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ON SOME GENERALIZATIONS OF BAER’S THEOREM

In this paper we obtained new automorphic analogue of Baer’s theorem for the case when an
arbitrary subgroup A < Aut(G) includes a group of inner automorphisms Inn(G) of a group G
and the factor-group A/Inn(G) is co-layer-finite.
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INTRODUCTION

Let G be a group and A be a subgroup of Aut(G). The automorphism group A defines
some standard subgroups of G. Among these subgroups one of the most well-known are

Cc(A) = {g €Gla(g) =g Va € A},
(G, A] = (g 'a(g) = [g,a]lg € G, € A).

We note that in general Cg(A) is not normal in G, but if Inn(G) < A, then Cg(A) <
Cs(Inn(G)) = ¢(G). In particular, C5(A) is a normal subgroup of G. Clearly Cg(A) is
A-invariant. The subgroup Cg(A) is called the A-center of G.

On the other hand, a subgroup [G, A] is normal for every subgroup A < Aut(G). In fact,
let g,x € G, & € A, and consider x~![g, a]x. We have

g alx =x7lg T a(g)x = (gx) Tta(g)x = (gx) ra(gxah)x = (gx) a(gr)a(x)x

=[x, a)(a(x)) "'x = [gx,a] (xa(x)) T = [gx,a]lx,a] 7 € [G, A].

The subgroup |G, A] is called the A-commutator subgroup of G.

Denote by L the inner automorphism, defined by element x, that is 1y(g) = x~!gx for each
g € G.If A = Inn(G), then A-center of G coincides with usual center of G and A-commutator
subgroup coincides with the derived subgroup of G.

I. Schur was the first to study the relationships between the derived subgroup and the
central factor-group in finite groups [7]. In his paper L. Schur investigated the so-called Schur
multiplicator (all definitions see, for example, in the book [4, p. 14]). The following result
was proved: if G is a finite group then |G, G] N {(G) is isomorphic to a subgroup of M(G/Z(G)).
Here M(H) denotes the Schur multiplicator of a group H. Later the construction of Schur
multiplicator has been extended for arbitrary groups.
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R. Baer studied the case of infinite groups [1]. He proved that if G/{(G) is finite, then [G, G]
is also finite. But many mathematicians refer to this theorem as Schur’s theorem. In connection
with this result, the following question arises: is there a function f such that |[G, G]| < f(t) where
t = |G/Z(G)|? J. Wiegold has obtained here the best result. He proved that if t = |G/{(G)]|,
then |[G, G]| < w(t) = t" where m = }(logpt — 1) and p is the smallest prime divisor of ¢ [8, p.
347]. In the same paper J. Wiegold proved that this bound is attained if and only if t = p”
where p is a prime [8, p. 347]. When t has more than one prime divisor the picture is less clear.

There are some distinct approaches for obtaining generalizations of the above theorem.
One possibility is to use the automorphism groups. P. Hegarty in his paper [3, p. 929] proved
thatif A = Aut(G) and G/Cg(A) is finite, then |G, A] is also finite. The condition A = Aut(G)
is very strong. The finiteness of G/Cg(Aut(G)) in this case implies that Aut(G) is finite. In [2]
a more general situation was considered: Inn(G) < A and A/Inn(G) is finite.

In the following we will show that it is not possible to extend the main results from [2, 3]
on arbitrary automorphism group A. The following simple example shows this.

Let p be a prime, G = (a) x K, |a] = p and K = Dr,en(bn) be an elementary abelian p-
subgroup. Then G has an automorphism &; such that a;(a) = abj, aj(x) = x for each x € K. It
is easily seen that every automorphism «; has order p and a subgroup A of Aut(G) generated
by {«;|j € N} is an elementary abelian p-group. Furthermore, C5(A) = K = [G, A] so that
the factor-group G/Cg(A) is finite, but the subgroup [G, A] is infinite.

In this example an automorphism group A is bounded and infinite. Therefore it is natural
to consider here the automorphism groups, which have unbounded and infinite factor-groups.
One of such types of groups is following.

A group G is said to be co-layer-finite if the factor-group G/G" is finite for all positive inte-
gers n. These groups were introduced in the paper [6, p. 500].

