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WIMAN’S INEQUALITY FOR ANALYTIC FUNCTIONS IN D × C WITH RAPIDLY

OSCILLATING COEFFICIENTS

Let A2 be a class of analytic functions f represented by power series of the from

f (z) = f (z1, z2) =
+∞

∑
n+m=0

anmzn
1 zm

2

with the domain of convergence T = {z ∈ C
2 : |z1| < 1, |z2| < +∞} such that ∂

∂z2
f (z1, z2) 6≡ 0

in T and there exists r0 = (r0
1, r0

2) ∈ [0, 1) × [0,+∞) such that for all r ∈ (r0
1, 1) × (r0

2,+∞) we

have r1
∂

∂r1
lnM f (r) + ln r1 > 1, where M f (r) = ∑

+∞
n+m=0 |anm|rn

1 rm
2 . Let K( f , θ) = { f (z, t) =

∑
+∞
n+m=0 anme2πit(θn+θm) : t ∈ R} be class of analytic functions, where (θnm) is a sequence of pos-

itive integer such that its arrangement (θ∗k ) by increasing satisfies the condition

θ∗k+1/θ∗k ≥ q > 1, k > 0.

For analytic functions from the class K( f , θ) Wiman’s inequality is improved.
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1 INTRODUCTION

In this paper we consider some analog of the classical inequality of A.Wiman (in this re-

gard, see [1–7]) for the class A2
0 of analytic functions f represented by power series of the form

f (z) = f (z1, z2) =
+∞

∑
n+m=0

anmzn
1 zm

2 , z = (z1, z2) ∈ C
2, (1)

with the domain of convergence T = D × C = {z ∈ C2 : |z1| < 1, |z2| < +∞}. Let A2
1 be the

class of functions f ∈ A2
0 such that

∂

∂z2
f (z1, z2) 6≡ 0 (2)

in T, A2
2 be the class of functions f ∈ A2

0 there exists r0 = (r0
1, r0

2) ∈ T:=[0, 1)× [0,+∞) such

that for all r ∈ (r0
1, 1)× (r0

2,+∞) we have

r1
∂

∂r1
lnM f (r) + ln r1 > 1, M f (r) :=

+∞

∑
n+m=0

|anm|r
n
1 rm

2 (3)

and A2 = A2
1 ∩A2

2.
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Proposition 1. 1. If f ∈ A2
0 \A

2
1 then for every δ > 0 there exists a set E = E f (δ) := E1 × [1, r0

2],
∫

E1∩[r
0
1,1)

d ln r1 < +∞, such that for all r ∈ T \ E the inequlity

M f (r) ≤
µ f (r)

(1 − r)1+δ
ln1/2+δ µ f (r)

1 − r
, µ f (r) := max{|anm|r

n
1 rm

2 : n, m ≥ 0}, (4)

holds.

2. If f ∈ A2
0 \
(

A2
1 ∪A2

2

)

then for all r ∈ T, M f (r) ≤ C < +∞.

Proof. 1. Remark that every function f ∈ A2
0 \ A

2
1 is the function of the form f (z) ≡ f1(z1) for

all z2 ∈ C, i.e. is identical function of z2 and analytic function of z1 ∈ D. Therefore the result

of T.Kővari (see [8, 9]) implies that inequality (4) holds for all r ∈ T \ E.

2. Further, r1
∂

∂r1
lnM f (r) = r1

d
dr1

lnM f1
(r1), where M f1

(r1) = ∑
+∞
n=0 |an0|r

n
1 . Well known

that the function r1
d

dr1
lnM f1

(r1) is nondecreasing on (0, 1). Therefore, with the denial of in-

equality (3) we obtain that the inequality r1
d

dr1
lnM f1

(r1) + ln r1 ≤ 1 for all r1 ∈ (0, 1) holds.

Hence, M f1
(r1) = O(1) (r1 → 1 − 0).

