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In this paper we give the strong and A-convergence theorems of the modified S-iteration and
the modified two-step iteration processes for total asymptotically nonexpansive mappings on a
CAT(0) space. Our results extend and improve the corresponding recent results announced by
many authors in the literature.
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INTRODUCTION

A metric space X is a CAT(0) space if it is geodesically connected and every geodesic tri-
angle in X is at least as “thin” as its comparison triangle in the Euclidean plane. Fixed point
theory ina CAT(0) space has been first studied by Kirk (see [9, 10]). He showed that every non-
expansive mapping defined on a bounded closed convex subset of a complete CAT(0) space
always has a fixed point. Since then the fixed point theory for various mappings in a CAT(0)
space has been rapidly developed and a lot of papers have appeared (see [4, 5, 6, 17, 18]).

Nanjaras and Panyanak [13] proved the demiclosedness principle for asymptotically non-
expansive mappings and gave the A-convergence theorem of the modified Mann iteration pro-
cess for mappings of this type in a CAT(0) space. Recently, Chang et. al. [3] introduced total
asymptotically nonexpansive mappings and proved the demiclosedness principle for map-
pings of this type in a CAT(0) space. Also, they presented the A-convergence theorem of the
modified Mann iteration process for total asymptotically nonexpansive mappings in a CAT(0)
space.

In this paper, motivated by the above results, we get some results which are related to
the strong and A-convergence of the modified S-iteration and the modified two-step iteration
processes for total asymptotically nonexpansive mappings on a CAT(0) space. Our results
extend and improve the corresponding ones announced by Chang et. al. [3], Khan and Abbas
[8], Nanjaras and Panyanak [13] and many others.
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1 PRELIMINARIES AND LEMMAS

Let (X, d) be a metric space, K be a nonempty subset of X and let T : K — K be a mapping.
Recall that T is said to be a nonexpansive mapping if

d(Tx, Ty) <d(x,y), Vx,ye€eK

The map T is said to be an asymptotically nonexpansive mapping if there exists a sequence
{kn} C [1,00) with k, — 1 such that

d(T"x, T"y) < knd(x,y), VneN, x,y € K.

The map T is said to be a uniformly L-Lipschitzian mapping if there exists a constant L > 0
such that

d(T"x, T"y) < Ld(x,y), Vn€N, x,y € K.

Chang et. al. [3] defined the concept of total asymptotically nonexpansive mapping as
follows.

Definition 1 ([3, Definition 2.1]). Let (X,d) be a metric space, K be a nonempty subset of
X and let T : K — K be a mapping. T is said to be a total asymptotically nonexpansive
mapping if there exist non-negative real sequences {y,},{v,} with y, — 0,0, — 0 and a
strictly increasing continuous function ¢ : [0,c0) — [0, 00) with {(0) = 0 such that

d(T"x, T") < d(x,y) +oul(d(x,y)) + pn
foralln € N and x,y € K.

Remark 1. From the definitions, it is clear that each nonexpansive mapping is an asymptoti-
cally nonexpansive mapping with k, = 1, Vn € IN, each asymptotically nonexpansive map-
ping is a total asymptotically nonexpansive mapping with y, = 0, v, = k, —1, Vn € N,
¢(t) = t, t > 0, and each asymptotically nonexpansive mapping is a uniformly L-Lipschitzian
mapping with L = sup, . {kn}-

We now give the definition and collect some basic properties of the CAT(0) space.

Let (X,d) be a metric space. A geodesic path joining x € X and y € X (or more briefly, a
geodesic from x to y) isamap ¢ : [0,1] C R — X such that ¢(0) = x, ¢(I) = yand d(c(t),c(t')) =
|t — | for all t,#' € [0,1]. In particular, c is an isometry and d(x,y) = I. The image of c is
called a geodesic (or metric) segment joining x and y. When it is unique, this geodesic is denoted
by [x,y]. The space (X, d) is said to be a geodesic space if every two points of X are joined by a
geodesic, and X is said to be a uniquely geodesic space if there is exactly one geodesic joining x
and y forall x,y € X.

