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HAIIPYKEHO-TE®OPMOBAHUM CTAH IIPAIMOKYTHOI I30TPOITHOI IUIUTH
CEPEJIHHOI TOBIIMHMU II]] 30CEPE)KEHUM HABAHTAXKEHHSAM

HensiBebkuii B.M., I'pinuenko JL.I'. Hanpy:xeHo-nedopMoBaHUIi cTaH NPSAMOKYTHOI i30TPONMHOI NMJIMTH CepeaHbOL
TOBIIMHM MiJ 30cepel:keHUM HABAHTA:KeHHAM. [TNTH € OCHOBHHM KOHCTPYKI[IHHHM €IEMEHTOM MPODKIKOI YaCTHHU MOCTIB.
JIysl MOBINBHOTO HAaBaHTAKEHHS HANPYXEHO-Ie(pOPMOBAHUH CTAaH IUTUTH IPH KOHKPETHHX T'PAHMYHHX YMOBaX MOXXKHA BH3HAUUTH
JIOCHTH TPOCTO, SIKIIO IS Takol IUIUTH BiOMO (yHIAMEHTAIBHMI PO3B’S30K, SIKMH OIICY€ 3a€XKHICTh NPOTHHY IUINTH BiX
TIOJIOKEHHS 30CEPEHKEHOI CIITH, PUKIIAICHOI B 11 JUTBITBHIN TOYIII.

KniouoBi ciioBa: i30TponHa mIMTa, HABAaHTAXKEHHS.

Jensascknii B.H., I'punyenxo JLI'. HanpsiskenHo-1edopMUpOBaHHOE COCTOSIHHE NMPAMOYIOJIbHOI M30TPONHOM IJIMTBI
CcpefHeH TOJIINUHBI M0 COCPENOTO4YeHHON HArpy3Kou. [InuTel ABIAIOTCS OCHOBHBIM KOHCTPYKLMOHHBIM JJIEMEHTOM IIPOE3KEH
9acTH MOCTOB. [IJIs1 IPOM3BOJIBHON HArpy3KH HANPSHDKEHHO 1e(h)OPMHUPOBAHHOIO COCTOSHHMS IUTUTHI IPH KOHKPETHBIX IPeIelbHBIX
YCIOBHSIX MOXKHO ONPENEeNUTH JOCTATOYHO IPOCTO, €CIHM JUI TAaKOW IUIMTHI W3BECTHO (DyHTAMEHTAIBHOE pEeIIeHHe, KOTOpOoe
OITICHIBACT 3aBHCUMOCTD IIPOTrn0a IINTHI OT IOJI0KSHIUS COCPEOTOUCHHOM CHIIBI, IPUIATaeMOHN B €€ JUTBHIIGHHUN TOUKE.

Ki1ioueBble cJ10Ba: N30TPOIHAS IUINTA, HATPY3KA.

Delyavskiy V., Grinchenko L. Tensely deformed the state of rectangular isotropic flag of middle thickness under a point
load. Flags are the basic construction element of trafficway of bridges. For the arbitrary loading tensely deformed the state of flag at
concrete maximum terms it is possible to define sufficiently simple, if for such flag a fundamental decision, which describes
dependence of bending of flag on position of the concentrated force, enclosed in its to the dlvil'niy point, is known.

Keywords: izotropic flag, loading.

B naniii cratTi, B paMKax MOZAEINI IUIMTH cepenHboi TOBIIMHY, 3anpornoHoBanoi 1.0 IlpycoBum
[1] mMeTomom psimiB moOynoBaHO (pyHIAMEHTANBHHI PO3B’SI30K ISl MPSIMOKYTHOI 130TPOIHOT TUIUTH
cepenHbOi TOBIIMHY BUTBHOONEPTOI Ha BCiX KpasX.

