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In this paper we give the strong and ∆-convergence theorems of the modified S-iteration and

the modified two-step iteration processes for total asymptotically nonexpansive mappings on a
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INTRODUCTION

A metric space X is a CAT(0) space if it is geodesically connected and every geodesic tri-

angle in X is at least as “thin” as its comparison triangle in the Euclidean plane. Fixed point

theory in a CAT(0) space has been first studied by Kirk (see [9, 10]). He showed that every non-

expansive mapping defined on a bounded closed convex subset of a complete CAT(0) space

always has a fixed point. Since then the fixed point theory for various mappings in a CAT(0)

space has been rapidly developed and a lot of papers have appeared (see [4, 5, 6, 17, 18]).

Nanjaras and Panyanak [13] proved the demiclosedness principle for asymptotically non-

expansive mappings and gave the ∆-convergence theorem of the modified Mann iteration pro-

cess for mappings of this type in a CAT(0) space. Recently, Chang et. al. [3] introduced total

asymptotically nonexpansive mappings and proved the demiclosedness principle for map-

pings of this type in a CAT(0) space. Also, they presented the ∆-convergence theorem of the

modified Mann iteration process for total asymptotically nonexpansive mappings in a CAT(0)

space.

In this paper, motivated by the above results, we get some results which are related to

the strong and ∆-convergence of the modified S-iteration and the modified two-step iteration

processes for total asymptotically nonexpansive mappings on a CAT(0) space. Our results

extend and improve the corresponding ones announced by Chang et. al. [3], Khan and Abbas

[8], Nanjaras and Panyanak [13] and many others.
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1 PRELIMINARIES AND LEMMAS

Let (X, d) be a metric space, K be a nonempty subset of X and let T : K → K be a mapping.

Recall that T is said to be a nonexpansive mapping if

d(Tx, Ty) ≤ d(x, y), ∀x, y ∈ K.

The map T is said to be an asymptotically nonexpansive mapping if there exists a sequence

{kn} ⊂ [1, ∞) with kn → 1 such that

d(Tn x, Tny) ≤ knd(x, y), ∀n ∈ N, x, y ∈ K.

The map T is said to be a uniformly L-Lipschitzian mapping if there exists a constant L > 0

such that

d(Tnx, Tny) ≤ Ld(x, y), ∀n ∈ N, x, y ∈ K.

Chang et. al. [3] defined the concept of total asymptotically nonexpansive mapping as

follows.

Definition 1 ([3, Definition 2.1]). Let (X, d) be a metric space, K be a nonempty subset of

X and let T : K → K be a mapping. T is said to be a total asymptotically nonexpansive

mapping if there exist non-negative real sequences {µn} , {vn} with µn → 0, vn → 0 and a

strictly increasing continuous function ζ : [0, ∞) → [0, ∞) with ζ(0) = 0 such that

d(Tn x, Tny) ≤ d(x, y) + vnζ(d(x, y)) + µn

for all n ∈ N and x, y ∈ K.

Remark 1. From the definitions, it is clear that each nonexpansive mapping is an asymptoti-

cally nonexpansive mapping with kn = 1, ∀n ∈ N, each asymptotically nonexpansive map-

ping is a total asymptotically nonexpansive mapping with µn = 0, vn = kn − 1, ∀n ∈ N,

ζ(t) = t, t ≥ 0, and each asymptotically nonexpansive mapping is a uniformly L-Lipschitzian

mapping with L = supn∈N
{kn}.

We now give the definition and collect some basic properties of the CAT(0) space.

Let (X, d) be a metric space. A geodesic path joining x ∈ X and y ∈ X (or more briefly, a

geodesic from x to y) is a map c : [0, l] ⊂ R → X such that c(0) = x, c(l) = y and d(c(t), c(t′)) =

|t − t′| for all t, t′ ∈ [0, l]. In particular, c is an isometry and d(x, y) = l. The image of c is

called a geodesic (or metric) segment joining x and y. When it is unique, this geodesic is denoted

by [x, y]. The space (X, d) is said to be a geodesic space if every two points of X are joined by a

geodesic, and X is said to be a uniquely geodesic space if there is exactly one geodesic joining x

and y for all x, y ∈ X.

