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ON SOME GENERALIZATIONS OF BAER’S THEOREM

In this paper we obtained new automorphic analogue of Baer’s theorem for the case when an

arbitrary subgroup A ≤ Aut(G) includes a group of inner automorphisms Inn(G) of a group G

and the factor-group A/Inn(G) is co-layer-finite.

Key words and phrases: A-center, A-commutator subgroup, co-layer-finite group, Baer’s theorem.

Oles Honchar Dnipropetrovsk National University, 72 Gagarin avenue, 49010, Dnipropetrovsk, Ukraine

E-mail: lkurdachenko@i.ua (Kurdachenko L.A.), Pypka@ua.fm (Pypka O.O.)

INTRODUCTION

Let G be a group and A be a subgroup of Aut(G). The automorphism group A defines

some standard subgroups of G. Among these subgroups one of the most well-known are

CG(A) = {g ∈ G|α(g) = g, ∀α ∈ A},

[G, A] = 〈g−1α(g) = [g, α]|g ∈ G, α ∈ A〉.

We note that in general CG(A) is not normal in G, but if Inn(G) ≤ A, then CG(A) ≤

CG(Inn(G)) = ζ(G). In particular, CG(A) is a normal subgroup of G. Clearly CG(A) is

A-invariant. The subgroup CG(A) is called the A-center of G.

On the other hand, a subgroup [G, A] is normal for every subgroup A ≤ Aut(G). In fact,

let g, x ∈ G, α ∈ A, and consider x−1[g, α]x. We have

x−1[g, α]x =x−1g−1α(g)x = (gx)−1α(g)x = (gx)−1α(gxx−1)x = (gx)−1α(gx)α(x−1)x

=[gx, α](α(x))−1 x = [gx, α](x−1α(x))−1 = [gx, α][x, α]−1 ∈ [G, A].

The subgroup [G, A] is called the A-commutator subgroup of G.

Denote by ιx the inner automorphism, defined by element x, that is ιx(g) = x−1gx for each

g ∈ G. If A = Inn(G), then A-center of G coincides with usual center of G and A-commutator

subgroup coincides with the derived subgroup of G.

I. Schur was the first to study the relationships between the derived subgroup and the

central factor-group in finite groups [7]. In his paper I. Schur investigated the so-called Schur

multiplicator (all definitions see, for example, in the book [4, p. 14]). The following result

was proved: if G is a finite group then [G, G] ∩ ζ(G) is isomorphic to a subgroup of M(G/ζ(G)).

Here M(H) denotes the Schur multiplicator of a group H. Later the construction of Schur

multiplicator has been extended for arbitrary groups.
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R. Baer studied the case of infinite groups [1]. He proved that if G/ζ(G) is finite, then [G, G]

is also finite. But many mathematicians refer to this theorem as Schur’s theorem. In connection

with this result, the following question arises: is there a function f such that |[G, G]| ≤ f (t) where

t = |G/ζ(G)|? J. Wiegold has obtained here the best result. He proved that if t = |G/ζ(G)|,

then |[G, G]| ≤ w(t) = tm where m = 1
2(logpt − 1) and p is the smallest prime divisor of t [8, p.

347]. In the same paper J. Wiegold proved that this bound is attained if and only if t = pn

where p is a prime [8, p. 347]. When t has more than one prime divisor the picture is less clear.

There are some distinct approaches for obtaining generalizations of the above theorem.

One possibility is to use the automorphism groups. P. Hegarty in his paper [3, p. 929] proved

that if A = Aut(G) and G/CG(A) is finite, then [G, A] is also finite. The condition A = Aut(G)

is very strong. The finiteness of G/CG(Aut(G)) in this case implies that Aut(G) is finite. In [2]

a more general situation was considered: Inn(G) ≤ A and A/Inn(G) is finite.

In the following we will show that it is not possible to extend the main results from [2, 3]

on arbitrary automorphism group A. The following simple example shows this.

Let p be a prime, G = 〈a〉 × K, |a| = p and K = Drn∈N〈bn〉 be an elementary abelian p-

subgroup. Then G has an automorphism αj such that αj(a) = abj, αj(x) = x for each x ∈ K. It

is easily seen that every automorphism αj has order p and a subgroup A of Aut(G) generated

by {αj|j ∈ N} is an elementary abelian p-group. Furthermore, CG(A) = K = [G, A] so that

the factor-group G/CG(A) is finite, but the subgroup [G, A] is infinite.

