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PRAJISHA E., SHAINI P.
FG-COUPLED FIXED POINT THEOREMS IN CONE METRIC SPACES

The concept of FG-coupled fixed point introduced recently is a generalization of coupled fixed
point introduced by Guo and Lakshmikantham. A point (x,y) € X x X is said to be a coupled fixed
point of the mapping F : X x X — X if F(x,y) = x and F(y, x) = y, where X is a non empty set. In
this paper, we introduce FG-coupled fixed point in cone metric spaces for the mappings F : X x Y —
Xand G : Y x X — Y and establish some FG-coupled fixed point theorems for various mappings
such as contraction type mappings, Kannan type mappings and Chatterjea type mappings. All the
theorems assure the uniqueness of FG-coupled fixed point. Our results generalize several results in
literature, mainly the coupled fixed point theorems established by Sabetghadam et al. for various
contraction type mappings. An example is provided to substantiate the main theorem.
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1 INTRODUCTION

The classical Banach contraction theorem is proved to be one of the most fruitful and
durable results in metric fixed point theory. Due to its enormous applications, several au-
thors have studied and made very many generalizations of Banach contraction principle. In
2004 A.C.M. Ran and M.C.B. Reurings [1] proved an analogue of Banach contraction principle
in partially ordered metric spaces and used the theorem to solve matrix equations. Following
this, J.J. Nieto and R.R. Lopez [5, 6] established several fixed point theorems in partially or-
dered metric spaces and obtained applications to periodic boundary value problems. As an
extension of fixed point, a new concept called coupled fixed point is introduced by D. Guo
and V. Lakshmikantham [2]. They investigated some coupled fixed point theorems of mixed
monotone operator, and applied their results to solve initial value problem of ordinary differ-
ential equations with discontinuous right hand sides. Using the notion of coupled fixed points
they explored the existence and uniqueness of fixed point of non-monotone operator. Later
T.G. Bhaskar and V. Lakshmikantham [13] established existence and uniqueness theorems
of coupled fixed point for mixed monotone mappings defined on partially ordered complete
metric spaces satisfying contraction type condition and applied their result to solve periodic
boundary value problems. After the work of Gnana Bhaskar and Lakshmikantham, in 2009 V.
Lakshmikantham and L. Ciric [14] introduced a new mapping called mixed g-monotone map-
ping. Using this, they proved coupled coincidence and coupled common fixed point theorems
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which generalize the results of Gnana Bhaskar and Lakshmikantham. In 2007 L.G. Huang
and X. Zhang [8] introduced a metric called cone metric by replacing the real line by a real
Banach space equipped with a partial ordering with respect to the cone. They proved some
fixed point theorems for contraction mappings defined on cone metric spaces. Following them
several authors have proved various fixed point theorems in cone metric spaces [10-12]. Later
in 2009 F. Sabetghadam et al. [4] introduced the concept of coupled fixed point in cone metric
spaces, and proved several coupled fixed point theorems for different contraction type map-
pings. In 2011 M.O. Olatinwo [9] proved coupled fixed point theorems by considering two
different cone metrics on the same ambient space. Recently E. Prajisha and P. Shaini [3] in-
troduced a concept called FG-coupled fixed point in partially ordered metric spaces which is
a generalization of coupled fixed point. They established some FG-coupled fixed point theo-
rems, in which F and G satisfy different contraction type conditions. Subsequently, K. Deepa
and P. Shaini [7] proved several FG-coupled fixed point theorems for various contractive and
generalized quasi-contractive mappings.

In this paper we define FG-coupled fixed point in cone metric spaces and prove FG-coupled
tixed point theorems for different contraction type mappings on complete cone metric spaces.
Let us give some useful definitions.

Definition 1. A cone P is a subset of real Banach space E such that:
(i) P is closed, nonempty and P # {0},
(ii) ifa, b are non-negative real numbers and x,y € P, then ax + by € P;
(iii) PN (—P) = {0}.

For a given cone P C E, the partial ordering < with respect to P is defined by x < y if and
only if y — x € P. The notation x < y stands for y — x € intP where intP denotes the interior
of P. Also we will use x < y to indicate that x < y and x # y. The cone P is called normal if
there is a number M > 0 such that forall x,y € E,0 < x < y implies that || x || < M || y ||
The least positive number satisfying the above is called the normal constant of P. The cone P
is called regular if every increasing (decreasing) sequence which is bounded above (below) is
convergent. It is known that every regular cone is normal.

