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A MULTIDIMENSIONAL GENERALIZATION OF THE RUTISHAUSER
QD-ALGORITHM

In this paper the regular multidimensional C-fraction with independent variables, which is a
generalization of regular C-fraction, is considered. An algorithm of calculation of the coefficients
of the regular multidimensional C-fraction with independent variables correspondence to a given
formal multiple power series is constructed. Necessary and sufficient conditions of the existence of
this algorithm are established. The above mentioned algorithm is a multidimensional generalization
of the Rutishauser gd-algorithm.
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INTRODUCTION

In constructing the branched continued fractions for a given formal multiple power series
the concept of correspondence is used. Some general theory of correspondence for functions of
one variables is developed in [15, pp. 148-160] (see also [11, pp. 241-274]) and some aspects of
it for functions of several variables are considered in [7], [6, pp. 107-109]. As a result, different
types of functional fractions are constructed in [1-6,8-10,12-14, 16].

In the present paper we construct and investigate an algorithm for the expansion of a given
formal multiple power series into a corresponding regular multidimensional C-fraction with
independent variables, which is a generalization of the regular C-fraction [15, p. 128-129]. It is
a further expansion of the results obtained in [2].

1 CORRESPONDENCE

Let £ be set of all formal multiple power series of the form

L(Z) = Z Cm(N)Zm(N)r 1)
lm(N)|=>0

where m(N) = mq,my,...,my is multiindex, m; € Z,,1 < i < N,0(N) = 0,0,...,0,
[m(N)| = my +my+ - +mn, cyny €C, z"(N) = 2z oz N,z = (21,20, ..., zn) € CN.
Obviously, this set forms a ring with unity respect to the operations addition and multiplica-
tion of series. We define the mapping A : £ — INo U {co} as follows: A(L(z)) = oo, if L(z) = 0;
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A(L(z)) = n,if L(z) # 0, where n is the smallest degree of homogeneous polynomial for
which ¢, ny # 0, thatis n = |m(N)|. We consider the sequence of rational functions

Py, (z)
Q,(z)’

where Py, (z), Q,(z) are polynomials of degrees m, and I, respectively, z € CN, moreover,

Q1,(0,0,...,0) #0.
The sequence { f,(z)} corresponds to series (1) atz = (0,0,...,0), if

lim A(L(z) — L(fu(2))) = +oo,

n——+oo

fn(z) =

n>1,

where L(f,(z)) is expansion of function f,(z) into Taylor series atz = (0,0, ...,0). The order
of correspondence of f,,(z) is defined by the formula v, = A(L(z) — L(f,(z))). This means that
the expansion f,(z) into formal multiple power series coincides with L(z) for all homogeneous
polynomials to the degree (v, — 1) inclusively.

Let us introduce the following set of multiindices

J ={m(N): m(N) =my,my,...,my, my € Z,, 1 <p <N}
And now, let us define arithmetical operations on the set 7 componentwise. If
T’(N) =7ryr,...,TN €T, S(N) =51,8,...,SN € J, ke Z,

then
r(N)+s(N)=ry+s1,r+5s2,...,rN+sn, kr(N)=kry,kry,... kry.

We consider the regular multidimensional C-fraction with independent variables

ag a0
0 k-1 g7 - N a:1\Zi ’ 2)
1LY Y gy y
= 1 =1 L 4i(2)Zi
k=1 ir=1 =1y 2

where i(k) = i1,1,..., i is multiindex, ap # 0, aGig 70,k >1, 1 <iy <ipq, 1 <n <k
ip =N,z cCN.

Leteg = 0,0,...,0,e, = 6,1,0r2,...,0;, N be a multiindex, J, s be a Kronecker symbol, 1 <
r,5 < N. Let us introduce the following sets of multiindices

T ={i(k) : i(k) = i1 iz, ... ig, 1 <ip <ipq, 1< p<k k>1,ip=N},
I* = {lf\(]k) . lf\([k) = 61'1 +ei2—{— cee +eik, l(k) € I}

and the mapping ¢ : Z — Z%, such that ¢(i(k)) = if\(’k) for all i(k) € Z (we can show that the
mapping ¢ is bijective).

Letag = by, a;(x) = b; i i(k) € Z,il, itk € Z*. Then we write fraction (2) in the form

-1

00 lklesz
(1+DZ > , ®)

1%
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N * N
where by # 0, bizl'\(lk) # 0, i) c€1*,zeC"V.