Remark 1. For the function f ∈ A2
0 \ A

2
2 similarly as in proof of 2) we obtain

lnM f (r1, r2)− lnM f (r
0
1, r2) ≤

1

2
(2 − ln r1r0

1) ln
r1

r0
1

< (1 − ln r0
1) ln

1

r0
1

,

for all (r1, r2) ∈ (r0
1, 1)× (0,+∞).

For r = (r1, r2) ∈ T and a function f ∈ A2 we denote

△r = {(t1, t2) ∈ T : t1 > r1, t2 > r2},

M f (r) = max{| f (z)| : |z1| ≤ r1, |z2| ≤ r2},

µ f (r) = max{|anm |r
n
1 rm

2 : (n, m) ∈ Z
2
+}.

We call E ⊂ T a set of asymptotically finite logarithmic measure on T (E ∈ Υ) if there exists

R ∈ T such that

νln(E ∩△R):=
∫∫

E∩△R

dr1dr2

(1 − r1)r2
< +∞,

i.e. the set E ∩△R is a set of finite logarithmic measure on T.

We note that for a function f ∈ A2 of the form f (z) = f1(z1) · f2(z2), where f1 is analytical

in D and f2 is entire function of one variable, the inequality

M f (r) ≤ M f (r) ≤
µ f (r)

(1 − r1)1+δ
ln1+δ µ f (r)

1 − r1
ln1/2+δ r2 (5)

for every r ∈ ∆r0 \ E, E = E1 × E2 ⊂ T,
∫

E1∩(0,1)

dr1

1 − r1
< +∞,

∫

E2∩(1,+∞)

dr2

r2
< +∞,

follows from classical Wiman’s inequality [6]

M f2
(r2) ≤ µ f2

(r2)(ln µ f2
(r2))

1/2 ln1/2 r2

(

r2 ∈ (r0
2,+∞) \ E2,

∫

E2∩(1,+∞)

(ln r)1/2dr

r
< +∞

)
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for entire function f2 and Kővari inequality [8]

M f1
(r1) ≤

µ f1
(r1)

(1 − r1)1+δ
ln1/2+δ µ f1

(r1)

1 − r1

(

r1 ∈ (r0
1, 1) \ E1,

∫

E1∩(0,1)

dr

1 − r
< +∞

)

for analytic in D function f1, where Mg(t) = ∑
+∞
n=0 |gn|tn, µg(t) = max{|gn|tn : n ≥ 0} and

function g(τ) = ∑
+∞
n=0 gnτn and t > 0. Moreover, νln(E ∩△R) < +∞ for every R = (R1, R2) ∈

T, R1 > 0, R2 > 0.

Inequality (5) for the class A2 is proved in [10].

Theorem 1 ( [10]). Let f ∈ A2. For every δ > 0 there exists a set E = E(δ, f ) ∈ Υ such that for

r ∈ T \ E inequality (5) holds.

None of the exponents 1 + δ of (5) can not be replaced by a number less than 1 (see [10]).

Remark 2. Remark, that inequality (5) follows from Proposition 1 also in the cases f ∈ A2
0 \

(

A2
1 ∪A2

2

)

, f ∈ A2
0 \ A

2
1, i.e., analog of Wiman’s inequality is not considered only in the case

f ∈ A2
1 \ A

2
2.

Let Ω = [0, 1] and P be the Lebesgue measure on R. We consider the Steinhaus probability

space (Ω,A, P), where A is the σ-algebra of Lebesgue measurable subsets of Ω.

Let Z = (Znm(t)) be some sequence of complex valued random variables defined in this

space. For f ∈ A2 by K( f , Z) we denote the class of random analytic functions of the form

f (z, t) =
+∞

∑
n+m=0

anmZnm(t)z
n
1 zm

2 . (6)

In the sequel, the notion “almost surely” will be used in the sense that the corresponding

property holds almost everywhere with respect to Lebesgue measure P on Ω. We say that some

relation holds almost surely in the class K( f , Z) if it holds for each analytic function f (z, t) of the

form (6) almost surely in t.