A geodesic triangle ∆(x1, x2, x3) in a geodesic metric space (X, d) consist of three points in X

(the vertices of ∆) and three geodesic segments joining each pair of vertices (the edges of ∆).

A comparison triangle for the geodesic triangle ∆(x1, x2, x3) in (X, d) is a triangle ∆(x1, x2, x3) =

∆(x1, x2, x3) in the Euclidean plane R
2 such that dR2(xi, xj) = d(xi, xj) for i, j ∈ {1, 2, 3}. Such

a triangle always exists (see [2]).
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A geodesic space is said to be a CAT(0) space [2] if all geodesic triangles of appropriate

size satisfy the following comparison axiom.

CAT(0): Let ∆ be a geodesic triangle in X and let ∆ be a comparison triangle for ∆. Then,

∆ is said to satisfy the CAT(0) inequality if for all x, y ∈ ∆ and all comparison points x, y ∈ ∆,

d(x, y) ≤ d
R2(x, y).

Let x, y ∈ X, and by Lemma 2.1(iv) of [6] for each t ∈ [0, 1], there exists a unique point

z ∈ [x, y] such that

d (x, z) = td(x, y), d (y, z) = (1 − t)d(x, y). (1)

From now on, we will use the notation (1 − t)x ⊕ ty for the unique point z satisfying (1). By

using this notation, Dhompongsa and Panyanak [6] obtained the following lemma which will

be used frequently in the proof of our main results.

Lemma 1 ([6, Lemma 2.4]). Let X be a CAT(0) space. Then

d((1 − t)x ⊕ ty, z) ≤ (1 − t)d(x, z) + td(y, z)

for all t ∈ [0, 1] and x, y, z ∈ X.

In 1976 Lim [12] introduced the concept of ∆-convergence in a general metric space. In 2008

Kirk and Panyanak [11] specialized Lim’s concept to the CAT(0) space and proved that it is

very similar to the weak convergence in a Banach space. Also, Dhompongsa and Panyanak

[6] obtained the ∆-convergence theorems for the Picard, Mann and Ishikawa iterations in a

CAT(0) space for nonexpansive mappings.

Let {xn} be a bounded sequence in a CAT(0) space X. For x ∈ X, we set r(x, {xn}) =

lim sup
n→∞

d(x, xn). The asymptotic radius r({xn}) of {xn} is given by

r({xn}) = inf{r(x, {xn}) : x ∈ X}

and the asymptotic center A({xn}) of {xn} is the set

A({xn}) = {x ∈ X : r(x, {xn}) = r({xn})}.

It is known that in a complete CAT(0) space, A({xn}) consists of exactly one point (see [5,

Proposition 7]).

Definition 2 ([11, 12]). A sequence {xn} in a CAT(0) space X is said to be ∆-convergent to

x ∈ X if x is the unique asymptotic center of {un} for every subsequence {un} of {xn}. In this

case we write ∆-limn→∞ xn = x and x is called the ∆-limit of {xn} .

Lemma 2. i) Every bounded sequence in a complete CAT(0) space always has a ∆-convergent

subsequence (see [11, p. 3690]).

ii) Let K be a nonempty closed convex subset of a complete CAT(0) space and let {xn} be a

bounded sequence in K. Then the asymptotic center of {xn} is in K (see [4, Proposition 2.1]).

Lemma 3 ([6, Lemma 2.8]). If {xn} is a bounded sequence in a complete CAT(0) space with

A({xn}) = {x}, {un} is a subsequence of {xn} with A({un}) = {u} and the sequence

{d(xn, u)} converges, then x = u.
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In [3] it is proved demiclosedness principle for total asymptotically nonexpansive mappings

in a CAT(0) space as follows.

Lemma 4 ([3, Theorem 2.8]). Let K be a closed convex subset of a complete CAT(0) space X and

let T : K → K be a total asymptotically nonexpansive and uniformly L-Lipschitzian mapping.

Let {xn} be a bounded sequence in K such that lim
n→∞

d (xn, Txn) = 0 and ∆-limn→∞ xn = p.

Then Tp = p.

The following lemma is crucial in the study of iteration processes in metric spaces.

Lemma 5 ([14, Lemma 2]). Let {an}, {bn} and {δn} be sequences of non-negative real numbers

satisfying the inequality

an+1 ≤ (1 + δn)an + bn.

