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EXTENSIONS OF MULTILINEAR MAPPINGS TO POWERS OF LINEAR SPACES

We consider the question of the possibility to recover a multilinear mapping from the restriction
to the diagonal of its extension to a Cartesian power of a space.
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INTRODUCTION

Let X and Y be linear spaces over the same field K. It is well-known (see e. g. [1, Theo-
rem 1.10]) that every symmetric n-linear mapping A : X" — Y can be recovered from its restric-
tion to the diagonal A : X — Y, A(x) = A(x,...,x), by means of the so-called Polarization

Formula:
1 ~
A(xl,...,x”) — |21’l Z 81...871A(81x1+...+8nx”).
n: €1,.-,En==1

But in general if A is non-symmetric, it cannot be recovered from A. For example, if A is alter-
nating, then Ais equal to zero. Let us recall that A is called alternating if A(xy(1), ..., Xo(n)) =
(=1)7A(xq,...,x,) forevery x1,...,x, € Xand o € S,, where S, is the group of all permuta-
tions of n elements and (—1)7 is the sign of the permutation ¢.

In [1, p. 8] it has been introduced mappings between complex linear spaces, which are
linear with respect to some arguments and antilinear with respect to other arguments. If such
a mapping is symmetric with respect to “linear” and “antilinear” arguments separately, then it
can be recovered from its restriction to the diagonal by means of polarization formulas, proved
in [2] and [3]. Note that in this case there are no any requirements of symmetry between
“linear” and “antilinear” arguments. In some cases for multilinear mappings there is a similar
situation. For example, if A : X" — Y is an n-linear mapping, then a mapping A : (X")" — Y,
defined by

g(xl, ce Xp) = A(xgl), e, x,(f)),

1 n
where x; = (x]( ),...,x]( )

non-symmetric) and its restriction to the diagonal A(x) is equal to A(x(), ..., x(") for x =
(x(l), el x(”)) € X". Therefore, A and, consequently, A, can be recovered from the restriction
of A to the diagonal.

We consider the question of the possibility of recovering of a multilinear mapping from the
restriction to the diagonal of its extension to a power of a space.

) € X", j € {1,...,n}, is an n-linear mapping too (in general,
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1 THE MAIN RESULT

Let M = (mij)zr‘szl be a matrix of scalars from K. Then for every n-linear mapping A :
X" — Y amapping Ep(A) : (X*)" — Y, defined by

Epm(A)(x1,...,x0) = A(mllxgl) +...+ mlnxgn),- . ,mnlx,gl) +...+ mnnx,gn)),
where x1,...,x,; € X", is an n-linear mapping. Its restriction to the diagonal is equal to
e n n
Em(A)(x) = Y oo Y gy oo, A(xRD, L xRy, (1)
ki=1  kn=1
Note thatif m;; =1,i =1,...,n, for the fixed j € {1,...,n}, then Ep;(A) is an extension of A.

Proposition 1.1. For every n-linear alternating mapping A : X" =Y,

—

Em(A)(x) = det(M)A(xD, ..., xM),
where x = (x), ..., xM) € X",

Proof. Since A is alternating, A(x(kl), een, x(k")) = 0if k; = ks for some [ # s. Therefore, by (1),

EM(A)(X) = Z Myg(ky) -+ mmr(kn)A(x(U(l)), o, x(U(n))>.

cEeS,

Since A(x(eM), ..., x(e()) = (—1)7A(x(), ..., x("), therefore

Em(A)(x) = Y (1) Mgk - - - Moy AL, . xM) = det(M)A(xD, .., x™).

oES,

O

Let us consider recovering of multilinear mappings, which in general are neither symmetric
nor alternating. It can be easily seen that if M is a diagonal matrix, then

L —

Em(A)(x) = myq ... mun A(xM), . x™)

for every n-linear mapping A. Let us construct a non-diagonal matrix M’ such that every n-

linear mapping A can be recovered from EW) Let

11 1 1
1 -1 1 1
M=11 1 =1 1
1 1 1 —1
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Theorem 1. The n-linear mapping A can be recovered from Em) by means of the formula:

1 1 : : —
A(x]./"'lxn) = 211 Z (—1)]2+”’+]” Z €1 ...SnEM/(A)
j;_,...,jn:O €1,...,€n::|:1 (2)
X <€1i1 (x1) + ezp](f) (x2) +...+ enp](:) (xn)) ,
where
k) _ [ i(x), ifjr =0,
Al ={ . i
fork € {2,...,n}.
Proof. Lety; =i1(x1),y2 = p](zz)(xz), e Yn = p](:)(xn). Notice that
Y. er...enEpm(A) (e 4 -+ Enn)
€1,.-,En==1
n
= Z EM’(A)(yklr“'/ykn) Z €1...&n€gy - - - &,
kl,...,knzl £1,...,£n:i1
and
[ 2r, ifky #E L F
. ‘ 1o Enlley « - By = { 0, otherwise.
1,...,8;1—:t1
Therefore,
1 —
on Z €1...enEpr(A)(e1y1 + ...+ €nln) = Z EM/(A)(yU(l),...,yg(n)).
€1,.-,En==1 oceS,

For o € S, such that o(n) = n we have

1 1

> (U Ene () Yoty Yotn-1yYotn) = Y (D" En(A) (Vo(ays -+ Yoty Py (5n) )
jn=0 jn=0

= EM’(A>(yU(1)/ . 'rya(nfl)fil (x?l)) - EM’(A>(yU(1)/ . 'rya(nfl)fin(xn))
=2Ep(A) Wo(1)r - -+ Yo(n—1), 1 (xn))-
For o € S, such that o(n) # n we have

1 1

> (U Ere (A Wotr)s - Yon) = Y (1 (Yoo P s Yoty
jn=0 jn=0

= Enr(A) Yoy 1) Yoimy) = Enr (A) Yoy - in(xn), - Yor(uy) = O-
Therefore, the right-hand side of (2) is equal to

1 1 . . '
=2 Y, (=pEtethe N B (A) Yoy -0 Yo(ne)s i1(Xn)-
]‘2/"'/]‘717120 O’ESn, (T(Tl):n

After applying this method n — 1 times we obtain that the right-hand side of (2) is equal to
Enp(A)(i1(x1),i1(x2), ..., i1(xy)), which is equal to A(xy,xp, ..., xp). O
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PO3rASIHYTO IMMTaHHS MOXAMBOCTI BiAHOBAEHHS MYABTMAIHIHOTO BiAOOpaskeHHsI 3i 3By KeHHSI
Ha AlaroOHaAb ITPOAOBXKEHHST IIbOTO BiAOOpakeHHs Ha MKV A€KapTiB CTeIliHb IIPOCTOPY.
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