Let Z = (Znm(t)) be some sequence of random variables defined in this space. Znm(t) =

Xnm(t) + iYnm(t) such that both X = Xnm(t) and Y = Ynm(t) are real multiplicative system

(MS). For f ∈ A2 by K( f , Z) we denote the class of random analytic functions of the form

f (z, t) =
+∞

∑
n+m=0

anmZnm(t)z
n
1 zm

2 . (7)

For such functions in [11] it is proved following statement (Levy’s phenomenon).

Theorem ([11]). If f ∈ A2, and Z = (Znm(t)), Znm(t) = Xnm(t) + iYnm(t) such that X =

(Xnm(t)) and Y = (Ynm(t)) are real multiplicative systems uniformly bounded by the number

1, then for every δ > 0 almost surely in K( f , Z) there exists a set E = E( f , t, δ), E ∈ Υ, such

that for all r ∈ T \ E

M f (r, t) := max{| f (z, t)| : |z1| ≤ r1, |z2| ≤ r2} ≤
µ f (r)

(1 − r1)1/2+δ
ln1/2+δ µ f (r)

1 − r1
· ln1/4+δ r2. (8)
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In the case when R = (Rn(t)) is the Rademacher sequence, i.e. (Rn(t)) is a sequence of

independent uniformly distributed random variables on [0, 1] such that P{t : Rn(t) = ±1} =

1/2, P. Levy [12] proved that for any entire function f of one complex variable we can re-

place the exponent 1/2 by 1/4 in the classical Wiman’s inequality almost surely in the class

K( f ,R) (Levy’s fenomenon). Later P. Erdős and A. Rényi [13] proved the same result for the

class K( f , H), where H = (e2πiωn(t)) is the Steinhaus sequence, i.e. (ωn(t)) is a sequence of

independent uniformly distributed random variables on [0, 1]. This statement is true also for

any class K( f , X), where X = (Xn(t)) is multiplicative system (MS) uniformly bounded by the

number 1. That is for all n ∈ N and t ∈ [0, 1] we have |Xn(t)| ≤ 1 and

for all 1 ≤ i1 < i2 < · · · < ik : M(Xi1 Xi2 · · · Xik
) = 0,

where Mξ is the expectation of a random variable ξ ( [14, 15]). The same holds for Z = (Zn),

Zn = Xn + iYn, and X = (Xn), Y = (Yn) are both MS.

In the spring of 1996 during the report of P. V. Filevych at the Lviv seminar of the theory

of analytic functions professors A. A. Goldberg and M. M. Sheremeta posed the following

question (see [16]). Does Levy’s fenomenon take place for analogues of Wiman’s inequality for

entire functions of several complex variables?

In the papers [16, 17] we have found an affirmative answer to this question about Fenton’s

inequality [18] for random entire functions of two complex variables, in [19] about a inequality

from [21] for random entire functions of several complex variables, in [27] in the case of analytic

functions in the polydisc.

In this paper we consider the class K( f , θ) of analytic functions

f (z, t) = f (z1, z2, t) =
+∞

∑
n+m=0

anme2πiθnmtzn
1 zm

2 . (9)

Here (θnm) is a sequence of positive integer such that its arrangement (θ∗k ) by increasing {θnm :

(n, m) ∈ Z
2
+} = {θ∗k : k ∈ Z+}, θ∗k+1 > θ∗k , satisfies the condition (θ is Hadamard sequence)

θ∗k+1/θ∗k ≥ q > 1, k > 0. (10)

Remark, that in the case q ≥ 2 analytic functions of the form (9) satisfy the assumptions of

previous theorem from [11], because (cos θnt), (sin θnt) are MS. But in the case q > 1 the

sequence of random variables (cos θnt)n∈Z+
need not be a MS (see [16]). So the following

question arrives naturally: does Levy’s phenomenon hold for the class K( f , θ) with f ∈ A2 and a

Hadamard sequence θ?