Let
-1

)= <1 DY bi%z{k)
z) = + —
gn( 0 11_)1 = 1
be the nth approximant of regular multidimensional C-fraction with independent variables
3),n > 1.

The correspondence of fraction (3) to series (1) means that the sequence of approximants
{gn(z)} corresponds to L(z).

2 ALGORITHM

We shall construct and investigate the algorithm for the expansion of the formal multiple
power series (1) into the corresponding regular multidimensional C-fraction with independent
variables (3).

Let cpn) 7 0 and

Cm(N
Reo(z) = ) (N) ym(N)
im(N)|=>0 0(N)

Next, let
R, (z)= Y cle) m(N) @)

be reciprocal to series R, (z). The coefficient of FMPS (4) are uniquely determined by recurrent
formulas

(e0) T Cr(N) .
Con(N) = ) Con(N)—r(N) 7 M 0,1<j<N, m(N)| >1, (5)
[r(N)|=1 0(N)
where c(()e((}\)[) = 1, moreover, cfs(()l)\]) = 0, if here exist an index j, 1 < j < N, such that nj < 0.

By condition cg‘)) # 0,2 <j < N, we write the series (4) in the form

N
Rl (2) = Pey(z1) + Y V2R, (2),
j=2

where
- C(Bo)( |
ei+r(N
Po(z1)= Y CE;(()Z)\I)ZTl’ R (z) = y i - 2/(N)
my =0 [r(N)|=0 Ce;
m;=0,2<j<N =0, j+1<i<N
Then L(z) can be written
Co(N
L(z) = o
Po(z1) + ) k¥R (2)
j=2
Let -
my
)3 Cm(N)#1
m1:O
mj=0,2<j<N
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be a normal series (for the notion of normality of formal power series, see [15, pp. 185-190]).
Then according to Theorem 7.5 [15, pp. 228-229] there exist the real numbers qgﬁ) , egl@) Jip=1,

it itk
1<p<kk>1,n2>0,of gd-table forh =0:
O
Lty i)
o) o)
Yito) Hjtn) Yi2) Hjin)
q(l}f) N q I(\)I) N
Lt o) L) Hjin
e(l%f) N 6(111) N (1(\)1) N
i) Fjin) i i) i) i) ©)
(I%I) N q(l}f) N : '
Lt o) Yi2) Hjin)
® @
ORRA Lty jon
® :
Yt )
the entries of which are defined by the initial conditions
(j;\(]h)_ejl1)
(n) (n) m(N)+e; +ej,
W, =0 g =——"1I  |y(N)| =my =n, n>0, 7)
i(0) () i)+ G —ein) m(N)| 1
m(N)+ej,
moreover,
C
n m(NH"ez
T = L m(N)| = my, =n,n >0,
i(1) Cim(N)

and the rhombus rule
e(n) (n) _ (n+1) e(n+1)

— >1, n>0
N N d.N" N N N N N 7 =z 4 ’
Y Tim N im e Tim Yoy (8)
(n) (n) _ (n1) (n41)
GN N N N T 4N N EN N s T >1,n=>0,
i(r) T j(m) “titr1) () i) Vj(ny i(r)j(n)

The procedure of calculation of the elements of table (6) the entries of which are defined by
the initial conditions (7) and the rhombus rule (8) is called the Rutishauser gd-algorithm [15, p.
227].

: E— I (O e <p< > i
We put bll[\(IZkil) q%kin, bliA(JZk) e%k), ip 1,1 < p < k k > 1. According to

Theorem 7.7 [15, pp. 230-231]

ad c * i;
5 ) | 4 D i(k)
=0 o) =
m;j=0,2<j<N ip=1,1<p<k
Here the symbol "~" means the correspondence between the series and the fraction. Moreover,
according to Lemma 3 [4] we have

Pel(zl) ~1+ D 1<_i) ’

k=1
ip=1,1<p<k
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since the series P, (z1) is reciprocal to series

Em(N) ZM,
m1:O CO(N)
m;=0,2<j<N

Thus we can write

Co(N)
0 bNZ

1 + D z(k + Zce e-

k=1
ip=1,1<p<k

L(z) ~

Let I be an arbitrary natural number, moreover, 2 < | < N. Next, let

(o]

). Cr(NYZ]

mI:O
mj=0, j#1, 1<j<N

be anormal series. Then according to Theorem 7.5 [15, pp. 228-229] there exist the real numbers

q(N) , e(N) Jip=1,1<p<kk>1,n >0, of gd-table (6) the entries of which are defined by the
Y tite)
initial conditions (7) and the rhombus rule (8) for h = 0.