MatemaTH4yHa MO/eJIb IJIUTH.
3rimno moneni 1.O.IIpycoBa [1] ckiamoBi BekTopa HepeMillleHb {Ul, Uz} BHU3HAUAIOTBCS 4epe3 TpU

uesinomi pynxmii W, F, D

ow oF oD
=g M (xa) L [y (xg) 2
U, X3 ] + o(XS) o + 1(X3)8X2
oF oD
xa M (%) | = (xg) 1
u, X3 ) + O(X3)8X2 1(X3)8X1 (1)

ne F i @ nosinbHI QyHKLIT 3MIHHHX Xg, X, ; @ Loihi€ HenapHi QyHKUIi 3MiHHOI X3, IO 3aJ0BONBHSIOTH
yMOBaM k(?)(O) =0; k’j (h) = k’j (— h) =0 (J = 0,1) 1 3a0e3MeuyloTh YMOBH PIBHOCTI HYNIO JOTUYHHUX

HanpyxeHb o _,, o =1,2 Ha moBepXHaX MiuTH. IIpuiiMaeThes, MO MPOrUH MIMTH W HE 3MiHIOEThCS MO

TOBILMHI
W(X1, Xp, X3)=W(X1, X7 ) - (2)

OyHKIIs CI)(Xl, Xz) € po3B’si3kOM  piBHSAHHS [ enbMronsia

a N (Xl, X2) € oniepatop ['enpMronsn

o° 0 )
( + —KJ@:O ?)

2 2
oX; OX,

ac
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4G, (h)

K?=
DA-v)k, '

(4)

Tyr G - 3cyBy, D — nuninapudHa >KOpCTKICTh IUIMTH, V - KoediuieHT Ilyaccona; K, € MoMeHTOM
dynkuii 4,(x,), a /ll(h) ii 3HAYEHHS HA TOBEPXHSAX IUIMTH.

Oynkuig F 38’s13aHa 3 y3araJbHEHUM IPOrHHOM W 3aJIeKHICTIO

F=eViw, (5)
ae
=D 6)
2G2,(h)

OyHKIIs W e PO3B’SI3KOM HEOAHOPIAHOr0 OIrapMOHIHHOTO PiBHSHHS

LW = q/ D, (7)
ne L(Xl, Xz) OirapMOHIHHI onepaTop

L(x,x,)= 0 ¢ 0. (8)

ox' - Toxioxt ox'

C|(Xl, Xz) MONCpCUHC HABAHTAXKCHHSA, IPUKJIAACHE 10 BerHI:O'l' HOBerHi IIJIUTH,

Po3p’s130k cuctemu audepeHniatbHUX PiBHIHL PIBHOBArH

Cucremy nudepenuianbaux piBHsAHb (3),(7) po3B’13yeMO METOIOM PO3IiICHHS 3MIHHUX.
3rimHo npaui [2] Bubepemo pynkuito I"enpmronbia CI)(Xl, Xz) SK HeapHy (YHKLIIO 3MIHHUX X, X, .

(¢, %) = Y {B(x)sin 6,7, +4{7(x, )sin 5 |
(9)
Tyt

=%, =12 (10)

1

ne a, (j =1,2) - pO3MipH IJIUTH B IJIaHi; ¢k“](xj) HeBiZoMi QyHKIIT 3MIHHHX X; . PO3B’430K HEOJHOPIIHOTO

il
S,

auepeHianbHoro piBHAHHSA (7) BHOMPAEMO y BUTIISI CyMH JIBOX MapHHUX (DYHKITIH:

W=Ww +W, (11)
3araJibHOTO PO3B’SI3KY Wo OAHOPIAHOTO PiBHSHHS
Lw=0 (12)

1 YaCTKOBOT'O PO3B’sI3Ky W+ HEOJHOpiAHOTO piBHAHHS (7)
3aranpHuiA PO3B’A30K OJHOPIAHOTO PIBHAHHA NIYKAEMO y BUTIISAL

w, = 3 {£9(x )cos 57X, + £,7(x, )cos 5,7, ). (13)
k=1
Tyr f(x)) i ¢k“](xj) HeBifoMi PYHKLIT 3MIHHIX X j , SIKi 3a10BONIBHSIOTE AM(EPEHILiaIbHUM PiBHSIHHAM
fk[j]“” (Xj )_ 25;[34]2 fk[j]"(xj )+ 5;[&1]“ fk[j](xj ): 0, (14)
o) ol o, )