In this example an automorphism group A is bounded and infinite. Therefore it is natural

to consider here the automorphism groups, which have unbounded and infinite factor-groups.

One of such types of groups is following.

A group G is said to be co-layer-finite if the factor-group G/Gn is finite for all positive inte-

gers n. These groups were introduced in the paper [6, p. 500].

For such automorphism groups we obtained the following generalizations of the main re-

sults from [2, 3].

Theorem A. Let G be a group and A be a subgroup of Aut(G) such that Inn(G) ≤ A. Suppose

that G/CG(A) has finite order t. If A/Inn(G) is co-layer-finite, then [G, A] is a finite subgroup.

The inclusion Inn(G) ≤ A implies that CG(A) ≤ ζ(G), and hence Inn(G) ∼= G/ζ(G) is

finite. Therefore the fact that the factor-group A/Inn(G) is co-layer-finite implies that A is

co-layer-finite.

R. Baer [1] obtained the following generalization of Schur’s theorem.

Suppose that the term ζk(G) having a finite number k of the upper central series of a group

G has finite index. Then the term γk+1(G) of the lower central series of G is finite.

Starting from the A-center and A-commutator subgroups, we can define the upper and the

lower A-central series of G. Suppose that Inn(G) ≤ A. Put ζ1(G, A) = CG(A). If for ordi-

nal ν we define ζν(G, A), then put ζν+1(G, A)/ζν(G, A) = ζ1(G/ζν(G, A), A/CA(ζν(G, A))).

Shorter last group we will write as ζ1(G/ζν(G, A), A). As usual, if ν is a limit ordinal, then

ζν(G, A) =
⋃

µ<ν ζµ(G, A). The last term ζγ(G, A) = ζ∞(G, A) of this series is called the upper

A-hypercenter of G. The ordinal γ is called the A-upper central length of a group G, which we

denote by zl(G, A).

The lower A-central series of a group G is the series

G = γ1(G, A) ≥ γ2(G, A) ≥ . . . γν(G, A) ≥ γν+1(G, A) ≥ . . . γδ(G, A)
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defined by the rule γ2(G, A) = [G, A] and recursively γν+1(G, A) = [γν(G, A), A] for all or-

dinals ν and γλ(G, A) =
⋂

µ<λ γµ(G, A) for the limit ordinals λ. The last term γδ(G, A) =

γ∞(G, A) of this series is called the lower A-hypocenter of G.

An automorphic variant of the above Baer’s theorem for the case when A/Inn(G) is finite

was obtained in [2]. The second main theorem of this paper gives a very wide generalization

of this result.

Theorem B. Let G be a group, A be a subgroup of Aut(G) and Z be the upper A-hypercenter

of G. Suppose that Inn(G) ≤ A, zl(G, A) = m is finite and G/Z is finite. If A/Inn(G) is

co-layer-finite, then γm+1(G, A) is a finite subgroup.

1 PRELIMINARIES AND LEMMAS

Let G be an abelian group, A be a subgroup of Aut(G) and α ∈ A. We define a mapping

d(α) : G → G by the rule d(α)(u) = u−1α(u) = [u, α], u ∈ G. We have

d(α)(uv) = (uv)−1α(uv) = v−1u−1α(u)α(v) = u−1α(u)v−1α(v) = d(α)(u)d(α)(v),

and then d(α) is an endomorphism of G. Furthermore, Im(d(α)) = [G, α], Ker(d(α)) = CG(α).

Thus we have [G, α] = Im(d(α)) ∼= G/Ker(d(α)) = G/CG(α).

Let G be a finite group and suppose that |G| = pk1
1 · . . . · pkn

n where p1 < . . . < pn are primes.