We putb)y, = —q?f} Jbly = —e(g,) ,ip =1,1<p <k k > 1. According to Theo-
Li2k—1) Liok—1)  li(aw) L2k
rem 7.7 [15, pp. 230-231]
-1
) m 00 b; Z]
Z Cm(N)le 1 + D 111\{")
=0 Co(N) i 1
m;=0, j£l, 1<j<N ip=1,1<p<k
Since
(o) _ _Sm(N) _ =1, m=0,j#1,1<i<N, ij =1
N T oy TR ALl .
then we put b,y —bN L1 =1L
Yi(1) L)
Thus we can write
Co(N)
L(Z) 00 b, iN 21 ’
1+ ] “k + Z by z,Ryx (2)
=1 T2 p<k =

Again, let [ be an arbitrary natural number, moreover, 2 < [ < N. Next, let

R; (z) = ) c’(;’()N)zm(N) 9)
Im(N)|=0
m;=0, |+1<i<N
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be reciprocal to series R, (z). The coefficients of series (9) are uniquely determined by recurrent

formulas for m; =0, j,+1<i <N, |m(N)| > 1, and j]I‘\(Ih) =g
(]]I\(]]”ie]h)

@y _ MG S,

Cu(N) = = Cm(N)=r(N) N, ~e; )

(10)
ejh

Gy ()
0(N) n(N)

By condition cé 1) # 0,2 < j <, we write the series (9) in the form

where ¢ = 1, moreover, ¢ = 0, if here exist an index p, 1 < p < N, such thatn, < 0.

1
Rél (z) = Pe+e; (z1) + Z C(Ejl)szel-i-ej(Z)/
=2

where

%) c

_ (er) m _ etr(N) r(N
Pel+gl (Zl) — Z Cm(N)Zl ’ Rgl+gj(z> — Z (61) Z ( ).
m=0 (N[>0 ce
mj=0, 2<j<N ri=0, j+1<i<N

Then R¢,(z) can be written as follows

I -1
Ry, (2) = (Pw (z1) + _chﬁf’>z]-Re,+ej<z>> :

]

Let
[e ]
Z c(¢0) S
m(N)+e~1
m1:O
m=0,2<j<N

be anormal series. Then according to Theorem 7.5 [15, pp. 228-229] there exist the real numbers

qi(giﬁr@l' ei(g,j)+el, ip=1,1<p<kk>1,n>0,of gd-table (6) the entries of which are defined

by the initial conditions (7) and the rhombus rule (8) for j ]Z\(] ny = e
We put b,y = —q(o) b.n — 9 sip=1,1<p <k k>1 According to

i(2k-1)Tel iy qyter’ iyt i e

Theorem 7.7 [15, pp. 230-231]

-1

(e0) b
N L, Z
C- Cm(N)+er_my = i e
Z ) 1~ 1+ D 1
mlzol C@[ . k=1
m;=0, 2<j<N ip=1,1<p<k

(e0)
(o]
Z Cm(N)+el my
e 17
o glo)
mi=0, 2<j<N
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then according to Lemma 3 [4] we obtain

00 b.n 21
1., te;
(k)
P€1+€1(zl) N1+ D : 1 .
k=1
ip=1,1<p<k

Let t be an arbitrary natural number, moreover, 2 < t <[ — 1. Next, let
[e¢]
(eo) my
Z Cm(N )+elzt

be anormal series. Then according to Theorem 7.5 [15, pp. 228-229] there exist the real numbers

i(gfj)HI, ei(gfj)%/ ip=1t1<p<kk>1n2>0,of gd-table (6) the entries of which are defined

