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AROUND P-SMALL SUBSETS OF GROUPS

A subset X of a group G is called P-small (almost P-small) if there exists an injective sequence

(gn)n∈ω in G such that the subsets (gnX)n∈ω are pairwise disjoint (gnX ∩ gmX is finite for all distinct

n, m), and weakly P-small if, for every n ∈ ω, there exist g0, . . . , gn ∈ G such that the subsets

g0X, . . . , gnX are pairwise disjoint. We generalize these notions and say that X is near P-small if, for

every n ∈ ω, there exist g0, . . . , gn ∈ G such that giX ∩ gjX is finite for all distinct i, j ∈ {0, . . . , n}.

We study the relationships between near P-small subsets and known types of subsets of a group,

and the behavior of near P-small subsets under the action of the combinatorial derivation and its

inverse mapping.
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INTRODUCTION

Let G be a group with the identity e, [G]<ω denotes the family of all finite subsets of G.

A subset X of G is called

• large if G = FX for some F ∈ [G]<ω ;

• small if L \ X is large for each large subset L of G;

• P-small if there exists an injective sequence (gn)n∈ω in G such that the subsets (gnX)n∈ω

are pairwise disjoint;

• weakly P-small if, for every n ∈ ω, there exist g0, . . . , gn ∈ G such that the subsets

g0X, . . . , gnX are pairwise disjoint;

• almost P-small if there exists an injective sequence (gn)n∈ω in G such that gnX, . . . ,

gmX is finite for all distinct m, n;

• near P-small if, for every n ∈ ω, there exist g0, . . . , gn ∈ G such that giX ∩ gjX is finite for

all distinct i, j ∈ {0, . . . , n};

• thin if gA ∩ A is finite for for every g ∈ G\{e};

• sparse if, for every infinite subset Y of G, there exists a non-empty finite subset F ⊂ Y

such that
⋂

g∈F gX is finite.
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The terms large and small subsets appeared in [2], P-small subsets were introduced unex-

plicitly by Prodanov [7] and explicitly in [3, § 2.1]. Every infinite group G can be generated by

some small and P-small subset [4] and contains weakly P-small not P-small subset [1]. Each

almost P-small subset of a group can be partitioned into two P-small subsets [6]. For thin

and sparse subsets see [6]. We recall that a subset X of an amenable group G is absolute zero

if µ(X) = 0 for each left invariant Banach measure µ on G. It is easy to see that each near

P-small subset of an amenable group G is absolute zero. By [6, Corollary 5.1], each absolute

zero is small. Hence, each near P-small subset of an amenable group is small. By [6, Theorem

5.3], each countable amenable groups contains a small subset which is not absolute zero. On

the other hand, we take a free group FA in the alphabet A, | A |> 1, choose a ∈ A and consider

a subset X of all group words in A starting with a or a−1. Then X is P-small but X is large, so

X is not small.

In this note we introduce near P-small subsets generalizing weakly and almost P-small sub-

sets. All results are exposed in section 2. We study the relationships between modified P-small

subsets and thin subsets (Theorems 1 and 2), and the behavior of near P-small subsets under

the action of the combinatorial derivation and its inverse mapping (Theorems 3 and 4). The

combinatorial derivation, the main tool in this note, was introduced in [9] and studied in [5],

[10], [11]. Some necessary auxiliary statements on the combinatorial derivation are arranged in

section 1. In section 2 we also show that a near P-small subset needs not to be neither weakly

nor almost P-small (Theorem 5) and partition every infinite group G into ℵ0 P-small subsets

(Theorem 6). For partition of a group into ℵ0 small subsets see [8].

1 THE COMBINATORIAL DERIVATION

For a group G, PG denotes the family of all subsets of G. A mapping ∆ : PG → PG defined

by ∆(A) = {g ∈ G : gA ∩ A is in f inite} is called the combinatorial derivation. Clearly, ∆(A) =

∅ if A is finite and e ∈ ∆(A), (∆(A))−1 = ∆(A) for each infinite subset A of G. An infinite

subset A is thin if and only if ∆(A) = {e}. We denote SymG = {X ⊆ G : X = X−1, e ∈ X}

and use the following auxiliary statement [10, Lemma 2.6].

Lemma 1. For every subset A ∈ SymG there exist two thin subsets X, Y such that

∆(X ∪ Y) = A.

Lemma 2. For every countable group G and every non-empty subset A ∈ SymG, there exists a

subset X of G such that ∆(X) = A and G = XX−1.

Proof. We enumerate G = {gn : n ∈ ω}, put Fn = {g0, . . . , gn} and write the elements of A

in a sequence (an)n∈ω (if A is finite, all but finitely many an are equal to e). Then we choose

inductively a sequence (Xn)n∈ω of finite subsets of G of the form

Xn = {yn, gn, xn0, a0xn0, xn1, a1xn1, . . . , xnn, anxnn}

such that, for each n ∈ ω,

(a) Fn+1Xn+1
⋂

Fn+1(X0
⋃
· · ·

⋃
Xn) = ∅;

(b) Fn{yn, gnyn}
⋂

Fn{(xni, aixni} = ∅, i ∈ {0, . . . , n};
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(c) Fn{xni, aixni}
⋂

Fn{(xnj , ajxnj} = ∅, for all distinct i, j ∈ {0, . . . , n}.