A geodesic triangle A(x1, X2, x3) in a geodesic metric space (X, d) consist of three points in X
(the vertices of A) and three geodesic segments joining each pair of vertices (the edges of A).
A comparison triangle for the geodesic triangle A(x1, xp, x3) in (X, d) is a triangle A(x1, xo, x3) =
A(%1, %, %3) in the Euclidean plane R? such that di. (¥;, %;) = d(x;, x;) fori,j € {1,2,3}. Such
a triangle always exists (see [2]).
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A geodesic space is said to be a CAT(0) space [2] if all geodesic triangles of appropriate
size satisfy the following comparison axiom.

CAT(0): Let A be a geodesic triangle in X and let A be a comparison triangle for A. Then,
A is said to satisfy the CAT(0) inequality if for all x,y € A and all comparison points X, € A,

d(x,y) < da(%,7)-

Let x,y € X, and by Lemma 2.1(iv) of [6] for each t € [0,1], there exists a unique point
z € [x,y] such that

d(x,z) =td(x,y), d(yz)=(1-t)d(xy) 1)
From now on, we will use the notation (1 — t)x @ ty for the unique point z satisfying (1). By

using this notation, Dhompongsa and Panyanak [6] obtained the following lemma which will
be used frequently in the proof of our main results.

Lemma 1 ([6, Lemma 2.4]). Let X be a CAT(0) space. Then
d(1-t)xdty,z) < (1—t)d(x,z)+td(y,z)
forallt € [0,1] and x,y,z € X.

In 1976 Lim [12] introduced the concept of A-convergence in a general metric space. In 2008
Kirk and Panyanak [11] specialized Lim’s concept to the CAT(0) space and proved that it is
very similar to the weak convergence in a Banach space. Also, Dhompongsa and Panyanak
[6] obtained the A-convergence theorems for the Picard, Mann and Ishikawa iterations in a
CAT(0) space for nonexpansive mappings.

Let {x,} be a bounded sequence in a CAT(0) space X. For x € X, we set r(x,{x,}) =
limsup d(x, x,,). The asymptotic radius r({x, }) of {x,} is given by

n—oo

r({xn}) = inf{r(x,{x,}) : x € X}

and the asymptotic center A({x,}) of {x,} is the set

A({xn}) = {x € X:r(x {xn}) = r({xa})}-

It is known that in a complete CAT(0) space, A({x,}) consists of exactly one point (see [5,
Proposition 7]).

Definition 2 ([11, 12]). A sequence {x,} in a CAT(0) space X is said to be A-convergent to
x € X if x is the unique asymptotic center of {u, } for every subsequence {u,} of {x,}. In this
case we write A-limy,_ X, = x and x is called the A-limit of {x,} .

Lemma 2. i) Every bounded sequence in a complete CAT(0) space always has a A-convergent
subsequence (see [11, p. 3690]).

ii) Let K be a nonempty closed convex subset of a complete CAT(0) space and let {x, } be a
bounded sequence in K. Then the asymptotic center of {x, } is in K (see [4, Proposition 2.1]).

Lemma 3 ([6, Lemma 2.8]). If {x,} is a bounded sequence in a complete CAT(0) space with
A({xn}) = {x}, {un} is a subsequence of {x,} with A({u,}) = {u} and the sequence
{d(xy,u)} converges, then x = u.



ON THE STRONG AND A-CONVERGENCE FOR SOME MAPPINGS ON A CAT(0) SPACE 173

In [3] it is proved demiclosedness principle for total asymptotically nonexpansive mappings
ina CAT(0) space as follows.

Lemma 4 ([3, Theorem 2.8]). Let K be a closed convex subset of a complete CAT(0) space X and
let T : K — K be a total asymptotically nonexpansive and uniformly L-Lipschitzian mapping.
Let {x,} be a bounded sequence in K such that nlgrolo d(xn, Txy) = 0 and A-lim, 0 X = p.
ThenTp = p.

The following lemma is crucial in the study of iteration processes in metric spaces.

Lemma 5 ([14, Lemma 2]). Let {a,}, {b,} and {4, } be sequences of non-negative real numbers
satisfying the inequality
ayy1 < (1 + 511)5111 + by.