If
∞

∑
n=1

δn < ∞ and
∞

∑
n=1

bn < ∞, then limn→∞ an exists.

Lemma 6 ([13, Lemma 4.5]). Let X be a CAT(0) space, x ∈ X be a given point and let {tn} be a

sequence in [b, c] with b, c ∈ (0, 1) and 0 < b(1 − c) ≤ 1
2 . Let {xn} and {yn} be any sequences

in X such that

lim sup
n→∞

d (xn, x) ≤ r, lim sup
n→∞

d (yn, x) ≤ r, lim
n→∞

d ((1 − tn)xn ⊕ tnyn, x) = r

for some r ≥ 0. Then

lim
n→∞

d (xn, yn) = 0.

Agarwal, O’Regan and Sahu [1] introduced the modified S-iteration process which is inde-

pendent of those of the modified Mann iteration [16] and the modified Ishikawa iteration [19].

We apply this iteration process into a CAT(0) space as







x1 ∈ K

xn+1 = (1 − an)Tnxn ⊕ anTnyn

yn = (1 − bn)xn ⊕ bnTnxn, n ∈ N.

(2)

By taking Tn = T for all n ∈ N in (2), we obtain the S-iteration process which is introduced in

[1].

Thianwan [20] introduced the two-step iteration process in a Banach space. We give the

modified two-step iteration process in a CAT(0) space as follows














x1 ∈ K

xn+1 = (1 − an)yn ⊕ anTnyn

yn = (1 − bn) xn ⊕ bnTnxn, n ∈ N.

(3)

If bn = 0 for each n ∈ N, then (3) reduces to the modified Mann iteration process. By taking

Tn = T for all n ∈ N in (3), we obtain the two-step iteration process.

Our purpose in this paper is to get some results on the strong and ∆-convergence of the

modified S-iteration and the modified two-step iteration processes for total asymptotically non-

expansive mappings in a CAT(0) space. It is worth mentioning that our results in a CAT(0)

space can be applied to any CAT(k) space with k ≤ 0 since any CAT(k) space is a CAT(m)

space for every m ≥ k (see [2, p. 165]).
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2 MAIN RESULTS

We will denote the set of fixed points of T by F (T), that is, F (T) = {x ∈ X : Tx = x}.

Firstly, we prove the ∆-convergence theorem of the modified S-iteration process in a CAT(0)

space.

Theorem 1. Let K be a nonempty bounded closed convex subset of a complete CAT(0) space

X, T : K → K be a total asymptotically nonexpansive and uniformly L-Lipschitzian mapping

with F(T) 6= ∅ and let {xn} be a sequence defined by (2). If the following conditions are

satisfied:

(i)
∞

∑
n=1

vn < ∞,
∞

∑
n=1

µn < ∞,
∞

∑
n=1

an < ∞;

(ii) there exists a constant M∗
> 0 such that ζ(r) ≤ M∗r, r ≥ 0;

(iii) {bn} is the sequence in [0, 1] ;

(iv)
∞

∑
n=1

sup {d(z, Tnz) : z ∈ B} < ∞ for each bounded subset B of K;

(v) there exist constants b, c ∈ (0, 1) with 0 < b(1 − c) ≤ 1
2 such that {an} ⊂ [b, c],

then the sequence {xn} ∆-converges to a fixed point of T.

Proof. We divide the proof of Theorem 1 into three steps.

Step I. First we prove that for each p ∈ F(T) the following limit lim
n→∞

d(xn, p) exists. In fact

for each p ∈ F(T), by Lemma 1, we have

d(yn , p) = d((1 − bn)xn ⊕ bnTnxn, p) ≤ (1 − bn)d(xn, p) + bnd(Tnxn, p)

≤ (1 − bn)d(xn, p) + bn {d(xn, p) + vnζ(d(xn , p)) + µn}

≤ (1 + bnvn M∗) d(xn, p) + bnµn ≤ (1 + vn M∗) d(xn, p) + µn.