by the initial conditions (7) and the rhombus rule (8) for j ]I\(] ny = e

0) (0) : .
We put b/ S— , b = —e, ,i,=11<p<k k> 1. According to
P 1%2k71>+€l q1%2k71>+€l lf\(]Zk)—Fel 111'\(12;()"‘31 P P> - &
Theorem 7.7 [15, pp. 230-231]
-1
(eo) b! z
> Cm(N)Jrel iy = ‘f\(]k)ﬂz t
Yo ey T T
—~ (eo) 1
mt—o . C@[ k=1
m;=0, j#£t, 1<j<N ip=t, 1<p<k
Since the series Pp, 1, (2) is reciprocal to series
(eo)
i Cm(N)+el m
t o
m=0 fgzeO)
mj—O,] t,1<j<N
then according to Lemma 3 [4] we obtain
/ 2
© iN +e
k
P€l+€r(zt) ~1+ D %
k=1
ip=t, 1<p<k
Since
(e0) 2 (o) 2
(e) Ce,ie, ~ Co(N)Certer — Cop b () C2¢,  Co(N)C2e; —C¢p Y
Co " T T @ T e TVater Co T TN T T T ¢ T2
Ce e/“0(N) Ce, e;CO(N)
than we put b 40, = bé,+e,/ bye, = béel.
Thus we can write
C
L(Z) ~ O(N) ,
N bin 2
]
QjN (z1) + Z -

j(0)

. VA
j(1) i) i) (2)

K J1

=2

I QjN (z1) + Z b; ijR
j2=2



A MULTIDIMENSIONAL GENERALIZATION OF THE RUTISHAUSER gd-ALGORITHM 237

where

11N +jN <1
(Zl) = 1 _.I_ D (k) 1]<h) , h 2 O,

k=1
ip=1,1<p<k

Q

N
Vj(n)

moreover, j, #1, 1 <r <h, j]I.\(’h) cI* ifh > 1.
Next, computing the coefficients

()

winy, Mi=0, it 1<i<N, |Im(N)| >1, jr #1,1<r <h, i €1,

j(h
by recurrent formulas (10) and continuing process of iteration under the conditions that the
series

= m = (eo) = (j%))
1 0 mi ] my
Y Cm(N)Z] s ) Con(N) e, 21 7 ) Cn(N) e, 5 (1)
mI:O I’I”leO mr:O h
mi=0, i1, 1<i<N mi=0, i, 1<i<N mi=0, i#r, 1<i<N

where1 <I<N,1<t<p-1,2<p<N, 1<r<j,—-1,j#1,1<r<h, j}{h)ez*,

. . . 0)
are normal, for series (1) we obtain fraction (3), where ¢y = cy(n, bin N = — ( N s
M @) ON)” Pl 1) +il) Til+it%
by v =—e9 = 1<p<k1<n<j,—1,k>1 541, 1<r<h iV eT*

I{EIZk)+];\(]h) 15\(]]{ +]]I\(Ih) p — p — — — ]h - ]r 7& — — ]](h)

)
(the numbers q.(o) N ,e.(g,) Nlp=n 1<p<k1<n<j-1%k>1j #1,
o it e
1<r<h, jNh) € TI*, are the diagonal elements of the gd-table (6) the entries of which are
defined by the initial conditions (7) and the rhombus rule (8)).

Thus, if the coefficients of the formal multiple power series (1) are given, then the recurrent
algorithm of calculation of the coefficients of the regular multidimensional C-fraction with
independent variables (3) is constructed. This algorithm is a multidimensional generalization
of Rutishauser gd-algorithm [15, p. 227]. The correspondence of fraction (3) to series (1) can be
proved by a scheme proposed in [5].

Hence, the following theorem holds:

Theorem. The regular multidimensional C-fraction with independent variables (3) corres-
ponds to the given formal multiple power series (1) if and only if the formal power series
(11) are normal.

We remark that some examples of functions of two variables represented by regular two-
dimensional C-fractions with independent variables are given in [2].
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Po3rasianaeThest peryAsipHmii 6araTosumipaiit C-apib 3 HepiBHO3HAUHMMY 3MiHHIMI, SIKII € y3a-
raAbHEHHSIM peryasiporo C-apoby. ITobyaosaHo arroputm obumcaeHHs: KoedillieHTiB 6araToBm-
MipHOTrO C-ApOOY 3 HEpiBHOBHAYHMMM 3MiHHMMM, BiATTIOBIAHOTO 3aAaHOMY (POPMaABHOMY KPaTHO-
MY CTeIIeHeBOMY PSIAY, SIKMI € y3araabHeHHsIM qd-aaropurMy PyTmcxaysepa. BecranoBaeHO HeobXi-
AHi Ta AOCTaTHi YMOBM iCHYBaHHSI TAKOTO aATOPUTMY.

Kontouosi cnoea i ¢ppasu: peryrsipamit bararosumipamit C-aApib 3 HepiBHO3HaAUHMMI 3MiHHMMI,
BiATIOBiAHICTD, KpAaTHMIM CTeIeHeBII PsIA, aATOPUTM.