Being nilpotent, the Sylow pj-subgroup Pj of G has finite subnormal series whose factors are

of prime order. It follows that for each 1 ≤ j ≤ m the Sylow pj-subgroup Pj has at most kj

generators. It is not hard to see that G = 〈P1, . . . , Pn〉, so that G has at most

k1 + . . . + kn =logp1 |P1|+ . . . + logpn |Pn| ≤ logp1 |P1|+ . . . + logp1 |Pn|

=logp1(|P1| · . . . · |Pn|) = logp1 |G| ≤ log2|G|

generators.

Lemma 1. Let G be an abelian group and A be a finite subgroup of Aut(G). If G/CG(A)

is a finite group, then [G, A] is also finite and there exists a function δ such that |[G, A]| ≤

δ(|G/CG(A)|, |A|).

Proof. Put |G/CG(A)| = t, |A| = k and Z = CG(A). As we have seen above [G, α] ∼= G/CG(α)

for every automorphism α ∈ A. Since Z ≤ CG(α), [G, α] is a finite subgroup and |[G, α]| ≤ t.

Let M = {α1, . . . , αd} be a set of generators of A. As we have seen above, d ≤ log2(|A|) =

log2(k). Since |[G, αj]| ≤ t for every 1 ≤ j ≤ d and [G, A] = [G, α1] · . . . · [G, αd] (see, for

example, [5, Lemma 1.1]), [G, A] is a finite and |[G, A]| ≤ td ≤ tlog2(k) = δ(t, k).

Let G be an abelian group, Z be a subgroup of G and C be a subgroup of Aut(G) such that

CC(Z) = C = CC(G/Z). For arbitrary element g of G we defined the mapping ηg : C → Z

by the rule ηg(α) = [g, α], α ∈ C. Since α ∈ C, α(g) = gz for some element z ∈ Z, that is

z = g−1α(g) = ηg(α). If β is another element of C, then

(α ◦ β)(g) = α(β(g)) = α(gηg(β)) = α(g)α(ηg(β)) = gηg(α)ηg(β),

and so

ηg(α ◦ β) = g−1(α ◦ β)(g) = g−1gηg(α)ηg(β) = ηg(α)ηg(β).
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Therefore ηg is a homomorphism. We have Ker(ηg) = CC(g). Furthermore,

[g2, α] = g−2α(g2) = g−2α(g)α(g) = g−2gηg(α)gηg(α) = (ηg(α))
2.

Applying induction, we obtain that [gn, α] = (ηg(α))n . In particular, if the element gZ has

finite order, that is there is a positive integer k such that gk ∈ Z, then

(ηg(α))
k = [gk, α] = g−kα(gk) = g−kgk = 1.

In other words, Im(ηg) is a subgroup of Z, having finite exponent |g|.

Suppose that the factor-group G/Z is periodic, then Π(Im(ηg)) ⊆ Π(G/Z). We note that

if g ∈ Z, then ηg(α) = 1 for each α ∈ C. The equation
⋂

g∈G CC(g) = CC(G) = 〈1〉 together

with Remak’s theorem yields the embedding

C →֒ Crg∈GC/CC(g) ∼= Crg∈G Im(ηg).

The above inclusion Π(Im(ηg)) ⊆ Π(G/Z) for each g ∈ G shows that C is an abelian group

such that Π(C) ⊆ Π(G/Z).

Let G be a group and A ≤ Aut(G). Suppose that K is an A-invariant normal subgroup

of G. For each automorphism α ∈ A we define the mapping αK : G/K → G/K by the rule

αK(xK) = α(x)K for every x ∈ G. Clearly αK is an endomorphism of G/K. Let x ∈ G and

αK(xK) = K, that is K = α(x)K and α(x) ∈ K. Since K is A-invariant subgroup of G, x ∈ K and

xK = K. Therefore αK is an automorphism of G/K. Furthermore, if α, β ∈ A, then

(α ◦ β)K(xK) = (α ◦ β)(x)K = α(β(x))K = αK(β(x)K) = αK(βK(xK)) = (αK ◦ βK)(xK).

Hence the mapping Φ : A → Aut(G/K) given by Φ(α) = αK, α ∈ A, is a homomorphism.

Lemma 2. Let G be an abelian group and A be a subgroup of Aut(G). Suppose that G/CG(A)

is a finite group of order t. If A is co-layer-finite, then [G, A] is a finite subgroup.