If "6, <ocoand Y b, < oo, then lim,_,« a, exists.

n=1 n=1
Lemma 6 ([13, Lemma 4.5]). Let X be a CAT(0) space, x € X be a given point and let {t, } be a
sequence in [b, c] withb,c € (0,1) and 0 < b(1 —¢) < 3. Let {x,} and {y,} be any sequences
in X such that

limsup d (x,,x) <7, limsup d (yu, x) <7, lim d ((1 — ty)xXn © talYn, x) =71
n—00 n—00 n—oo
for somer > 0. Then
lim d (xn, yn) — 0.

n—oo

Agarwal, O'Regan and Sahu [1] introduced the modified S-iteration process which is inde-
pendent of those of the modified Mann iteration [16] and the modified Ishikawa iteration [19].
We apply this iteration process into a CAT(0) space as

x1 €K
Xp1 = (1 —an)T"xy, @ a, Ty, (2)
Yn = (1 - bn)xn SP) bnTnxn, n € IN.

By taking T" = T for all n € IN in (2), we obtain the S-iteration process which is introduced in
[1].

Thianwan [20] introduced the two-step iteration process in a Banach space. We give the
modified two-step iteration process in a CAT(0) space as follows

x1 € K
Xn+1 = (1 - ﬂn)]/n @D ay Tnyn (3)
Yn = (1= bn) Xy ®b,T"x,y, n€N.

If b, = 0 for each n € IN, then (3) reduces to the modified Mann iteration process. By taking
T" =T for all n € N in (3), we obtain the two-step iteration process.

Our purpose in this paper is to get some results on the strong and A-convergence of the
modified S-iteration and the modified two-step iteration processes for total asymptotically non-
expansive mappings in a CAT(0) space. It is worth mentioning that our results in a CAT(0)
space can be applied to any CAT (k) space with k < 0 since any CAT(k) space is a CAT (m)
space for every m > k (see [2, p. 165]).
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2 MAIN RESULTS

We will denote the set of fixed points of T by F (T), thatis, F(T) = {x € X : Tx = x}.
Firstly, we prove the A-convergence theorem of the modified S-iteration process in a CAT(0)
space.

Theorem 1. Let K be a nonempty bounded closed convex subset of a complete CAT(0) space
X, T : K — K be a total asymptotically nonexpansive and uniformly L-Lipschitzian mapping
with F(T) # & and let {x,} be a sequence defined by (2). If the following conditions are

satisfied:
(e9) [ee) (0.9)
(1) ¥ vn <00, ¥ pin <00, ¥ iy < 00;
n=1 n=1 n=1
(ii) there exists a constant M* > 0 such that {(r) < M*r,r > 0;

(iii) {by, } is the sequence in [0, 1] ;
(iv) Of; sup {d(z, T"z) : z € B} < oo for each bounded subset B of K;

(v) there exist constants b,c € (0,1) with0 < b(1 —c¢) < 1 such that {a,} C [b,c],
then the sequence {x,} A-converges to a fixed point of T.

Proof. We divide the proof of Theorem 1 into three steps.
Step L. First we prove that for each p € F(T) the following limit r}gn d(x,, p) exists. In fact

for each p € F(T), by Lemma 1, we have

d((l - bn)x;/l EB bnTnx;/l, p) S (1 - bn)d(x;/l, p) + bnd(Tnx;/l, p)
(1 =bn)d(xn, p) + bn {d(xn, p) +vnl(d(xn, p)) + pin }
(14 bpo,M*) d(xn, p) + bupn < (14+0,M*)d(xn, p) + pin.

d(yn, p)

IA A

Also, we obtain

d((1—an) Ty @ an T yn, p) < (1 —ay)d(T"x, p) + and(T"yu, p)

(1 —an) {d(xn, p) + vnl(d(xn, p)) + pin} + anLd(yn, p)

(L —an) {(1 +0aM") d(xn, p) + pin} + anL {(1 +0u M) d(xn, p) + pin}
{1 —an) (1 +0.M") +ayL (1+ 0, M) } d(2xn, p) + (1 +an(L — 1)) n
{1+a,(L—1)4+0,M* (1+a,(L—1))}d(xn,p) + (1 +an(L—1))uy,.

d(xﬂ+1/ p)