P03B’s130K THX PIBHSHB Ma€ BUTIIS
[il _ [l *[3-]] [l *[3-]]
f, (xj)_ Riochd,”x; + Ry x;sho, " x,
[il _ [l *[3-]]
I(x,)= RWrshy ™ x (16)

k

o [ a2
e yk[J]: K2+5k[H] .
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YacTkoBH PO3B’SI30K HEOTHOpiAHOro piBHSAHHA (7) BU3HayaeMo MeromoM psniB ®yp’e. s mporo
HaBaHTa)KEHHS q(xl, Xz) poskiagaemo B psan Pyp’e (mo cuHycax)

AXg, Xp )= D" Qg sin slx, sin sPx, | (17)
m=1 n=1
Jc
Gn = .”q X,, X, )sin &0x, sin 82)x, dx, dx, (18)
12

KoeiLieHTH PsITy dDyp €.
{06 3am0BONEHUTH GirapMOHIYHE PiBHSHHS, YaCTKOBUH PO3B’A30K 3aIIUCYEMO y BUTIISAIL

w, == stm 5lix, sin812x, . (19)
D&S (5[11 +5[21)2
OOGuucnutu Koe(ilieHTH (|, A1 30cepemxenoi cunu. s nporo 3ocepekeHy cuily P 3amiHIOEMO
HaBaHTaKCHHIM q(xl,xz) PIBHOMIPHO pO3MOAUIEHUM Ha HECKIHYCHO MajioMy KBaJpaTHOMY €JIEMEHTI 3
posmipamu X0

5 (20)

q(Xl,X2)=
o
Hapautakenns (X, X,) piBHE HYTIO BCIOTM KpiM  eleMEHTa OOMEKEHOTO  MPSAMHMH:

{ =6, X =8 +8,X, =&,, Xo =5 + 5} NIOKa3aHMMH Ha PUCYHKY 1.

x
N
|
A
N
[eZ]

28,

Puc. 1. Cxema HaBaHTaKCHHS IUIATU 30CCPCHKCHOIO CUJIOLO.

Koedinientn (,,, BUpaxKarThCs TakK:
2 ay

J.J. sin 8ltx, sin x, dx,dx, =

q
mn alaz

4P §1+B§2+6 P
o j j <7 sin 58, sin 52)x, dx,dx, = (21)
192 g &

4P
2
d°a,a,
BpPaxoOBYIOUH, 110

[cos S[ml](al +8)—cos S[rﬁ]al][cos SLZ](éz +8)—cos 52l ]

. o=
sm—B,

COS oL —COS 3 = —25sin 5

o+P
2
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OTPUMYEMO

cos[S[rﬁ](éHS)] cos[(S[lél)] 25|n{8[1(é1 zﬂsm{s[l]z}
cos[SLz](éz+5)]—003[(5L2]§2)] 25m{8l2 (éz ZHSI{S[Z] 2}

—4”_[5]_245'{8[1 (él HS'”{SM 2}"{8[2 (éz ZHS"{SM 2}

IIpu ¢ - 0 orpumyemo:

Sin(ﬁ[;] §) ~ S[r#] § : sin(SLz] §J ~ SLZ] § )
2 2 2 2

Ocratouno koedinieatu (,,, HaOyBarOTh BUITIAMY:

o =~ ——sin(ol, Jsinfo 7z, @)

1%2

(22)

HaHC CHiBBiZ[HOHICHHH OTpHMAHO B CHCTEMI KOOpAWHAT 3 MOYaTKOM B J'IiBOMy HUXHbBOMY KYTI IIJINTH.

YacTkoBuii pO3B’$I3OK W, 3alMCAaHUH B CHCTEMI KOOpAWHAT 3 IMOY4aTKOM B ]_[CHTpi IJINTU OIUCYETHCA

BHpa3oM

alaz m=1 n—1 (5 [2f 5[5]

o [ [
AP 155 S i ).

(24)

I[J'ISI 1J'IIOCTpaI_[1'1' 3arpOIIOHOBAHOI0 MECTOAY BUKOHAHO PO3PaxXyHOK IIJIMTH 3 TAKUMU JTaHWUMU:

TOBIIMHA TUIATH € cTana i pisHa 2h=0,7 M. T gani:
E =2,07-10° MPa, v=0,3, q, = 0,4 MPa.