Also, we obtain

d(xn+1, p) = d((1 − an)T
nxn ⊕ anTnyn, p) ≤ (1 − an)d(T

n xn, p) + and(Tnyn, p)

≤ (1 − an) {d(xn, p) + vnζ(d(xn , p)) + µn}+ anLd(yn, p)

≤ (1 − an) {(1 + vn M∗) d(xn, p) + µn}+ anL {(1 + vn M∗) d(xn, p) + µn}

= {(1 − an) (1 + vn M∗) + anL (1 + vn M∗)} d(xn, p) + (1 + an(L − 1))µn

= {1 + an(L − 1) + vn M∗(1 + an(L − 1))} d(xn, p) + (1 + an(L − 1))µn.

It follows from condition (i) and Lemma 5 that limn→∞ d(xn, p) exists.

Step II. Next we prove that

lim
n→∞

d(xn, Txn) = 0. (4)

In fact, it follows from Step I that for all p ∈ F(T), lim
n→∞

d(xn, p) exists, so we can assume that

lim
n→∞

d(xn, p) = r. Since

d(Tnyn, p) = d(Tnyn, Tn p) ≤ d(yn, p) + vnζ(d(yn , p)) + µn ≤ (1 + vn M∗) d(yn , p) + µn

≤ (1 + vn M∗) {(1 + vn M∗) d(xn, p) + µn}+ µn

= (1 + vn M∗) (1 + vn M∗) d(xn, p) + (2 + vn M∗) µn,
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we have lim supn→∞ d(Tnyn, p) ≤ r. Similarly, we obtain lim supn→∞ d(Tnxn, p) ≤ r. On the

other hand, since lim
n→∞

d((1 − an)Tnxn ⊕ anTnyn, p) = lim
n→∞

d(xn+1, p) = r, by Lemma 6, we

have

lim
n→∞

d(Tnxn, Tnyn) = 0. (5)

Since d(xn+1, Tnxn) ≤ d((1 − an)Tnxn ⊕ anTnyn, Tnxn) ≤ and(Tnyn, Tnxn) from (5), we obtain

lim
n→∞

d(xn+1, Tnxn) = 0. (6)

From condition (iv), we have

lim
n→∞

d(xn, Tnxn) = 0. (7)

Hence from (6) and (7) we get

lim
n→∞

d(xn, xn+1) = 0. (8)

Since T is a uniformly L-Lipschitzian mapping, from (7) and (8) we have that

d(xn, Txn) ≤ d(xn, xn+1) + d(xn+1, Tn+1xn+1) + d(Tn+1xn+1, Tn+1xn) + d(Tn+1xn, Txn)

≤ d(xn, xn+1) + d(xn+1, Tn+1xn+1) + Ld(xn+1, xn) + Ld(Tnxn, xn)

= (1 + L)d(xn, xn+1) + d(xn+1, Tn+1xn+1) + Ld(Tnxn, xn) → 0 (as n → ∞).

The equation (4) is proved.

Step III. To show that the sequence {xn} ∆-converges to a fixed point of T, we prove that

W∆(xn) = ∪
{un}⊂{xn}

A({un}) ⊆ F(T)

and W∆(xn) consists of exactly one point. Let u ∈ W∆(xn). Then there exists a subsequence

{un} of {xn} such that A({un}) = {u} . By Lemma 2, there exists a subsequence {vn} of {un}

such that ∆-limn→∞ vn = v ∈ K. By Lemma 4, v ∈ F(T). Since {d (un, v)} converges, by Lemma

3, u = v. This shows that W∆(xn) ⊆ F(T). Now we prove that W∆(xn) consists of exactly one

point. Let {un} be a subsequence of {xn} with A({un}) = {u} and let A({xn}) = {x} . We

have already seen that u = v and v ∈ F(T). Finally, since {d (xn, v)} converges, by Lemma 3,

x = v ∈ F(T). This shows that W∆(xn) = {x} .

Now we give an example of such mappings which are total asymptotically nonexpansive

and uniformly L-Lipschitzian as in Theorem 1.

Let R be the real line with the usual norm | · | and let K = [−1, 1]. Define two mappings

T, S : K → K by

T(x) =

{

−2 sin x
2 , if x ∈ [0, 1]

2 sin x
2 , if x ∈ [−1, 0)

and S(x) =

{

x, if x ∈ [0, 1]

−x, if x ∈ [−1, 0).