2 MAIN RESULT

Theorem 2. Let δ > 0, f ∈ K( f , θ) be an analytic function of the from (9) and a sequence of a

positive integer (θnm)(n,m)∈Z2
+

satisfies condition (10). Then almost surely for t ∈ R there exists

E(δ, t) ∈ Υ such that for all r ∈ T \ E we have

M f (r, t) = max
|z|=r

| f (z, t)| ≤
µ f (r)

(1 − r1)1/2+δ
ln1/2+δ µ f (r)

1 − r1
ln1/4+δ r2. (11)

Similar inequalities for entire functions of one complex variable one can find in [13, 26], for

analytic functions in the unit disc in [9], for entire functions of two variables [11, 17, 19, 20, 22,

23, 27], for analytic functions without exceptional sets [15, 24].
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3 AUXILIARY LEMMAS

Lemma 1 ([25]). Let θ = (θnm) be a sequence of integers which satisfies (10). Then for any

β > 0, l ∈ N, l ≥ 2 and {cn,m : (nm) ∈ Z
2
+} ⊂ C there exits A > 0, B > 0 such that

P

{

t : max

{∣

∣

∣

∣

∣

l

∑
n+m=0

cnmeinψ1eimψ2 e2πiθnmt

∣

∣

∣

∣

∣

: ψ ∈ [0, 2π]2
}

≥ AβSl ln1/2 l

}

≤
B

lβ
, (12)

where S2
l = ∑

l
n+m=0 |cnm|2.

Lemma 2 ([10]). Let δ > 0 and h : R2
+ → R+ be an increasing function on each variable such

that
+∞
∫

1

+∞
∫

1

du1du2

h(u1, u2)
< +∞.

Then there exists a set E ⊂ T of asymptotically finite logarithmic measure such that for all

r ∈ T\E we have

∂

∂r1
lnM f (r) ≤

1

1 − r1
h
(

lnM f (r), ln r2

)

,
∂

∂r2
lnM f (r) ≤

1

r2(1 − r1)δ

(

lnM f (r)
)1+δ

. (13)

Lemma 3. There exits set E ∈ Υ such that for all r ∈ T \ E we have

+∞

∑
n+m=0

(n + m)|anm |r
n
1 rm

2 ≤
µ f (r)

(1 − r1)2+δ
ln2+3δ µ f (r)

(1 − r1)
ln3/2+3δ r2.

Proof. Let h(r) = (r1r2)
1+δ. Then by Lemma 2, there exist set E ∈ Υ such that for all r ∈ T \ E1

we have

∂

∂r1
lnM f (r) =

1

M f (r)

+∞

∑
n+m=0

n|anm|r
n−1
1 rm

2 =
1

r1M f (r)

+∞

∑
n+m=0

n|anm|r
n
1 rm

2

≤
1

1 − r1
ln1+δ

M f (r) ln r1+δ
2

+∞

∑
n+m=0

n|anm|r
n
1 rm

2 ≤
r1

1 − r1
M f (r) ln1+δ

M f (r) ln r1+δ
2

≤
1

1 − r1
M f (r) ln1+δ

M f (r) ln r1+δ
2

+∞

∑
n+m=0

m|anm|r
n
1 rm

2 ≤
r2

r2(1 − r1)δ
M f (r) ln1+δ

M f (r)

≤
1

(1 − r1)δ
M f (r) ln1+δ

M f (r)
+∞

∑
n+m=0

(n + m)|anm|r
n
1 rm

2 ≤
2M f (r)

1 − r1
ln1+δ

M f (r) ln1+δ r2.