Proof. Put Z = CG(A) and C = CA(G/Z). Clearly C is a normal subgroup of A. Since G/Z is

finite, from above remarked we obtain that C is an abelian group of finite exponent. Since G/Z

is finite, factor-group A/C is finite. Then Lemma 5 of the paper [6] implies that a subgroup

C is co-layer-finite. Being abelian group of finite exponent, C must be finite. Hence C =

{γ1, . . . , γs} where s = |C|. As we saw above, for every automorphism α ∈ A we have an

isomorphism [G, α] ∼= G/CG(α). Since Z ≤ CG(α), [G, α] is a finite subgroup and |[G, α]| ≤ t.

Since [G, C] = [G, γ1] · . . . · [G, γs] (see, for example, [5, Lemma 1.1]), [G, C] is a finite subgroup

and |[G, C]| ≤ ts.

Put V = G/[G, C]. We note that a subgroup [G, C] is A-invariant. In fact, let g be an

arbitrary element of G, α ∈ A, γ ∈ C. Since C is a normal subgroup of A, α ◦ γ = γ1 ◦ α for

some γ1 ∈ C. Then

α([g, γ]) =α(g−1γ(g)) = α(g−1)α(γ(g)) = α(g−1)(α ◦ γ)(g) = α(g−1)(γ1 ◦ α)(g)

=α(g−1)γ1(α(g)) = (α(g))−1γ1(α(g)) = [α(g), γ1] ∈ [G, C].

Therefore [G, C] is an A-invariant subgroup.

For each α ∈ A we define the mapping αV : V → V by the rule αV(x[G, C]) = α(x)[G, C] for

every x ∈ G. Since [G, C] is an A-invariant subgroup of G, by above remarked αV ∈ Aut(V)
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and then there exists a homomorphism Φ : A → Aut(V) given by Φ(α) = αV . Put AV =

Φ(A). If γ ∈ C, then γ(g) = gg−1γ(g) = g[g, γ], and hence

γV(g[G, C]) = γ(g)[G, C] = g[g, γ][G, C] = g[G, C]

for every g ∈ G. It follows that C ≤ Ker(Φ). On the other hand, A/C is isomorphic to some

subgroup of Aut(G/Z). Since G/Z is finite of order t, A/C has finite order at most t!. Hence

AV is finite and |AV | ≤ t!. If g ∈ Z, then αV(g[G, C]) = α(g)[G, C] = g[G, C] for every

αV ∈ AV . It follows that Z[G, C]/[G, C] ≤ CV(AV). Thus V/CV(AV) is a finite group and

|V/CV(AV)| ≤ t. For this case we can apply Lemma 1. By this Lemma [V, AV ] is a finite

subgroup, having order at most δ(t, t!). We have

[V, AV ] = [G/[G, C], AV ] = [G, A][G, C]/[G, C] = [G, A]/[G, C].

Therefore [G, A] is a finite subgroup.

2 PROOF OF THEOREM A

Proof. Put |G/CG(A)| = t. Since Inn(G) ≤ A, CG(A) ≤ CG(Inn(G)) = ζ(G). It follows that

G/ζ(G) is finite and |G/ζ(G)| ≤ t. Then K = [G, G] is finite and |[G, G]| ≤ w(t) = tm where

m = 1
2(logpt − 1) and p is the smallest prime divisor of t [8, p. 347].

Put Gab = G/K. For each α ∈ A we define the mapping αab : Gab → Gab by the rule

αab(xK) = α(x)K for every x ∈ G. Being characteristic subgroup of G, K is normal and

A-invariant. As above αab ∈ Aut(G/K) and then there exists a homomorphism Φ : A →

Aut(G/K) given by Φ(α) = αab. Put Aab = Φ(A). Since G/K is abelian,

(ιg)ab(x[G, G]) = ιg(x)[G, G] = g−1xg[G, G] = x[x, g][G, G] = x[G, G]

for each x ∈ G. It follows that Inn(G) ≤ Ker(Φ). In particular, Aab is an epimorphic im-

age of A/Inn(G). If x ∈ CG(A), then αab(xK) = α(x)K = xK for each α ∈ A, which im-

plies the inclusion CG(A)K/K ≤ CG/K(Aab). Hence (G/K)/CG/K(Aab) is a finite group and

|(G/K)/CG/K(Aab)| is a divisor of |G/CG(A)|. Applying Lemma 3 of the paper [6] the factor-

group A/Inn(G) is co-layer-finite. Then by the same Lemma 3 of the paper [6] its epimorphic

image Aab also is co-layer-finite. An application of Lemma 2 shows that [Gab, Aab] has finite

order. Furthermore,

[Gab, Aab] = [G/[G, G], Aab ] = [G, A][G, G]/[G, G].