IA A

It follows from condition (i) and Lemma 5 that lim,,_,c d(x,,, p) exists.
Step II. Next we prove that
lim d(x,, Tx,) = 0. 4)

n—oo

In fact, it follows from Step I that for all p € F(T), lgn d(xn, p) exists, so we can assume that
n—oo

nlgrgo d(xy,p) = r. Since

A(T"yn,p) = A(T"yn, T"p) < dYu, p) +0ul(dYn, p)) + pn < (1 +0M*)d(yn, p) + pn
< (T +oM){(1+0uaM") d(xn, p) + Hn} + pin
= (14+9,M*) (1 +v,M*)d(xn,p) + (2+ 0, M") Uy,
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we have limsup,_, . d(T"y,, p) < r. Similarly, we obtain limsup,, . d(T"x,,p) < r. On the
other hand, since nh_r>r010 Ad((1 —an)T"xy ® anT"yn, p) = nh_r>ro10 d(x,41,p) = r, by Lemma 6, we
have

lim d(T"x,, T"y,) = 0. (5)

n—oo

Since d(xy 41, T"xy) < d((1 — an)T"xy ® anT"yu, T"xy) < ayd(T"yn, T"x,) from (5), we obtain

Tim d(x1, T"%) = 0. (6)
From condition (iv), we have
lim d(x,, T"x,) = 0. (7)
n—oo
Hence from (6) and (7) we get
nlgrolo d(xp, xy41) = 0. 8)

Since T is a uniformly L-Lipschitzian mapping, from (7) and (8) we have that

d(xn, Txy) A(xn, Xpp1) + d(xpar, T ar) +d(T g, T ) + d(T g, Txy)
d(xu, Xpi1) +d(xny1, T’H—lxn—i-l) + Ld (xy41, xn) + Ld(T" xp, xu)

(14 L)d(xn, xpy1) +d (1, T Ix01) + Ld(T" X0, x,) — 0 (as 1 — o).

<
<

The equation (4) is proved.
Step III. To show that the sequence {x,} A-converges to a fixed point of T, we prove that

Wa(xu) = {M}LCJ{M}A({%}) C F(T)

and Wy (x,) consists of exactly one point. Let u € W (x,). Then there exists a subsequence
{un} of {x,} such that A({u,}) = {u}. By Lemma 2, there exists a subsequence {vy, } of {u,}
such that A-lim;, ;e v, = v € K.By Lemma4, v € F(T). Since {d (u,,v) } converges, by Lemma
3, u = v. This shows that Wx(x,) C F(T). Now we prove that W (x,) consists of exactly one
point. Let {u,} be a subsequence of {x,} with A({u,}) = {u} and let A({x,}) = {x}. We
have already seen that u = v and v € F(T). Finally, since {d (x,,,v)} converges, by Lemma 3,
x = v € F(T). This shows that Wx(x,) = {x}. O

Now we give an example of such mappings which are total asymptotically nonexpansive
and uniformly L-Lipschitzian as in Theorem 1.

Let R be the real line with the usual norm |- | and let K = [—1,1]. Define two mappings
T,S: K — Kby

[ —2sinj, if x €[0,1] [ x, if xe€0,1]
T(x) = { 2sin¥,  if xe|-1,0 SE ="y ifxe[-1,0)

It is proved in [7, Example 3.1] that both T and S are asymptotically nonexpansive map-
pings. Therefore they are total asymptotically nonexpansive and uniformly L-Lipschitzian
mappings. Additionally, F(T) = {0} and F(S) = {x € K;0 < x < 1}.

We give the characterization of strong convergence for the modified S-iteration process on
a CAT(0) space as follows.
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Theorem 2. Let X, K, T,{an},{bn},{xn} satisfy the hypotheses of Theorem 1. Then the se-
quence {x,} converges strongly to a fixed point of T if and only if

h%n_}?of d(x,,F(T)) =0,

whered(x,F(T)) = inf{d(x,p) : p € F(T)}.

Proof. Necessity is obvious. Conversely, suppose that lirg infd(x,, F(T)) = 0. As proved in
n—oo
Theorem 1 (Step I), for all p € F(T),

d(xni1,p) < {1+ an(L =1) + o.M (1 +an(L = 1))} d(xn, p) + (1 + an(L — 1)) ptn.
This implies that
d(xy41, F(T)) <{1+4an(L—1)+0o,M* (1 +a,(L—1))}d(xn, F(T)) + (1 4+ an(L — 1)) pn.
By Lemma 5, lim;, 00 d(x,,, F(T)) exists. Thus by hypothesis lim, 0 d(x,, F(T)) = 0.