For such automorphism groups we obtained the following generalizations of the main re-
sults from [2,3].

Theorem A. Let G be a group and A be a subgroup of Aut(G) such that Inn(G) < A. Suppose
that G/Cg(A) has finite order t. If A/ Inn(G) is co-layer-finite, then |G, A] is a finite subgroup.

The inclusion Inn(G) < A implies that Cg(A) < (G), and hence Inn(G) = G/{(G) is
finite. Therefore the fact that the factor-group A/Inn(G) is co-layer-finite implies that A is
co-layer-finite.

R. Baer [1] obtained the following generalization of Schur’s theorem.

Suppose that the term {}.(G) having a finite number k of the upper central series of a group
G has finite index. Then the term 7y, 1(G) of the lower central series of G is finite.

Starting from the A-center and A-commutator subgroups, we can define the upper and the
lower A-central series of G. Suppose that Inn(G) < A. Put {1(G,A) = Cg(A). If for ordi-
nal v we define {, (G, A), then put {,+1(G, A)/{v (G, A) = (1(G/Lv(G, A), A/Ca(Lu(G, A))).
Shorter last group we will write as {1(G/{v (G, A), A). As usual, if v is a limit ordinal, then
Gv(G, A) = U<y u(G, A). The last term {, (G, A) = (o (G, A) of this series is called the upper
A-hypercenter of G. The ordinal vy is called the A-upper central length of a group G, which we
denote by zI(G, A).

The lower A-central series of a group G is the series

G= ’Yl(G/A) > ’)/Z(GrA) > ’YV(G/A) > ’YU+1(G!A) > .. ’)/(5(G/A)
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defined by the rule ,(G, A) = [G, A] and recursively v,,1(G, A) = [1/(G, A), A] for all or-
dinals v and 7,(G, A) = N,<r7x(G, A) for the limit ordinals A. The last term 7,5(G, A) =
Yeo(G, A) of this series is called the lower A-hypocenter of G.

An automorphic variant of the above Baer’s theorem for the case when A/Inn(G) is finite
was obtained in [2]. The second main theorem of this paper gives a very wide generalization
of this result.

Theorem B. Let G be a group, A be a subgroup of Aut(G) and Z be the upper A-hypercenter
of G. Suppose that Inn(G) < A, zI(G,A) = m is finite and G/Z is finite. If A/Inn(G) is
co-layer-finite, then v,,11(G, A) is a finite subgroup.

1 PRELIMINARIES AND LEMMAS

Let G be an abelian group, A be a subgroup of Aut(G) and &« € A. We define a mapping
d(a) : G — Gby theruled(a)(u) = uta(u) = [u,a], u € G. We have

d(a)(uv) = (uo) ta(uv) = v lu ta(w)a(v) = u la(u)v ta(v) = d(a)(u)d(a)(v),

and then d(«) is an endomorphism of G. Furthermore, Im(d(a)) = [G,a], Ker(d(a)) = Cg(a).
Thus we have [G, a] = Im(d(a)) = G/Ker(d(a)) = G/Cg ().

Let G be a finite group and suppose that |G| = p]{1 S pﬁ" where p; < ... < p, are primes.
Being nilpotent, the Sylow p;-subgroup P; of G has finite subnormal series whose factors are
of prime order. It follows that for each 1 < j < m the Sylow p;-subgroup P; has at most k;
generators. It is not hard to see that G = (P, ..., P,), so that G has at most

ki+...+kn :logp1|P1| + ...+ 1ogp,|Pu| < logp, | P —{—...—1—logp1|Pn|
:logm(’Pl‘ Tt ‘Pn‘) = logl’l‘G’ < logZIG‘

generators.