If g, x ∈ G, then

[g, x] = g−1x−1gx = g−1ιx(g) = [g, ιx].

It follows that [G, G] ≤ [G, A], because we have Inn(G) ≤ A. Hence

[Gab, Aab] = [G, A]/[G, G].

And therefore [G, A] is a finite subgroup.

Let G be a group and H be a subgroup of G. Put InnG(H) = {ιx|x ∈ H}. Clearly InnG(H)

is a subgroup of Inn(G).
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3 PROOF OF THEOREM B

Proof. Let

〈1〉 = Z0 ≤ Z1 ≤ . . . ≤ Zm−1 ≤ Zm = Z

be the upper A-central series of G. Put |G/Z| = t. We proceed by induction on m. If m = 1,

then Z1 = CG(A) has index at most t in G. Application of Theorem A shows that [G, A] =

γ2(G, A) is finite.

Suppose inductively that the result is true for some integer m > 1 and let G be a group

satisfying the hypotheses of the theorem with zl(G, A) = m. Consider the factor-group L =

G/Z1. Then

〈1〉 = Z1/Z1 ≤ . . . ≤ Zm−1/Z1 ≤ Zm/Z1

is the upper A-central series of G/Z1. For each α ∈ A we define the mapping αL : L → L

by the rule αL(xZ1) = α(x)Z1 for every x ∈ G. Since Z1 is A-invariant, by above noted αL

is an automorphism of L and then there exists a homomorphism Φ : A → Aut(L) given by

Φ(α) = αL. Put AL = Φ(A). It is not hard to prove that Z/Z1 ≤ ζm−1(G/Z1, AL). Hence

(G/Z1)/ζm−1(G/Z1, AL) is a finite group and its order is a divisor of |G/Z| . Clearly Φ(A) =

AL is an epimorphic image of A. Furthermore, Inn(G/Z1) = Φ(Inn(G)), so that AL/Inn(L)

is an epimorphic image of A/Inn(G). Since the factor-group A/Inn(G) is co-layer-finite, by

Lemma 3 of the paper [6] its epimorphic image AL/Inn(L) also is co-layer-finite.

Since zl(G/Z1, AL) = m − 1, by induction hypothesis K/Z1 = γm(G/Z1, AL) is finite.

Clearly D = γm(G, A) ≤ K. At once we note, that D is A-invariant. For every α ∈ A its

restriction α|D is an automorphism of D and the mapping Ξ : A → Aut(D) defined by the

rule Ξ(α) = α|D is a homomorphism of A in Aut(D). Moreover, Ker(Ξ) = CA(D). By Lemma

2 of the paper [2] [Z, D] = 〈1〉, so that InnG(Z) ≤ Ker(Ξ). It follows that Ξ(Inn(G)) is an

epimorphic image of G/Z, therefore Ξ(Inn(G)) is finite and has order at most t. The factor-

group Ξ(A)/Ξ(Inn(G)) is an epimorphic image of A/Inn(G), so that by Lemma 3 of the

paper [6] Ξ(A)/Ξ(Inn(G)) is co-layer-finite. Since |Ξ(Inn(G))| ≤ t, Lemma 4 of the paper [6]

shows that Ξ(A) is co-layer-finite. Clearly

Inn(D) = Ξ(InnG(D)) ≤ Ξ(Inn(G)) ≤ Ξ(A).

The inclusion Z1 ∩ D ≤ CD(Ξ(A)) shows that D/CD(Ξ(A)) is a finite group and its order is

at most |K/Z1|. Hence we can apply Theorem A. The application of Theorem A shows that

[D, Ξ(A)] = [D, A] = [γm(G, A), A] = γm+1(G, A)

is finite.
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