It is proved in [7, Example 3.1] that both T and S are asymptotically nonexpansive map-

pings. Therefore they are total asymptotically nonexpansive and uniformly L-Lipschitzian

mappings. Additionally, F(T) = {0} and F(S) = {x ∈ K; 0 ≤ x ≤ 1}.

We give the characterization of strong convergence for the modified S-iteration process on

a CAT(0) space as follows.
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Theorem 2. Let X, K, T, {an} , {bn} , {xn} satisfy the hypotheses of Theorem 1. Then the se-

quence {xn} converges strongly to a fixed point of T if and only if

lim inf
n→∞

d(xn, F(T)) = 0,

where d(x, F(T)) = inf {d(x, p) : p ∈ F(T)} .

Proof. Necessity is obvious. Conversely, suppose that lim inf
n→∞

d(xn, F(T)) = 0. As proved in

Theorem 1 (Step I), for all p ∈ F(T),

d(xn+1, p) ≤ {1 + an(L − 1) + vn M∗(1 + an(L − 1))} d(xn, p) + (1 + an(L − 1))µn.

This implies that

d(xn+1, F(T)) ≤ {1 + an(L − 1) + vn M∗(1 + an(L − 1))} d(xn, F(T)) + (1 + an(L − 1))µn.

By Lemma 5, limn→∞ d(xn, F(T)) exists. Thus by hypothesis limn→∞ d(xn, F(T)) = 0.

Next, we show that {xn} is a Cauchy sequence in K. Let ε > 0 be arbitrarily chosen. Since

limn→∞ d (xn, F(T)) = 0, there exists a positive integer n0 such that

d (xn, F(T)) <
ε

4

for all n ≥ n0. In particular, inf {d(xn0 , p) : p ∈ F(T)} <
ε
4 . Thus, there exists p⋆ ∈ F(T) such

that

d(xn0 , p⋆) <
ε

2
.

Now, for all m, n ≥ n0, we have

d(xn+m, xn) ≤ d(xn+m, p⋆) + d(xn, p⋆) ≤ 2d(xn0 , p⋆) < 2
( ε

2

)

= ε.

Hence {xn} is a Cauchy sequence in the closed subset K of a complete CAT(0) space and so it

must be convergent to a point q in K. Now, limn→∞ d (xn, F(T)) = 0 gives that d (q, F(T)) = 0

and closedness of F(T) forces q to be in F(T). This completes the proof.

Senter and Dotson [15] introduced the concept of Condition (I) as follows.

Definition 3 ([15, p. 375]). A mapping T : K → K is said to satisfy Condition (I) if there exists

a non-decreasing function f : [0, ∞) → [0, ∞) with f (0) = 0 and f (r) > 0 for all r > 0 such

that

d(x, Tx) ≥ f (d(x, F(T))), ∀ x ∈ K.

With respect to the above definition, we have the following strong convergence theorem.

Theorem 3. Let X, K, T, {an} , {bn} , {xn} satisfy the hypotheses of Theorem 1 and let T be a

mapping satisfying Condition (I). Then the sequence {xn} converges strongly to a fixed point

of T.
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Proof. As proved in Theorem 2, limn→∞ d(xn, F(T)) exists. Also, by Theorem 1 (Step II), we

have limn→∞ d(xn, Txn) = 0. It follows from Condition (I) that

lim
n→∞

f (d (xn, F(T)) ≤ lim
n→∞

d(xn, Txn) = 0.

That is, lim
n→∞

f (d (xn, F(T)) = 0. Since f : [0, ∞) → [0, ∞) is a non-decreasing function

satisfying f (0) = 0 and f (r) > 0 for all r > 0, we obtain

lim
n→∞

d (xn, F(T)) = 0.

The conclusion now follows from Theorem 2.

Remark 2. Theorems 1–3 contain some results of Khan and Abbas [8, Theorems 1–3] since

each nonexpansive mapping is a total asymptotically nonexpansive mapping.

Now, we give the ∆-convergence theorem of the modified two-step iteration process in a

CAT(0) space.

Theorem 4. Let X, K, T, {bn} satisfy the hypotheses of Theorem 1, {an} be a sequence in [0, 1]

and let {xn} be a sequence defined by (3). If the conditions (i)–(iv) in Theorem 1 are satisfied,

then the sequence {xn} ∆-converges to a fixed point of T.