By Theorem 1 we obtain for all r ∈ T \ E2

+∞

∑
n+m=0

(n + m)|anm|r
n
1 rm

2 ≤
µ f (r)

(1 − r1)2+δ
ln1+δ µ f (r)

1 − r1
ln1/2+δ r2 ln1+2δ µ f (r)

1 − r1
ln1+2δ r2

≤
µ f (r)

(1 − r1)2+δ
ln2+3δ µ f (r)

1 − r1
ln3/2+3δ r2.
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Proof of Theorem 2. For k, m ∈ Z+ and l ∈ Z such that k > −l we denote

Gkl =
{

r = (r1, r2) ∈ T : k ≤ ln
1

1 − r1
≤ k + 1, l ≤ ln µ f (r) ≤ l + 1

}

,

Gklm =
{

r = (r1, r2) ∈ Gkl : m ≤ ln r2 ≤ m + 1
}

, G+
kl =

+∞
⋃

i=k

+∞
⋃

j=l

Gij.

Remark that the set

E0 =
{

r ∈ T : ln
1

1 − r1
+ ln µ f (r) < 1

}

=
{

r ∈ T :
µ f (r)

1 − r1
< e
}

∈ Υ,

because there exists r0 such that E0 ∩ ∆r0 = ∅. By Lemma 3 for all r ∈ T\E1 we have

∑
n+m≥d

|anm|r
n
1 rm

2 ≤ ∑
n+m≥d

n + m

d
|anm|r

n
1 rm

2 ≤
1

d

+∞

∑
n+m=0

(n + m)|anm |r
n
1 rm

2

≤
1

d

µ f (r)

(1 − r1)2+δ
· ln2+3δ µ f (r)

1 − r1
ln3/2+3δ r2 ≤ µ f (r),

(14)

where d = d(r) = e2+δ

(1−r1)2+δ · ln2+3δ µ f (r)

1−r1
ln3/2+3δ r2.

Let G∗
kl = Gkl \ E2, I = {(i; j) : G∗

ij 6= ∅}, E2 = E0 ∪ E1 ∪

(

⋃

(i,j) 6∈I Gij

)

. Then #I = +∞. For

(k, l) ∈ I we choose a sequence r(k,l) ∈ G∗
kl such that M f (r

(k,l)) = min
r∈G∗

kl

M f (r). So, for all r ∈ G∗
kl

we get

1

e
µ f (r

(k,l)) ≤ µ f (r) ≤ eµ f (r
(k,l)),

1

e

1

1 − r
(k,l)
1

≤
1

1 − r1
≤ e

1

1 − r
(k,l)
1

,

1

e2

µ f (r
(k,l)

1 − r
(k,l)
1

≤
µ f (r)

1 − r1
≤

e2µ f (r
(k,l))

1 − r
(k,l)
1

(15)

and also
⋃

(k,l)∈I G∗
kl =

⋃

(k,l)∈I Gkl \ E2 =
⋃+∞

k,l=1 Gkl \ E2 = T \ E2. Denote Nkl = [2d1(r
(k,l))],

where

d1(r) =
e2+δ

(1 − r1)2+δ
· ln2+3δ e2µ f (r)

1 − r1
ln3/2+3δ(er2).

For r ∈ G∗
kl we put

WNkl
(r, t) = max

{∣

∣

∣

∣

∣

∑
n+m≤Nkl

anmrn
1 rm

2 ein1ψ1+in2ψ2+2πiθnmt

∣

∣

∣

∣

∣

: ψ ∈ [0, 2π]2
}

.

For a Lebesgue measurable set G ⊂ G∗
kl and for (k, l) ∈ I we denote νkl(G) = meas(G)

meas(G∗
kl)

, where

meas denotes the Lebesgue measure on R2.