[MpuiinaTo, mo 30cepemxena cuia aie P aie B cepenuni mmty i BuHOCHTH P=400 KN.
Ha pucynkax (2) — (3) moxaszaHo 3MiHy IPOrHHY W i 3THHHOTO MOMEHTY B nepepisi X, =0 mis mmtu

cTanoi IUpuHKU 28, =3 M 1 pi3HUX JOBKUH

10 A
12 A
14 A1 3
16 A

1 w-10° [m]

20 —

i X1 [M]

—1:a2=2m —2:a2=2,5m —3:a2=3m

Puc. 2. IIporun W B neperuni X, =0 npu nocriliHiil mmpuni 2a, =3 M i pi3Hii goBXuHI 23, .
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-15 -1,25 -1 -0,75 -0,5 -0,25 0 0,25 0,5 0,75 1 1,25 1,5

0 1 1 1 1 1 1 1 1 1 1 1
50 - Xl [m]
100
—1

i —2

150 kNm 3
M| ——
200 m
250
—1:a2=2m —2:a2=25m —3:a2=3m

Puc. 3. I'padiku 3runnoro momenty M, B mepepizi X, =0 mns cranoi

IIMPUHA 23, =3 M 1 pi3HUX JOBXKHUH 24, .

Sk BuaHO 3 pucyHKiB (2) i (3) mporun W i 3SruHHMII MOMEHT M, piBHI HYJIO Ha KpasX IUIUTH, B CUITY
3aJI0BOJICHHS TPAHWYHUX YMOB. B I[GHTpI TUIMTH Ti BEJIMYUHH JOCATAIOTh MAKCHUMAJIbHUX 3HAYCHb 1
3pOCTalOTh 3 POCTOM JOBXKWHU IUTUTH. B TOYIl TpHWKIAaHHS 30CEPEIKEHOi CHIM BCl CTaTH4YHI 1
TCOMETPUYHI BETMYMHH OTPUMYIOTh HECKIHUCHO BEIHKI 3HAYCHHS. 10 3B’SI3aHO 3 THM, IO YUM Oiibiie
BUOHMpAaEMO pO3KIaaiB M i N psay Pyp’e TUM OTPUMYEMO TOUHINIHKA 3aKOH PO3KIIAJICHOTO HABAHTAKEHHS (.
B HamoMy BUTMaJKy HaBaHTaXCHHS (| € 30CepeIKeHa CHJIa PO3KIIAJeHa HAa HECKIHYCHO MaJIOMY €JIEMEHTI,
0 OYEBHJIHO BiIOBI/]a€ HECKIHYCHO BEIMKUM YHCIOBUM 3HadeHHSAM. B milicCHOCTI HE ICHYe ieasibHO
30CepeIKEHUX CHII a00 HaBaHTAXKCHHS PO3IMONLICHOrO Ha HECKIHUCHO MaJIOMYy eJeMeHTi. ToMy pe3yibraTtu
B TOYII IPUKJIaJaHHS 30CEPEKEHOT CUIIM HE MOJKHA TPAKTYBATH SIK peajibHi 1 X CIIiJ BIAKHHYTH.

Ha pucynkax (4) — (5) mogano 3miny nepemimesss Uy Mo TOBLIMHI IIIMTH B CEPEMHI CTOPOHU &, JUIS

. . 2h . . .
pisHuX BinHomeHb ——. Ha pucynky (4) Gauumo 3MiHy mepeMimeHHss Uj HO TOBIIMHI IUTMTH JUIS
1

BinHowennst 2h/2a, =0,166, wo Bianosigae TOHKIN rIuTi, B TOM Yac sk pucynok (5) mpencraBise Mty
CEpPEAHBOI TOBIIMHU.

8

6] Up-10°[m]

0,05 0,1 0,15 0,2 0,25

X3 [m]

Puc. 4. 3mina nepemimenns Uq 110 TOBIIMHI 171 BiJHOIICHHS 2h/ 2a, =0,166.
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51 Uy -10° [m]

Puc. 5. 3mina nepemimenns Uq 10 TOBIIMHI 171 BiAHOIICHHS 2h/ 2a, =0,333.

Summary. The solution of problem about of the state of stresses and strains in rectangular isotropic
moderate thickness plate acted by the concentrated force aplied in its arbitrariry point has been obtained. The
problem was solved in the frames of the plate theory sugested by I. Prusov with help of separating variables
method using the Fourie’s series method. As a example the rectangular plate free supported at all edges was
considered. The boundary conditions was satisfied by means of collocation method.
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