Definition 2 ([8]). Let X be a non empty set and let E be a real Banach space equipped with the
partial ordering < with respect to the cone P C E. Suppose that the mappingd : X x X — E
satisties the following conditions:

(i) 0 <d(x,y) forallx,y € X andd(x,y) = 0 ifand only if x = y;
(ii) d(x,y) = d(y, x) forall x,y € X;
(iii) d(x,y) <d(x,z) +d(z,y) forallx,y,z € X.
Then d is called a cone metric on X and the pair (X, d) is called a cone metric space.
Definition 3 ([8]). Let (X, d) be a cone metric space, x € X and {x,} a sequence in X. Then

(i) {xn} converges to x whenever for every ¢ € E with 0 < c there is a natural number N
such thatd(x,, x) < c for alln > N. We denote this by lim, e X = X OF X — X;
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(ii) {x,} is a Cauchy sequence whenever for every ¢ € E with 0 < c there is a natural
number N such that d(x,, x,,) < ¢ foralln,m > N.

A cone metric space (X, d) is said to be complete if every Cauchy sequence is convergent.

Definition 4 ([4]). Let (X,d) be a cone metric space and F : X x X — X be a mapping. An
element (x,y) € X x X is said to be coupled fixed point of F if F(x,y) = x and F(y,x) = y.

Definition 5 ([3]). Let F : X xY — X and G : Y x X — Y be two mappings, then for
n>1,F'(x,y) = F(F"Y(x,y),G" (y,x)) and G"(y,x) = G(G" (y,x), F" '(x,y)) where
FO(x,y) = xand G’(y,x) =y forallx € X andy € Y.

In the next section we define FG-coupled fixed point on cone metric spaces and prove
existence and uniqueness theorems of FG-coupled fixed point for different contraction type
mappings. We consider dx : X x X =+ Eand dy : Y X Y — E, where E is a real Banach space
equipped with the partial ordering < with respect to the cone P C E with intP # .

2 MAIN RESULTS

Three main theorems on FG-coupled fixed point are investigated in this section. We define
FG-coupled fixed point in cone metric spaces as follows:

Definition 6. Let (X,dx) and (Y,dy) are cone metric spaces and F : X x Y — X and G :
Y x X — Y are two mappings. An element (x,y) € X x Y is said to be an FG-coupled fixed
pointif F(x,y) = x and G(y, x) = y.

Theorem 1. Let (X,dx) and (Y,dy) be two complete cone metric spaces. Suppose that the
mappings F : X xY — X and G : Y x X — Y satisfy the following conditions for all x,u €
X, yveY:
dx(F(x,y),F(u,v)) <kdx(x,u)+1dy(y,v), (1)
dy(G(y,x),G(v,u)) < kdy(y,v) +1dx(x,u), ()
where k,| are non negative constants with k +1 < 1. Then there exist a unique FG-coupled

fixed point.

Proof. Take xy € X and yo € Y. Construct sequences {x,} and {y,} by defining x,,;1 =
F(xn, yn) = F""1(x0,y0) and yn11 = G(yn, Xn) = G"(yo, x0) for n > 0.
We have,

dx(xp41,%n) = dx(F(xn, ¥n), F(Xp—1,Yn-1)) < kdx(xn, xy—1) +1dy(Yn, Yn-1),

and
Ay (Yn+1,Yn) = Ay(GWn, xn), G(Yn—1,Xn-1))
<k dY(yn; ]/n—l) +1 dX(xn/ xn—l)-

By adding the above inequalities we get d, < (k+1) d,,_1, where

dy = dx(Xn+1, %n) + Ay (Yn+1,Yn)-
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Continuing this process we get d, < 6 d,,_1 < 02d, o---<0"dy, where = k+1 < 1. If
do = 0 then (xg, o) is an FG-coupled fixed point. If dy # 0, then we have dy > 0.

We have for m > n, dx(xn, xm) < dx(xn, Xp1) + dx(Xn41, Xpt2) + - -+ +dx(Xm—1, xm) and
dy (Yn, Yym) < dy(Yn, Yn+1) + Ay Yn+1, Ynt2) + -+ dy(Ym—1,Ym)

ie, dX(xn; xm) + dY(yn;]/m) <d,+ dn+1 +---+ dm—l

n

S@ndo—{—@n—"—ldo—{—---—{—@m_ldog _edo
Now, for 0 < c¢ there exist r > 0 such that y < c for || y H< r. Choose a positive integer N,
91’[
such that for all n > N, H 3 do || < r, which implies T 0 dy < ¢, forn > N..