Remark that νkl is a probability measure defined on the family of Lebesgue measurable

subsets of G∗
k ( [19]). Let Ω =

⋃

(k,l)∈I G∗
kl and for all i, j ∈ Z+ ki, li,j : (ki, li,j) ∈ I, ki < ki+1,
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li,j < li,j+1. For Lebesgue measurable subsets G of Ω we denote

ν(G) = 2k0

+∞

∑
i=0

(

1

2ki

(

1 −

(

1

2

)ki+1−ki
)

×
Ni

∑
j=0

2li,0

2li,j

(

1 −
(

1
2

)li,j+1−li,j
)

1 −
(

1
2

)li,Ni+1
+li,0

νki+1li+1,j+1
(G ∩ G∗

k j+1li+1,j+1
)









,

where Ni = max{j : (ki, lij) ∈ I}. Remark that νk j+1lj+1
(G∗

k j+1lj+1
) = ν(Ω) = 1.

Thus ν is a probability measure, which is defined on measurable subsets of Ω. On [0, 1]×Ω

we define the probability measure P0 = P ⊗ ν, which is a direct product of the probability

measures P and ν. Now for (k; l) ∈ I we define

Fkl = {(t, r) ∈ [0, 1]× Ω : WNkl
(r, t) > ASNkl

(r) ln1/2 Nkl},

Fkl(r) = {t ∈ [0, 1] : WNkl
(r, t) > ASNkl

(r) ln1/2 Nkl},

where S2
Nkl

(r) = ∑
Nkl
n+m=0 |anm|2r2n

1 r2m
2 and A is the constant from Lemma 1 with β = 1. Using

Fubini’s theorem and Lemma 1 with cnm = anmrn
1 rm

2 and β = 1, we get for (k, l) ∈ I

P0(Fkl) =
∫

Ω

(

∫

Fkl(r)

dP

)

dν =
∫

Ω

P(Fkl(r))dν ≤
1

Nkl
ν(Ω) =

1

Nkl
.

Note that Nkl >
1

(1−r
(k,l)
1 )2+δ

ln2+3δ µ f (r
(k,l))

1−r
(k,l)
1

ln3/2+3δ r
(k,l)
2 ≥ e2k(l + k)3. Therefore

∑
(k,l)∈I

P0(Fkl) ≤
+∞

∑
k=1

+∞

∑
l=−k+1

1

e2k(l + k)3
< +∞.

By Borel-Cantelli’s lemma the infinite quantity of the events {Fkl : (k, l) ∈ I} may occur

with probability zero. So,

P0(F) = 1, F =
+∞
⋃

s=1

+∞
⋃

m=1

⋂

k≥s, l≥m
(k,l)∈I

Fkl ⊂ [0, 1]× Ω.

Then for any point (t, r) ∈ F there exist k0 = k0(t, r) and l0 = l0(t, r) such that for all k ≥ k0,

l ≥ l0, (k, l) ∈ I we have WNkl
(r, t) ≤ ASNkl

(r) ln1/2 Nkl .

So, ν(F∧(t)) = 1 (see [19]).

For any t ∈ F1( [19]) and (k, l) ∈ I we choose a point r
(k,l)
0 (t) ∈ G∗

kl such that

WNkl
(r

(k,l)
0 (t), t) ≥

3

4
Mkl(t), Mkl(t)

def
= sup{WNkl

(r, t) : r ∈ G∗
kl}.

Then from νkl(F∧(t) ∩ G∗
kl) = 1 for all (k, l) ∈ I it follows that there exists a point r(k,l)(t) ∈

G∗
kl ∩ F∧(t) such that |WNkl

(r
(k,l)
0 (t), t)− WNkl

(r(k,l)(t), t)| < 1
4 Mkl(t) or

3

4
Mkl(t) ≤ WNkl

(r
(k,l)
0 (t), t) ≤ WNkl

(r(k,l)(t), t) +
1

4
Mkl(t).
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Since (t, r(k,l)(t)) ∈ F, from inequality (3) we obtain

1

2
Mkl(t) ≤ WNkl

(r(k,l)(t), t) ≤ ASNkl
(r(k,l)(t)) ln1/2 Nkl .