Next, we show that {x, } is a Cauchy sequence in K. Let ¢ > 0 be arbitrarily chosen. Since
limy,—y00 d (x4, F(T)) = 0, there exists a positive integer 1 such that

d(x,, F(T)) <

=~ m

for all n > ng. In particular, inf {d(x,,, p) : p € F(T)} < {. Thus, there exists p* € F(T) such
that

N | o

d(xn()/ P*) <

Now, for all m, n > ng, we have
* * * €
d(x”er’x”) < d(x”+m/p ) + d(xn/p ) < 2d(xn0/p ) <2 <§> =E&.

Hence {x,} is a Cauchy sequence in the closed subset K of a complete CAT(0) space and so it
must be convergent to a point g in K. Now, limy, s« d (x,, F(T)) = 0 gives thatd (g, F(T)) =0
and closedness of F(T) forces g to be in F(T). This completes the proof. O

Senter and Dotson [15] introduced the concept of Condition (I) as follows.

Definition 3 ([15, p. 375]). A mapping T : K — K is said to satisfy Condition (I) if there exists
a non-decreasing function f : [0,c0) — [0,00) with f(0) = 0 and f(r) > 0 for all r > 0 such
that

d(x,Tx) > f(d(x,F(T))), VxeK.
With respect to the above definition, we have the following strong convergence theorem.

Theorem 3. Let X, K, T,{an},{bn},{xn} satisfy the hypotheses of Theorem 1 and let T be a
mapping satisfying Condition (I). Then the sequence {x,} converges strongly to a fixed point
of T.



ON THE STRONG AND A-CONVERGENCE FOR SOME MAPPINGS ON A CAT(0) SPACE 177

Proof. As proved in Theorem 2, lim,,_,o d(x,, F(T)) exists. Also, by Theorem 1 (Step II), we
have limy, 0 d(x,, Tx,) = 0. It follows from Condition (I) that

lim f (d (xq, F(T)) < lim d(xy, Tx) = 0.

That is, nh_r)r;o f(d(xn, F(T)) = 0. Since f : [0,00) — [0,00) is a non-decreasing function
satisfying f (0) = 0 and f(r) > 0 for all > 0, we obtain
lim d (x,, F(T)) = 0.

n

The conclusion now follows from Theorem 2. O

Remark 2. Theorems 1-3 contain some results of Khan and Abbas [8, Theorems 1-3] since
each nonexpansive mapping is a total asymptotically nonexpansive mapping.

Now, we give the A-convergence theorem of the modified two-step iteration process in a
CAT(0) space.

Theorem 4. Let X, K, T, {b,} satisfy the hypotheses of Theorem 1, {a, } be a sequence in [0, 1]
and let {x, } be a sequence defined by (3). If the conditions (i)-(iv) in Theorem 1 are satisfied,
then the sequence {x, } A-converges to a fixed point of T.

Proof. First we prove that for all p € F(T) the following limit lim d(x,, p) exists. As proved in

n—o00
Theorem 1, we have

d(yn, p) < (1 + 0, M") d(xn, p) + pin- )

Since T is a uniformly L-Lipschitzian mapping, from (9) we have

d(xui1,p) = d((1 —an)yn ©anT"yn, p)

< (1= an)d(yn, p) + and(T"yn, p)

< (1—an)d(yn, p) + anLld(yn, p)

= (1+an(L—1))d(yn, p)

< (1+an(L—1)) {1 +v,M*)d(xn, p) + tn}

{14a,(L—1)+0,M*(1+a,(L—1))}d(xn, p) + (1 +an,(L—1))pn.

It follows from Lemma 5 that nh_r>n (xn, p) exists. Next we prove that r}gn d(xy, Tx,) = 0.