Thus dx (x,, Xm) —i—dy(yn,ym) < ¢, form > n > N Since dx(xp, xm) < dx(xn, xm) +

dy (Yn, Ym) and dy (Yn, ym) < dx(xn, Xm) +dy(Yn,Ym), {xn} and {y, are Cauchy sequences in
X and Y respectively. By the completeness of X and Y there exist (x,y) € X x Y such that

limy,—y00 X, = x and lim, 00 ¥, = y. ie, for all 0 < c there exist N’ such that dx (x,, x) < % for

all n > N’ and there exist N” such that dy (y,,y) < % foralln > N”. Take N = max{N’, N"'}.
We have

dx(F(x,y),x) <dx(F(x,y),xn41) +dx(xn41,%) = dx(F(x,y), F(xn,yn)) + dx(xn41, X)

< kdx(x,xn) +1dy(y,yn) +dx(xnsn,x) ks +15 45 < ¢

Thus F(x,y) = x. Similarly we get G(y, x) = .
Now we prove the uniqueness of FG-coupled fixed point. Let (x,y) # (x,y’) € X x Y such
that F(x/,y') = x’ and G(v/, ") = y'. Then we have,

dx(x,x") = dx(F(x,

)
dy(y,y') = dy(G(y, x)
ie, dx(x,x') +dy(y,y'

JE(X,y)) < kdx(x,x")+1dy(y,y') and
Gy, x')) < kdy(y,y') +1dx(x,x')
) < (k+1) [dx(x, ) +dy (y,y")] <dx(x,x") +dy(y,y").

This is not possible. So x = x” and y = y’. Hence the proof. O

Example 1. Let X = [0,00) and Y = (—00,0]. Let E = Ck with || x |=|| x ||lo + || ¥’ || and

P={x€E:x(t) >0,t € [0,1]}. Define cone metricd : X x X — E by d(x,y) = |x —y|¢

where ¢ : [0,1] — R such that ¢(t) = ¢': see [15] Consider the mappings F : X x Y — X and
—4 —4

G:Y x X — Y defined as F(x,y) = a Z Y and G(y,x) = % Clearly F and G satisty all

the conditions given in Theorem 1, and it is easy to see that (0,0) is a unique FG-coupled fixed
point.

Corollary 1 ([4, Theorem 2.2]). Let (X,d) be a complete cone metric space. Suppose that the
mapping F : X x X — X satisfies the following contractive condition for all x,y,u,v € X:

A(F(x,y), F(u,0)) < kd(x,u) +1d(y,0), ©)

where k and | are non negative constants with k +1 < 1. Then F has a unique coupled fixed
point.
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Corollary 2 ([4, Corollary 2.3]). Let (X,d) be a complete cone metric space. Suppose that the
mapping F : X x X — X satisfies the following contractive condition for all x,y,u,v € X:

A(F(x,y), Fu,0)) < & [d(xw) +d(y,0)], @

where k € [0,1). Then F has a unique coupled fixed point.

Theorem 2. Let (X,dx) and (Y,dy) be two complete cone metric spaces. Suppose that the
mappings F : X XY — X and G : Y x X — Y satisfy the following condition for all x,u €
X, yveY:

dx(F(x,y),F(u,v)) < kdx(F(x,y),x) +1dx(F(u,0),u), )

Ay (G(y,x), G(o,u)) < kdy(G(y,x),) + 1 dy(G(o,u),0), 6)

where k,| are non negative constants with k +1 < 1. Then there exist a unique FG-coupled
tixed point.

Proof. As in the proof of previous theorem construct sequences {x,} and {y,} defined by
Xni1 = F(xn,yn) = F"™ 1 (x0,90), Yni1 = G(yn, xn) = G"1(yo, x0) for n > 0. Then we have

dx (xps1, %) = dx (F(xn,yn), F(xn—1,Yyn-1)) < kdx(F(xn,yn), xn) +1dx(F(xp-1,Yn-1), Xn—1)
=k dX(xn—i—lr xn) +1 dX(xn; xn—l)-

Therefore dx (x,11,x) < ﬁ dx(xn, xy—1). Similarly dy(y,+1,yn) < 1% Ay (Yn, Yn—1)-
Repeating this process we get, dx (x,+1, x,) < 6" dx(x1,x0) and dy (Vu+1,yn) < 0" dy(y1,Y0),
where § = 11Tk

If x; = xp and y; = Yo, then the result follows. Otherwise for m > n consider,

Pl

dX(xn; xm) < dX(xn; xn—i—l) + dX(xn—HI xn+2) + -+ dX(xm—ll xm)
< 8" dx(x1,x0) + 0" dx(x1,x0) + -+ - + 6™ dx (%1, x0)
SN
<
—1-6

dx (x1, x0).