Lemma 1. Let G be an abelian group and A be a finite subgroup of Aut(G). If G/Cg(A)
is a finite group, then [G, A] is also finite and there exists a function § such that |[G, A]| <
5(1G/Ca (A, A

Proof. Put |G/Cg(A)| =t,|A| = kand Z = C5(A). As we have seen above [G,a] = G/Cg(«)
for every automorphism a € A. Since Z < Cg(), [G, «] is a finite subgroup and |[G, «]| < t.
Let M = {aq,...,a,4} be a set of generators of A. As we have seen above, d < logy(|A]) =
logs(k). Since |[G,a;]| < tforevery 1 < j < dand [G,A] = [G,a1] ... [G,ay] (see, for
example, [5, Lemma 1.1]), [G, A] is a finite and |[G, A]| < td < tlogy (k) = 6(t, k). O

Let G be an abelian group, Z be a subgroup of G and C be a subgroup of Aut(G) such that
Cc(Z) = C = Cc(G/Z). For arbitrary element g of G we defined the mapping 1, : C — Z
by the rule 77;(x) = [g,a], « € C. Since « € C, a(g) = gz for some element z € Z, that is
z =g 'a(g) = n¢(a). If B is another element of C, then

(w0 B)(g) = a(B(g)) = a(gns(B)) = a(g)alng(B)) = &ng(@)rs(B),

and so

ne(aop) =g Haop)(g) =8 "gne(a)ng(B) = ng(a)ns(B).
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Therefore 77 is a homomorphism. We have Ker(15) = Cc(g). Furthermore,

8% 0] = g7%(g?) = 8w (R)a(g) = g (w)grs (a) = (7())*.
Applying induction, we obtain that [¢",a] = (17¢(«x))". In particular, if the element ¢Z has
finite order, that is there is a positive integer k such that g€ € Z, then

(ng(@))F = [gF, 0] = g7*a(g") =g 7" ¢" = 1.

In other words, Im(14) is a subgroup of Z, having finite exponent [g|.

Suppose that the factor-group G/Z is periodic, then I1(Im(y,)) C I1(G/Z). We note that
if g € Z, then 17g(a) = 1 for each a € C. The equation Nyec Cc(g) = Cc(G) = (1) together
with Remak’s theorem yields the embedding

C— CrgeGC/CC(g) = CrgeGIm(Wg>'

The above inclusion I1(Im(7,)) € I1(G/Z) for each g € G shows that C is an abelian group
such that IT(C) C TI(G/Z).

Let G be a group and A < Aut(G). Suppose that K is an A-invariant normal subgroup
of G. For each automorphism « € A we define the mapping ax : G/K — G/K by the rule
ag(xK) = a(x)K for every x € G. Clearly ag is an endomorphism of G/K. Let x € G and
ag(xK) = K, thatis K = a(x)K and «(x) € K. Since K is A-invariant subgroup of G, x € K and
xK = K. Therefore ag is an automorphism of G/K. Furthermore, if &, B € A, then

(o Bk (xK) = (w0 B)(x)K = a(p(x))K = ax(B(x)K) = ak(Bk(xK)) = (ak o px)(xK).
Hence the mapping ® : A — Aut(G/K) given by ®(a) = ag, a € A, is a homomorphism.

Lemma 2. Let G be an abelian group and A be a subgroup of Aut(G). Suppose that G/Cg(A)
is a finite group of order t. If A is co-layer-finite, then |G, A] is a finite subgroup.

Proof. Put Z = Cg(A) and C = C4(G/Z). Clearly C is a normal subgroup of A. Since G/Z is
finite, from above remarked we obtain that C is an abelian group of finite exponent. Since G/Z
is finite, factor-group A/C is finite. Then Lemma 5 of the paper [6] implies that a subgroup
C is co-layer-finite. Being abelian group of finite exponent, C must be finite. Hence C =

{71,.-.,7s} where s = |C|. As we saw above, for every automorphism &« € A we have an
isomorphism [G,a] = G/Cg(«). Since Z < Cg(w), |G, «] is a finite subgroup and |[G, «]| < t.
Since [G,C] = [G, 1] - ... - [G, 5] (see, for example, [5, Lemma 1.1]), [G, C] is a finite subgroup
and |[G,C]| < ts.

