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D. Bodnar, B. Dutchak, R. Mykhalchuk  Some inequalities for harmonic means, their continuum analogs and 

application in control systems.  Several discrete and continuum inequalities of the inverse harmonic mean type are obtained 
in the paper. 

Keywords: inequality, differential, harmonic mean, functional, sum, integral. 
 

.  
[1]  [2]  

, .  
  , . 

. 
 1.  ix  iy  );,1( ni   

                                 

1

1

1
1

1

1
1

1

1 )()()(
n

i
ii

n

i
i

n

i
i yxyx .                           (1) 

. 
 1n  (1) ,  2n  

. 
  

,11
1

1
1 nnn xxx 11

1
1
1 nnn yyy

  
 

                        
1

1

1
1

1
11

1
2

1

12

1

1
1

1
12

1

1
1

1

1

1
1

1

1

)()()(

)

n

i
iinni

n

i
i

n

i
ni

n

i
ni

n

i
i

n

i
i

yxyxyx

yyxxyx

 

 (1),  2n  2121 ,,, yyxx  nnnn yyxx ,,, 11  
.  (1) . 

 2.  )...;;( 321 njjjj xxxx
 

),1( kj    
.   

1

1 1

1

1

1

1

1 )(
n

i

k

j
ij

k

j

n

i
ij xx .                                                      (2) 

 3.   

cep

n

i i

j
n

j
j n

n
x
x 1

11

)( .                                                      (3)
 

 jix ,
 

),1;,1( njni ,  



 " : , , " 
, 2014.  16-17 

 

© ., ., . 

67 

111
2

1
1 )...( ncep xxxn . 

.  

1
1

1

1

n

i

n

j i

j

x
x

  

 
j

i
ij x

xx  ),1,( nji  ),1(, 1
1 njjx jn  (2). 

: 

n

i

n

j j

i
n

i

n

j
ij

n

j

n

i
ij

n

j

n

j i

j
j n

n
nx

xxx
x
x

1

1

1

1

1
1

1

1

11

1

1

1

1

1 1

. 

 

n
n

x
xn

i i

j
n

j

1

11
)( .                                                             (4)

 
  - . 

 4.   – .   

 11

1 1

( ) 1 , 0
n n

i
i

i j j

x x
x

                                           (5) 

.   

 
1 11

1 1 1x y xyAx Ay A
y x x y

,                 (6) 

 0 , 0A , 0x , 0y  – .  
 

2 2 2 0xyA
x y

. 

 (5) .  1n  
,  2n  (5)   (6),   0A . 

 
1 1 1

1 1n n nx x x ,  1
1

1

n n
n

n n

x xx
x x

     (6),   

1 1 1
1 2 2nA x x xK ,  1nx x ,  ny x     

1 1 1
2

1 1

1 1 1 1 11

1 1
1 2 2 2

2 1 1

1 1 1 11 1

1

1

n n n n n
i i i n n

i j i j jj j n j n

n n n n
n n i i n n

j i j jj n j n j n

x x x x x
x x x x x

x x x x x x
x x x x x x

1
11 .

 

 5.  0)(tx  -  ];[ baC ,  0  –  .  
: 

)(
)(

)(
ab

ab

tx
dtx

db

a
b

a

. 

.  



 " : , , " 
, 2014.  16-17 

 

© ., ., . 

68 

b

a
b

a tx
dtx

dxF

)(
)(

)]([ . 

: 

d
tx
dtthx

tx
dtth

tx
dttx

thtx
dtx

dthx

d
d
d

thtxF
d
dhxdFxdF

b

a

b

a

b

a
b

a

b

a
b

a
b

a

22

0

0

1

);()]([

 

 1)(0 th  , ];[)( baCth , )()( bhah  
,   

dtdx
txx

dth

tx
dtx

dx
tx
dtth

x
ddtth

tx
dtx

tx
dtthdtx

tx
dtdtth

tx
dtx

hxdF

b

a

b

a

b

a
b

a

b

a

b

a

b

a

b

a
b

a

b

a

b

a

b

a

b

a
b

a

)(
)(

1
)(

)(

)(
)(

1

)(
)(

1

)(
1);(

22

22

22

 

 );( hxdF .  
,   

b

a

b

a

dx
txx

d 0)(
)(

1
)( 2 . 

 consttx )( ,  
 F. 

,  consttx )(  F ,  
 0);( 22 hxFd . 

, ,  

                                        0
2

2
22 ))()(();( thtxF

d
dhxFd

,     

 
.)( consttx  

.  



 " : , , " 
, 2014.  16-17 

 

© ., ., . 

69 

  6.  0)(;0)( tytx  -  baC ; . . 

                              b

a

b

a

b

a tytx
dt

ty
dt

tx
dt

)()(

1

)(

1

)(

1
 .                                                       (7)

 

.  (1).
   

;)(

i

i
i

xx ;
)(

i

i
i

y
y ),1;0( ni

n
ab

i  

i -  ];[ ba .  
n . ,  (7)  ),()( txty  0 - 

. 
 7.  

                                                 b

a
n

i
i

n

i
b

a i tx

dt
tx

dt

1

1

)(

1

)(

1
,                                              (8) 

 )(txi  ];[ baC . 
.  

 2n  (7). 
 (8)  kn ,  1kn  

b

a

k

i
i

b

a k

b

a
k

i
i

b

a k

k

i
b

a i

k

i
b

a i

tx
tx

dt

tx

dt
x
dt

tx
dt

tx
dt 1

11

1

1

1

1

1 )(

1

)(

1

)(

11

)(

1

)(

1
.  

 );(tX  ];[];[ baba .  0  
]);[( 0 ba  );(tX  );()( 0tXtz  .  ];[ ba  

 n .  0)();( tztX ii  -  tba ];[ ,  i  
- . 

 (8),   

b

a
in

i
i

n

i
b

a i

i

tX

dt
tX
dt

1

1

);(

1

);(

. 

 n , . 
 

                                    

b

a
b

a

b

a
b

a dtX

dt
tX

dt
d

);(

1

);(

 .                                               (9) 

. ,  f –  )0( ''f , );(t )(tx  
 ];[ ba ,  



 " : , , " 
, 2014.  16-17 

 

© ., ., . 

70 

                          

b

a

b

a
b

a

b

a

dtt

dttxft

dtt

dttxt
f

)(

)]([)(

)(

)()(
 .                                            (10) 

 

 (10)  ;1)(t   
t

tf 1)(   

                       dttx
abxx

dt b

a

b

a
2

1
1

                                                    (11) 

–  ];[ baC . 
 (9),  (8) 

dttx
ab

tx
dt

b

a

n

i
i

n

i
b

a i

1
2

1
)(

)(
1

)(

1

 

dttx
abtx

dt b

a

n

i
i

b

a n

i
i

1
2

1

1

)(
)(

1

)(
. 

,  (8) ,  
 (11) ,   

dttx
abtx

dt

tx

dt b

a

n

i
i

b

a n

i
i

n

i

b

a n

i
i

1
2

1

1

1

1

)(
)(

1

)()(
. 

 
. 

 
1. . . . . .  1986. - 174 . 
2. . . . . . . .  1986.-120 .  

 
 