This implies that {x, } is a Cauchy sequence in X. Similarly we can prove that {y, } is a Cauchy
sequence in Y. Now by the completeness of the spaces X and Y, there exist (x,y) € X x Y
such that lim, e x;, = x and lim,_,« ¥y, = y. Hence for all 0 < ¢ there exist N’ such that

7(1 _3k> ¢ for all n > N’ and there exist N” such that dy (y,,y) < w for all

n> N".
Therefor we have

dx(F(x,y),x) < dx(F(x,y), xnr41) + dx (xnr 11, %) = dx(F(x,y), F(xn, ynr)) + dx (xnr41, %)
< kdx(F(x,y),x) +1dx(F(xn, yn), xnr) + dx (xnr 41, %)
< kdx(F(x,y),x) + 1 [dx(xnr11, %) +dx (x, xn0)] + dx (xnr41, %)

Thus

I+1 l I+1)c lc
1_kdX(xN’-i-l/x)‘i'mdx(xN/,x)<<( 3> _}_? < c.

dx(F(x,y),x) <
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Hence we have F(x,y) = x. Similarly, G(y, x) = y. If (x, y) is another FG-coupled fixed point,
then we have

dx(x,x') = dx(F(x,y), F(x',y')) < kdx(F(x,y),x) + 1 dx(F(x',y'), x')
=kdx(x,x)+1dx(x',x") = 0.

Thus x = x’. Similarly y = 1. Hence the proof. O

Corollary 3 ([4, Theorem 2.5]). Let (X,d) be a complete cone metric space. Suppose that the
mapping F : X x X — X satisties the following contractive condition for all x,y,u,v € X:

d(F(x,y),F(u,v)) <kd(F(x,y),x)+1d(F(u,v),u), 7)

where k and | are non negative constants with k +1 < 1. Then F has a unique coupled fixed
point.

Corollary 4 ([4, Corollary 2.7]). Let (X,d) be a complete cone metric space. Suppose that the
mapping F : X x X — X satisfies the following contractive condition for all x,y,u,v € X:

d(F(x,y), F(u,0)) < g [d(F(x, y), x) +d(F(u,v),u)], (8)

where k € [0,1). Then F has a unique coupled fixed point.

Theorem 3. Let (X,dx) and (Y,dy) be two complete cone metric spaces. Suppose that the
mappings F : X xY — X and G : Y x X — Y satisfy the following conditions for all x,u €
X, yveY:

dx(F(x,y),F(u,v)) <kdx(F(x,y),u)+1dx(F(u,v),x) )

dy(G(y,x),G(v,u)) <kdy(G(y,x),v) +1dy(G(v,u),y), (10)
wherek, | € [0,%). Then there exist a unique FG-coupled fixed point.

Proof. By defining x,,+1 = F(xy, yn) and y,+1 = G(Yn, X») as in the above theorems, we con-
struct sequences {x, } and {y, }. Now we have,

dx(xXp+1,%n) = dx(F(xn,yn), F(xu—1,Yn-1)) < kdx(F(xn,yn), xn—1) + 1 dx(F(Xpn—-1,Yn-1), Xn)
= kdx(Xp41, %n—1) +1dx(xn, xn) <k [dx(Xp41,X0) +dx (%0, X4-1)].

k - k
Thus dx (%41, Xn) < 1% dx(xn, xy—1). Similarly dy (y,411, yn) < % Ay (Yn, Yn—1)- Repeat-
ing this way we get

dx (X1, xn) < 0" dx(x1, x0)

and )
dY(ynHryn) <" dy(yl,yo), where § = %

In the similar lines of Theorem 2 see that the sequences {x,} and {y,} are Cauchy sequences
in X and Y respectively. Since (X,dx) and (Y,dy) are complete, there exist (x,y) € X x Y
such that lim,_c X, = x and lim,_,e ¥y = y. Hence for all 0 < ¢ there exist N’ such that