From condition (iv), we have
nlgrgo d(x,, T'xy) = nlgrgo Ad(Yn, T"yn) = 0. (10)

By the above equality, we get
A(T"xn, T"yy) < Ld(xn,yn) < Lbyd(xy, T"xn) < Ld(xn, T"x,) — 0 (asn — o). (11)

Since
d(xXn11, T"yn) < d((1—an)yn © anT"yn, T"yn) < (1 — an)d(Yn, T"yn)
from (10), we obtain
r}grgod(xnﬂ, T"yn) = 0. (12)

From (10), (11) and (12) we have that
d(xn, Xp1) < d(xn, T"xy) +d(T"xn, T"yn) + d(T"Yn, Xp11) — 0 (asn — o0).
The rest of the proof follows the pattern of the Theorem 1 and is therefore omitted. O
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Remark 3. Theorem 4 contains the main result of Chang et. al. [3, Theorem 3.5] since the
modified two-step iteration reduces to the modified Mann iteration. Also, Theorem 4 con-
tains the main result of Nanjaras and Panyanak [13, Theorem 5.7] since each asymptotically
nonexpansive mapping is a total asymptotically nonexpansive mapping.

Finally, we give following theorems related to the strong convergence of the modified two-
step iteration process which their proofs are similar arguments of Theorem 2 and Theorem 3,
respectively.

Theorem 5. Let X, K, T,{a,},{bn},{xn} satisfy the hypotheses of Theorem 4. Then the se-
quence {x,} converges strongly to a fixed point of T if and only if lir{g inf d (xn, F(T)) = 0.

Theorem 6. Let X, K, T,{a,},{bn},{xn} satisfy the hypotheses of Theorem 4 and let T be a
mapping satisfying Condition (I). Then the sequence {x,} converges strongly to a fixed point
of T.
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B mit craTTi MU AOBOAMMO TEOPEMU IIPO CHMABHY i A-361XHicTh MoAMiKoBaHMX S-iTeparliit i Mo-
AMiKOBaHMX ABOKPOKOBMX iTepalliifHyX IPOIIeciB AASI TOTAABHMX aCMMIITOTMYHO HepO3IIMpIoBa-
Hux Biao6paxens Ha CAT(0) mpocrip. Harrri pe3yabTaTyt po3IIMpIOIOTS i IOKPAIIYIOTh BiAIOBIAHI
HeAaBHi pe3yAbTaTH, III0 aHOHCOBaHi 6araTbma aBTOpaMu B AiTepaTypi.

Kuiouosi cnosa i ¢ppasu: CAT(0) mpoctip, TOTarbHe acMMITOTMYHO HEpO3IIMpIOBaHe Biao6pa-
>K€HHsI, CMABHA 361KHiCTb, A-361KHICTB, iTepalliliHyi1 mporiec, HepyXoMa TOdYKa.

bamrapup M., Illarme A. O cuavHoli u A-cxodumocmu 015 mMomMAanoHbIX ACCUMNIMOMUMECKI Hepacuil-
patouguxcsa omobpascenuti na CAT(0) npocmpancmeo // Kaprarckme MaTeMaTndeckue Iy SAVKALIN.
—2013. —T.5, Ne2. — C. 170-179.

B sTOI cTaThe MBI AOKa3bIBaeM TEOPEMBI O CMABHOM M A-CXOAMMOCTY MOAM(UMIIMPOBAHHBIX S-
MUTepaLVii M MOAM(PULMPOBAaHHBIX ABYXILIArOBbIX UTEPALMOHHBIX IPOIECCOB AASI TOTAABHBIX ac-
CHMIITOTMYECKH Hepacimpsiiormxcst orobpaxxernit Ha CAT(0) mpoctparcrso. Haum pesyapTaTst
PaCIIMpPSIIOT U YAYUIIAIOT COOTBETCBYIOIINE HeAABHIE pe3yAbTaThl, aHOHCHPOBaHHbIe MHOTMIMM aB-
TOpaMI B AUTepaType.

Kutouesvie cnosa u ¢ppasvr: CAT(0) mpOCTpaHCTBO, TOTAABHOE ACCHMIITOTUYECK HEPACIIPSIIO-

mieecst OTO6pa>KeI-H/Ie, CUABHAasI CXOAVMMMOCTD, A-CXOAI/IMOCTI), MTepaHVIOI—H—IbIﬁ IIponecc, HEIIOABV>KHAA
TOYKa.