Proof. First we prove that for all p ∈ F(T) the following limit lim
n→∞

d(xn, p) exists. As proved in

Theorem 1, we have

d(yn , p) ≤ (1 + vn M∗) d(xn, p) + µn. (9)

Since T is a uniformly L-Lipschitzian mapping, from (9) we have

d(xn+1, p) = d((1 − an)yn ⊕ anTnyn, p)

≤ (1 − an)d(yn, p) + and(Tnyn, p)

≤ (1 − an)d(yn, p) + anLd(yn, p)

= (1 + an(L − 1)) d(yn, p)

≤ (1 + an(L − 1)) {(1 + vnM∗) d(xn, p) + µn}

= {1 + an(L − 1) + vn M∗(1 + an(L − 1))} d(xn, p) + (1 + an(L − 1))µn.

It follows from Lemma 5 that lim
n→∞

d(xn, p) exists. Next we prove that lim
n→∞

d(xn, Txn) = 0.

From condition (iv), we have

lim
n→∞

d(xn, Tnxn) = lim
n→∞

d(yn, Tnyn) = 0. (10)

By the above equality, we get

d(Tnxn, Tnyn) ≤ Ld(xn, yn) ≤ Lbnd(xn, Tnxn) ≤ Ld(xn, Tnxn) → 0 (as n → ∞). (11)

Since

d(xn+1, Tnyn) ≤ d((1 − an)yn ⊕ anTnyn, Tnyn) ≤ (1 − an)d(yn, Tnyn)

from (10), we obtain

lim
n→∞

d(xn+1, Tnyn) = 0. (12)

From (10), (11) and (12) we have that

d(xn, xn+1) ≤ d(xn, Tnxn) + d(Tnxn, Tnyn) + d(Tnyn, xn+1) → 0 (as n → ∞).

The rest of the proof follows the pattern of the Theorem 1 and is therefore omitted.
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Remark 3. Theorem 4 contains the main result of Chang et. al. [3, Theorem 3.5] since the

modified two-step iteration reduces to the modified Mann iteration. Also, Theorem 4 con-

tains the main result of Nanjaras and Panyanak [13, Theorem 5.7] since each asymptotically

nonexpansive mapping is a total asymptotically nonexpansive mapping.

Finally, we give following theorems related to the strong convergence of the modified two-

step iteration process which their proofs are similar arguments of Theorem 2 and Theorem 3,

respectively.

Theorem 5. Let X, K, T, {an} , {bn} , {xn} satisfy the hypotheses of Theorem 4. Then the se-

quence {xn} converges strongly to a fixed point of T if and only if lim inf
n→∞

d(xn, F(T)) = 0.

Theorem 6. Let X, K, T, {an} , {bn} , {xn} satisfy the hypotheses of Theorem 4 and let T be a

mapping satisfying Condition (I). Then the sequence {xn} converges strongly to a fixed point

of T.

REFERENCES

[1] Agarwal R.P., O’Regan D., Sahu D.R. Iterative construction of fixed points of nearly asymptotically nonexpansive

mappings. J. Nonlinear Convex Anal. 2007, 8 (1), 61–79.

[2] Bridson M., Haefliger A. Metric spaces of non-positive curvature. Springer-Verlag, Berlin, 1999.

[3] Chang S.S., Wang L., Joesph Lee H.W., Chan C.K., Yang L. Demiclosed principle and ∆-convergence theorems

for total asymptotically nonexpansive mappings in CAT(0) spaces. Appl. Math. Comput. 2012, 219 (5), 2611–2617.

doi:10.1016/j.amc.2012.08.095

[4] Dhompongsa S., Kirk W.A., Panyanak B. Nonexpansive set-valued mappings in metric and Banach spaces. J. Non-

linear Convex Anal. 2007, 8 (1), 35–45.