(1-K
2

1—k
dx(xn, x) < € forall n > N’ and there exist N” such that dy (y,,y) < % for all

n> N".
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Thus we have

dx(F(x,y),x)

IN

F(x,y), xnr41) +dx (xnr 41, %)

F(x,y), F(xn, ynr)) + dx (xnr41, %)

dx (F(x,y), xnr) + 1dx (F(xnr, ynr), x) + dx (xnr 41, %)
[dx (F(x,y),x) +dx(x, xn/)] + Ldx (xnr 41, %) + dx (N7 41, X)
k I+1 ke (I+1)c

1_kdX(xN/,x)+de(xN/+l,x) < 7‘{' )

x(
x(

d
d
k
k

IA A

IN

ie, dx(F(x,y), x) <c.

Hence we get F(x,y) = x. Similarly G(y,x) = y. If (x,y) # (x',y) is another FG-coupled
fixed point, then we have

dx(x,x") = dx(F(x,y), F(x',y')) < kdx(F(x,y),x') + 1 dx(F(x',y'), x)
=kdx(x,x") +1dx(x',x) = (k+1) dx(x',x) < dx(¥, x).

This is not possible. Thus x = x’. Similarly y = y. Hence the proof. O

Corollary 5 ([4, Theorem 2.6]). Let (X,d) be a complete cone metric space. Suppose that the
mapping F : X x X — X satisties the following contractive condition for all x,y,u,v € X:

d(F(x,y),F(u,v)) <kd(F(x,y),u) +1d(F(u,v),x), (11)

where k and | are non negative constants with k +1 < 1. Then F has a unique coupled fixed
point.

Corollary 6 ([4, Corollary 2.8]). Let (X,d) be a complete cone metric space. Suppose that the
mapping F : X x X — X satisfies the following contractive condition for all x,y,u,v € X:

k
d(F(x,y), F(u,0)) < 5 [d(F(x,y), u) +d(F(u,0),x)], (12)
wherek € [0,1). Then F has a unique coupled fixed point.
Remark 1. If F = G and X = Y in Theorems 1, 2 and 3, then we get Corollaries 1, 3 and 5

respectively. In addition to this, if k and | are equal in Theorems 1, 2 and 3 then we get the
corollaries 2, 4 and 6 respectively.
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Konuermiss FG-cnapeHoi dpikcoBaHOI TOUKH, sIKa BBeA€HA HEAABHO, € y3araAbHEHHSIM CllapeHol
dixcoBaHOI TOUKH, 110 BBeAeHa ryo i AaxmmikanramoM. Touka (x,y) € X x X Ha3MBaeThbCsI CIia-
peHoo dpikcoBaHO TOUKOIO BiaobpaxkerHs F : X x X — X sixmo F(x,y) = xi F(y,x) = y, e
X HeTIOPOXXHSI MHOXMHA. Y 11iif craTTi My BBoAMMO FG-criapeHy (pikcoBaHY TOUKY Y KOHIUHMX Me-
TPUUHMX IIPOCTOpax AASI Biaobpaxenb F : X XY — XiG : Y x X — Y Ta BCTaHOBAIOEMO AesIKi
Teopemu Ipo FG-crapeHy ¢ikcoBaHy TOUKY AASI Pi3HMX BiAOOpa’keHb, SIK OT BiAOOpakeHHS CTU-
CKYIOUOTO THITy, BiroOpakeHHs Ty Kanana Ta YaTepxi. Yci 11i TeopeMm cTOCYIOTBCSI €AMHOCTI
FG-cnapenoi dpikcoBanoi Touky. Haiili pe3yAbTaTi y3araAbHIOTh KiAbKa Pe3yAbTaTiB, B OCHOBHOMY
pesyabratn CabeTxaprama Ta iH., TPO TeOpeMN IPO CHapeHy piKcoBaHY TOUKY AAS Pi3HMX THUIIB
CTMCKYIOUMX BiaoOpaxkeHb. TakoX HaBeA€HO IPUKAAA AASI TOTO, MIOH MPOIAIOCTPYBaTH OCHOBHY
TeopeMmy.

Kntouosi cnosa i ppasu: FG-cmapeHa dpikcoBaHa TOUKa, KOHIUYHMI MeTPUIHMIL IIPOCTip, Biao6pa-
JKeHHSI CTUCTKYIOUOTO THUITY.