Put V = G/[G,C]. We note that a subgroup |G, C] is A-invariant. In fact, let ¢ be an
arbitrary element of G, « € A, v € C. Since C is a normal subgroup of A, x oy = 71 o« for
some 1 € C. Then

a([g,7]) =a(g717(8)) = alg™a(r(g)) = alg™)(wo)(8) = a(g™") (110 0)(8)
=a(g~ )1 (a(g)) = (a(g)) ' m(a(g)) = [a(g), m] € [G,C].
Therefore |G, C] is an A-invariant subgroup.

For each « € A we define the mapping ay : V — V by the rule ay (x[G, C]) = a(x)[G, C] for
every x € G. Since [G, C]| is an A-invariant subgroup of G, by above remarked ay € Aut(V)
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and then there exists a homomorphism ® : A — Aut(V) given by ®(a) = ay. Put Ay =
®(A). If v € C, then 7(g) = g8~ '7(8) = g[g,7], and hence

v (8[G, Cl) = 7(9)[G, C] = glg, V1[G, C] = ¢[G, C]

for every g € G. It follows that C < Ker(®). On the other hand, A/C is isomorphic to some
subgroup of Aut(G/Z). Since G/Z is finite of order t, A/C has finite order at most t!. Hence
Ay is finite and |Ay| < tl. If ¢ € Z, then ay(g[G,C]) = «a(g)[G,C] = g[G,C] for every
ay € Ay. It follows that Z[G, C]/[G,C] < Cy(Ay). Thus V/Cy(Ay) is a finite group and
|V/Cy(Ay)| < t. For this case we can apply Lemma 1. By this Lemma [V, Ay] is a finite
subgroup, having order at most 6(¢, t!). We have

[V,Av] =[G/[G,C], Av] = |G, A][G,C]/[G,C] =[G, A]/|G,C].

Therefore |G, A] is a finite subgroup. O

2 TPROOF OF THEOREM A

Proof. Put |G/Cg(A)| = t. Since Inn(G) < A, Cg(A) < Cg(Inn(G)) = ¢(G). It follows that
G/{(G) is finite and |G/{(G)| < t. Then K = [G, G] is finite and |[G, G]| < w(t) = " where
m = 1(logpt — 1) and p is the smallest prime divisor of ¢ [8, p. 347].

Put G, = G/K. For each &« € A we define the mapping a,, : Gy — Gy by the rule
aap(xK) = a(x)K for every x € G. Being characteristic subgroup of G, K is normal and
A-invariant. As above a,, € Aut(G/K) and then there exists a homomorphism ® : A —
Aut(G/K) given by ®(«) = ayy,. Put Ay = ®(A). Since G/K is abelian,

(1g)ab (x[G, G]) = 15(x)[G, G] = g~ 'xg[G, G] = [x,g][G, G] = x[G, C]

for each x € G. It follows that Inn(G) < Ker(®). In particular, A, is an epimorphic im-
age of A/Inn(G). If x € Cg(A), then a,,(xK) = a(x)K = xK for each « € A, which im-
plies the inclusion Cg(A)K/K < Cg k(Au). Hence (G/K)/Cg/x(Aap) is a finite group and
|(G/K)/Cg/k(Aap)| is a divisor of |G/Cs(A)|. Applying Lemma 3 of the paper [6] the factor-
group A/Inn(G) is co-layer-finite. Then by the same Lemma 3 of the paper [6] its epimorphic
image A,y also is co-layer-finite. An application of Lemma 2 shows that [G,;, A4p) has finite
order. Furthermore,

[Gabr Aab] = [G/[G, G]/ Aab] = [G/ A] [G, G]/[G, G]

If g, x € G, then
(g x] = g7 'xgx = g7Nix(g) = [g, 1al.
It follows that [G, G] < [G, A], because we have Inn(G) < A. Hence

[Gab/ Aab] = [G/ A]/[G/ G]'

And therefore [G, A] is a finite subgroup. O

Let G be a group and H be a subgroup of G. Put Inng(H) = {ix|x € H}. Clearly Inng(H)
is a subgroup of Inn(G).
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3 TPROOF OF THEOREM B

Proof. Let
) =Z0<Z1 <. < Zyr < Zu=12

be the upper A-central series of G. Put |G/Z| = t. We proceed by induction on m. If m = 1,
then Z; = Cg(A) has index at most t in G. Application of Theorem A shows that [G, A] =
72(G, A) is finite.