After ω steps, we denote X =
⋃

n∈ω Xn. By the choice of (Xn)n∈ω, we have G = XX−1 and

A ⊆ ∆(X). The conditions (a), (b), (c) guarantee ∆(X) ⊆ A.

2 RESULTS

Theorem 1. For every infinite group G, the following statements hold

(i) every thin subset of G is almost P-small;

(ii) there exists a thin but not weakly P-small subset of G.

Proof. The statement (i) follows directly from corresponding definitions. To prove (ii), we

consider two cases: | G |= ℵ0 and | G |> ℵ0 . If G is countable, we enumerate G = {gn :

n ∈ ω}, put Fn = {g0n, . . . , gn} and choose inductively a sequence (xn)n∈ω in G such that, for

each n ∈ ω, Kn+1{xn+1, gn+1xn+1}
⋂

Kn{xi, gixi : i ≤ n} = ∅. Then the subset X = {xn, gnxn :

n ∈ ω} is thin but gX
⋂

X 6= ∅ for each g ∈ G so X is not weakly P-small. If | G |> ℵ0,

we denote κ =| G |, enumerate G\{e} = {gα : α ∈ κ}, put X0 = {e}, choose x0 ∈ G such

that x0, g0x0 /∈ X0 and construct inductively a κ-sequence {xα : α ∈ κ} in G and a κ-sequence

{Xα : α ∈ κ} of subgroups of G such that, for each α ∈ κ,

(a) xα, gαxα /∈ Xα;

(b) Xα+1 is a subgroup generating by Xα and {gα, xα};

(c) Xα =
⋃

β<α Xβ for each limit ordinal α ∈ κ.

After κ steps, we denote X = {xα, gαxα : α ∈ κ}. By (b), gX
⋂

X 6= ∅ for each g ∈ G, so

G is not weakly P-small. To verify that X is thin, we take an arbitrary g ∈ G \ {e} and use

(b), (c) to choose γ ∈ κ such that g ∈ Xγ+1\Xγ. Since g(X ∩ Xγ) ⊆ Xγ+1\Xγ, by (a) and (b),

we have |g(X ∩ Xγ)
⋂

X| ≤ 2. If y ∈ g(X\Xγ+1)
⋂

X then y ∈ {xλ, gxλ, xµ, g−1xµ} for some

λ, µ ≥ γ + 1. Thus, | g(X \ Xγ) ∩ X |≤ 4. By (a) and (b), | X ∩ (Xγ+1 \ Xγ) |= 2. Hence,

| gX ∩ X |≤ 8 and X is thin.

Theorem 2. For every infinite group G, there exist two thin subsets X, Y of G such that X, Y is

not near P-small.

Proof. We use Lemma 1 to find thin subsets X, Y of G such that △(X ∪ Y) = G, so X ∪ Y is not

near P-small.

By [6, Lemma 2] , the family of all sparse subsets of G is closed under finite unions. Since

each thin subset is sparse, Theorem 2 gives a sparse but not near P-small subset X ∪ Y of G.

Theorem 3. There exists a P-small subset X of the group G = Q2 such that ∆(X) is not near

P-small.

Proof. We use the Cartesian coordinates in G, put X = {(x, y) ∈ G :| x |≤ y ≤| x | +1} and

note that (0, 2z) + X ∩ (0, 2z′) + X = ∅ for all distinct z, z′ ∈ Z. Hence, X is P-small.

We observe that ∆(X) contains the subset Y = {(x, y) ∈ G : − | x |≤ y ≤| x |} and

∆(Y) = G, so ∆(X) is not near P-small.
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We recall [10] that a family F of subsets of a group G is ∆-complete (∇-complete) if ∆(X) ∈ F

for each X ∈ F (∆(X) ∈ F implies X ∈ F ). By Theorem 3, the family of all near P-small

subsets of a group G need not to be ∆-complete.

Theorem 4. For every infinite amenable group G, the family of all near P-small subsets of G is

∇-complete.

Proof. We assume the contrary and choose a subset X of G such that ∆(X) is near P-small

but X is not near P-small. Then there exists the minimal natural number n such that, for any

F ⊂ G, | F |= n, there exist distinct x, y ∈ F such that xX
⋂

yX is infinite. By the minimality

of n, there is H ⊂ G, | H |= n − 1 such that xX
⋂

yX is finite for all distinct x, y ∈ H. Given

any g ∈ G \ H, there is hg ∈ H such that gX
⋂

hgX is infinite. If follows that h−1
g g ∈ ∆(X),

G \ H ⊆ H∆(X) and ∆(X) is large. Hence, ∆(X) is not absolute zero and ∆(X) could not be

near P-small.

We do not know whether Theorem 4 holds for non-amenable groups.

