíî¿ çàäà÷³
ùîäî âèçíà÷åííÿ ôóíêö³¿ ïîëÿ òà çàëåæíî¿ â³ä ãåîìåòðè÷íî¿ çì³ííî¿ ôóíêö³¿
äæåðåëà äëÿ ð³âíÿííÿ àíîìàëüíî¿ äèôóç³¿ ç á³ïîðÿäêîâîþ äðîáîâîþ
ïîõ³äíîþ Õ³ëüôåðà òà çì³ííèì íàïðÿìêîì ÷àñó. Âñòàíîâëåíî ³ñíóâàííÿ òà
ºäèí³ñòü ðîçâ’ÿçêó ö³º¿ çàäà÷³.

Êëþ÷îâ³ ñëîâà: àíîìàëüíà äèôóç³ÿ, äðîáîâî-äèôåðåíö³éíå ð³âíÿííÿ äèôó³¿,
á³ïîðÿäêîâà ïîõ³äíà Õ³ëüôåðà, ð³âíÿííÿ ç³ çì³ííèì íàïðÿìîì ÷àñó, îáåðíå-
íà çàäà÷à.

V.M. Bulavatsky
AN INVERSE PROBLEM FOR ANOMALOUS DIFFUS²ON
WITH BI-ORDINAL HILFER’S DERIVATIVE

Abstract. The formulation is completed and solution of the inverse problem is
obtained for determining the field function and the function dependent on the
geometric variable source for the anomalous diffusion equation with bi-ordinal
Hilfer’s fractional derivative and variable direction of time. The existence and
uniqueness of the solution of the considered problem are established.
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