Suppose inductively that the result is true for some integer m > 1 and let G be a group
satisfying the hypotheses of the theorem with zI(G, A) = m. Consider the factor-group L =
G/Z;. Then

(1) =2Z1/Z1 < ... < Zy1/Z1 £ Zn/Zy

is the upper A-central series of G/Z;. For each & € A we define the mapping a; : L — L
by the rule ay (xZ1) = a(x)Z; for every x € G. Since Z; is A-invariant, by above noted «ay
is an automorphism of L and then there exists a homomorphism & : A — Aut(L) given by
®(a) = ap. Put A = ®(A). It is not hard to prove that Z/Z; < {,,—1(G/Z;, Ar). Hence
(G/Z1)/Tm-1(G/Z1, Ar) is a finite group and its order is a divisor of |G/Z| . Clearly ®(A) =
Ay is an epimorphic image of A. Furthermore, Inn(G/Z,) = ®(Inn(G)), so that Ay /Inn(L)
is an epimorphic image of A/Inn(G). Since the factor-group A/Inn(G) is co-layer-finite, by
Lemma 3 of the paper [6] its epimorphic image Ay /Inn(L) also is co-layer-finite.

Since zI(G/Zy1,AL) = m — 1, by induction hypothesis K/Zy = v,(G/Z1,Ar) is finite.
Clearly D = 7,(G,A) < K. At once we note, that D is A-invariant. For every a € A its
restriction a|p is an automorphism of D and the mapping & : A — Aut(D) defined by the
rule Z(«) = a|p is a homomorphism of A in Aut(D). Moreover, Ker(E) = C4(D). By Lemma
2 of the paper [2] [Z,D] = (1), so that Inng(Z) < Ker(E). It follows that E(Inn(G)) is an
epimorphic image of G/Z, therefore Z(Inn(G)) is finite and has order at most t. The factor-
group Z(A)/E(Inn(G)) is an epimorphic image of A/Inn(G), so that by Lemma 3 of the
paper [6] E(A)/E(Inn(G)) is co-layer-finite. Since |Z(Inn(G))| < t, Lemma 4 of the paper [6]
shows that Z(A) is co-layer-finite. Clearly

Inn(D) = E(Inng(D)) < E(Inn(G)) < E(A).

The inclusion Z; N D < Cp(E(A)) shows that D/Cp(E(A)) is a finite group and its order is
at most |K/Z1|. Hence we can apply Theorem A. The application of Theorem A shows that

[D,E(A)] = [D, Al = [vm(G, A), Al = 1m+1(G, A)
is finite. O
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B mit craTTi MM OTpMMaAyM HOBMIT aBTOMOPHIMIA aHAaAOT Teopemyu bepa y BUITaAKy, KOAM AO-
BirbHa miarpyma A < Aut(G) MicTUTh IpyIly BHyTpilIHiX aBToMopdismis [nn(G), a dpakTop-rpyma
A/ Inn(G) Ko-IIapoBO-CKiHUeHHa.

Kntouosi cnoea i ppasu: A-1IeHTp, A-KOMyTaTOpHa I ATpYyIa, KO-IIapOBO-CKiHUeHHa I'pyTia, Teo-
pema bepa.

Kypaauenko A.A., ITemka A.A. O Hekomopbix 0b606ujeruax meopemor bspa // KapmnaTckme mMaTeM.
my6a. — 2014. — T.6, Ne2. — C. 310-316.

B 57011 cTaThe HaMM 6BIA TIOAYUEH HOBBIN aBTOMOP(HBIN aHAAOT TeopeMbl bspa B caydae, Koraa
mponsBoAbHast moarpymma A < Aut(G) coaepXWUT TpyIIly BHyTpeHHUX aBToMopdpmimos [nn(G)
rpymmsl G, a dpakrop-rpymma A/ Inn(G) Ko-CAOMHO-KOHEYHa.

Kntouesvie cnoea u ¢ppaser: A-eHTp, A-KOMMyTaTOpHasI MOATPYTIA, KO-CAOMHO-KOHeUHasI TPYTI-
ma, TeopeMa bapa.