Theorem 5. For every countable Abelian group G, there exists a near P-small subset X which

is neither weakly nor almost P-small.

Proof. Suppose we have a sequence (Sn)n∈ω of finite subsets from SymG such that | Sn |> n

and

(a) Sk
⋂

SiSj = {e} for any i, j, k ∈ ω, k /∈ {i, j}.

We apply Lemma 2 to find a subset X of G such that ∆(X) = G\
⋃

n∈ω Sn and G = XX−1.

We note that, for any distinct g1, g2 ∈ G

(b) if g−1
1 g2 ∈ Sn then g1X

⋂
g2X is finite;

(c) if g−1
1 g2 /∈

⋃
n∈ω Sn then g1X

⋂
g2X is infinite.

The condition G = XX−1 implies that X is not weakly P-small. Since | Sn |> n, by (b), X

is near P-small. We assume that X is almost P-small and choose an injective sequence (xn)n∈ω

in G such that xiX
⋂

xjX is finite for all distinct i, j ∈ ω. Since x0X
⋂

x1X is finite, by (c), there

exists i ∈ ω such that x−1
0 x1 ∈ Si. Analogously, for n > 1, there exist k, j ∈ ω such that

x−1
0 xn ∈ Sk, x−1

1 xn ∈ Sj. We note that x−1
0 x1 = (x−1

0 xn)(x−1
n x1), x−1

1 xn = (x−1
1 x0)(x−1

0 xn),

x−1
0 xn = (x−1

0 x1)(x−1
1 xn). Thus, we have got

x−1
0 x1 ∈ Si

⋂
SkSj, x−1

1 xn ∈ Sj

⋂
SiSk, x−1

0 xn ∈ Sk

⋂
SiSj,

and, in view of (a), i = j = k. Hence, (x−1
0 xn) ∈ Si for any n > 2 that is impossible because Si

is finite, so X is not almost P-small. To conclude the proof, it remains to find (Sn)n∈ω satisfying

(a). Since each infinite Abelian group contains either infinite cyclic subgroup, or the Prüffer

p-subgroup, or the direct product of ℵ0 finite groups, the late is a routine exercise.

It should be mentioned that initially above construction appeared to find a weakly P-small

but not almost P-small subsets of G.

Theorem 6. Every infinite group G can be partitioned into ℵ0 P-small subsets.

Proof. We take an arbitrary countable subgroup H of G, decompose G into right cosets by H

and choose some set R of representatives of cosets, so G = HR. Then {hR : h ∈ H} is a desired

partition of G.
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Протасов I.В., Протасова К.Д. Навколо P-малих пiдмножин груп // Карпатськi матем. публ. —

2014. — Т.6, №2. — C. 337–341.

Пiдмножина X групи G називається P-малою (майже P-малою), якщо iснує iн’єктивна по-

слiдовнiсть (gn)n∈ω в G така, що пiдмножини (gnX)n∈ω попарно не перетинаються (gnX ∩ gmX

скiнченнi для всiх рiзних n, m), i слабко P-малi, якщо для кожного n ∈ ω, iснують g0, . . . , gn ∈ G

такi, що пiдмножини g0X, . . . , gnX попарно не перетинаються. Узагальнено цi поняття: пiд-

множина X називається близько P-малою, якщо для кожного n ∈ ω iснують g0, . . . , gn ∈ G

такi, що giX ∩ gjX скiнченнi для всiх рiзних i, j ∈ {0, . . . , n}. Дослiджено спiввiдношення мiж

близько P-малими пiдмножинами i вiдомими типами пiдмножин груп, дослiджено поведiнку

близько P-малих пiдмножин пiд дiєю комбiнаторної похiдної та її оберненого вiдображення.

Ключовi слова i фрази: P-малi, майже P-малi, слабко P-малi, близько P-малi пiдмножини

групи; комбiнаторна похiдна.

Протасов И.В., Протасова К.Д. Вокруг P-малых подмножеств групп // Карпатские матем. публ.

— 2014. — Т.6, №2. — C. 337–341.

Подмножество X группы G называется P-малым (почти P-малым), если существует инъ-

ективная последовательность (gn)n∈ω в G такая, что подмножества (gnX)n∈ω попарно не пе-

ресекаются (gnX ∩ gmX конечны для всех различных n, m), и слабо P-малы, если для каждого

n ∈ ω, существуют g0, . . . , gn ∈ G такие, что подмножества g0X, . . . , gnX попарно не пересе-

каются. Обобщены эти понятия: подмножество X называется близко P-малым, если для каж-

дого n ∈ ω существуют g0, . . . , gn ∈ G такие, что giX ∩ gjX конечные для всех различных

i, j ∈ {0, . . . , n}. Изучены соотношения между близко P-малыми подмножествами и известны-

ми типами подмножеств групп, изучено поведение близко P-малых подмножеств под действи-

ем комбинаторной производной и ее обратного отображения.

Ключевые слова и фразы: P-малая, почти P-малая, слабо P-малая, близко P-малые подмно-

жества группы; комбинаторная производная.