[5] Dhompongsa S., Kirk W.A., Sims B. Fixed point of uniformly lipschitzian mappings. Nonlinear Anal.: Theory,

Methods & Appl. 2006, 65 (4), 762–772. doi:10.1016/j.na.2005.09.044

[6] Dhompongsa S., Panyanak B. On ∆-convergence theorems in CAT(0) spaces. Comput. & Math. Appl. 2008, 56

(10), 2572–2579. doi:10.1016/j.camwa.2008.05.036

[7] Guo W.P., Cho Y.J., Guo W. Convergence theorems for mixed type asymptotically nonexpansive mappings. Fixed

Point Theory Appl. 2012, 2012:224. doi:10.1186/1687-1812-2012-224

[8] Khan S.H., Abbas M. Strong and ∆-convergence of some iterative schemes in CAT(0) spaces. Comput. & Math.

Appl. 2011, 61 (1), 109–116. doi:10.1016/j.camwa.2010.10.037

[9] Kirk W.A. Geodesic geometry and fixed point theory. In: Seminar of Mathematical Analysis (Malaga/

Seville, 2002/2003), Colec. Abierta, Univ. Sevilla Secr. Publ., Seville 2003, 64, 195–225.

[10] Kirk W.A. Geodesic geometry and fixed point theory II. In: International Conference on Fixed Point Theory

Appl., Yokohama Publ., Yokohama, 2004, 113–142.

[11] Kirk W.A., Panyanak B. A concept of convergence in geodesic spaces. Nonlinear Anal.: Theory, Methods & Appl.

2008, 68 (12), 3689–3696. doi:10.1016/j.na.2007.04.011

[12] Lim T.C. Remarks on some fixed point theorems. Proc. Amer. Math. Soc. 1976, 60, 179–182. doi:10.1090/S0002-

9939-1976-0423139-X

[13] Nanjaras B., Panyanak B. Demiclosed principle for asymptotically nonexpansive mappings in CAT(0) spaces. Fixed

Point Theory Appl. 2010, 2010:268780. doi:10.1155/2010/268780

[14] Qihou L. Iterative sequences for asymptotically quasi-nonexpansive mappings with error member. J. Math. Anal.

Appl. 2001, 259 (1), 18–24. doi:10.1006/jmaa.2000.7353



ON THE STRONG AND ∆-CONVERGENCE FOR SOME MAPPINGS ON A CAT(0) SPACE 179

[15] Senter H.F., Dotson W.G. Approximating fixed points of nonexpansive mappings. Proc. Amer. Math. Soc. 1974, 44

(2), 375–380. doi:10.1090/S0002-9939-1974-0346608-8

[16] Schu J. Weak and strong convergence to fixed points of asymptotically nonexpansive mappings. Bull. Austral. Math.

Soc. 1991, 43 (1), 153–159. doi:10.1017/S0004972700028884
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Башарiр М., Шагiн А. Про сильну i ∆-збiжнiсть для тотальних асимптотично нерозширюваних

вiдображень на CAT(0) простiр // Карпатськi математичнi публiкацiї. — 2013. — Т.5, №2. — C.

170–179.

В цiй статтi ми доводимо теореми про сильну i ∆-збiжнiсть модифiкованих S-iтерацiй i мо-

дифiкованих двокрокових iтерацiйних процесiв для тотальних асимптотично нерозширюва-

них вiдображень на CAT(0) простiр. Нашi результати розширюють i покращують вiдповiднi

недавнi результати, що анонсованi багатьма авторами в лiтературi.

Ключовi слова i фрази: CAT(0) простiр, тотальне асимптотично нерозширюване вiдобра-

ження, сильна збiжнiсть, ∆-збiжнiсть, iтерацiйний процес, нерухома точка.

Башарир М., Шагин А. О сильной и ∆-сходимости для тотальных ассимптотически нерасши-

ряющихся отображений на CAT(0) пространство // Карпатские математические публикации.

— 2013. — Т.5, №2. — C. 170–179.

В этой статье мы доказываем теоремы о сильной и ∆-сходимости модифицированных S-

итераций и модифицированных двухшаговых итерационных процессов для тотальных ас-

симптотически нерасширяющихся отображений на CAT(0) пространство. Наши результаты

расширяют и улучшают соответсвующие недавние результаты, анонсированные многими ав-

торами в литературе.

Ключевые слова и фразы: CAT(0) пространство, тотальное ассимптотически нерасширяю-

щееся отображение, сильная сходимость, ∆-сходимость, итерационный процесс, неподвижная

точка.