Now for r(k,l) = r(k,l)(t) we get

S2
Nkl

(r(k,l)) ≤ µ f (r
(k,l))M f (r

(k,l)) ≤
µ2

f (r
(k,l))

(1 − r
(k,l)
1 )1+δ

ln1+δ µ f (r
(k,l))

1 − r
(k,l)
1

ln1/2+δ r
(k,l)
2 .

So, for t ∈ F1 and all k ≥ k0(t), l ≥ l0(t), we obtain

SN(r
(k,l)) ≤ µ f (r

(k,l))

(

1

1 − r
(k,l)
1

ln
µ f (r

(k,l))

1 − r
(k,l)
1

√

ln r
(k,l)
2

)1/2+δ/2

. (16)

It follows from (15) that d1(r
(k,l)) ≥ d(r) for r ∈ G∗

kl. Then for t ∈ F1, r ∈ F∧(t) ∩ G∗
kl,

(k, l) ∈ I, k ≥ k0(t), l ≥ l0(t) we get

M f (r, t) ≤ ∑
n+m≥2d1(r(k,l))

|anm|r
n
1 rm

2 + WNkl
(r, t) ≤ ∑

n+m≥2d(r)

|anm|r
n
1 rm

2 + Mkl(t).

Finally for t ∈ F1, r ∈ F∧(t) ∩ G∗
kl , l ≥ l0(t) and k ≥ k0(t) we obtain

M f (r
(k,l), t) ≤ µ f (r

(k,l)) + 2ASNkl
(r(k,l)) ln1/2 Nkl

≤ µ f (r
(k,l)) + 2Aµ f (r

(k,l))

(

1

1 − r
(k,l)
1

ln
µ f (r

(k,l))

1 − r
(k,l)
1

)1/2+δ/2

ln1/4+δ r
(k,l)
2

× ln

(

2e2+δ

(1 − r
(k,l)
1 )2+δ

· ln2+3δ e2µ f (r
(k,l))

1 − r
(k,l)
1

ln3/2+3δ(er
(k,l)
2 )

)

,

M f (r, t) ≤
µ f (r)

(1 − r1)1/2+δ
· ln1/2+δ µ f (r)

1 − r1
ln1/4+δ r2.

(17)

Therefore inequality (17) holds almost surely (t ∈ F1, P(F1) = 1) for all

r ∈
(

⋃

(k,l)∈I

(G∗
kl ∩ F∧(t)) ∩ G+

kl

)

\E∗ = (T ∩ G+
kl ) \ (E

∗ ∪ G∗ ∪ E1) = T \ E2,

where G+
kl =

⋃+∞
i=k

⋃+∞
j=l Gkl , E2 = E1 ∪ G∗ ∪ E∗, G∗ =

⋃

(k,l)∈I(G
∗
kl \ F∧(t)).

It remains to remark that ν(G∗) satisfies ν(G∗) = ∑(k,l)∈I(νkl(G
∗
kl)− νkl(F∧(t))) = 0. Then

for all (k, l) ∈ I we obtain

νkl(G
∗
kl \ F∧(t)) =

meas(G∗
kl \ F∧(t))

meas(G∗
kl)

= 0, meas(G∗
kl \ F∧(t)) =

∫∫

G∗
kl\F∧(t)

dr1dr2

(1 − r1)r2
= 0.
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Нехай A2 клас аналiтичних функцiй f вигляду

f (z) = f (z1, z2) =
+∞

∑
n+m=0

anmzn
1 zm

2

з областю збiжностi T = {z ∈ C
2 : |z1| < 1, |z2| < +∞} таких, що ∂

∂z2
f (z1, z2) 6≡ 0 в T i iснує

r0 = (r0
1, r0

2) ∈ [0, 1) × [0,+∞) таке, що для всiх r ∈ (r0
1, 1) × (r0

2,+∞) маємо r1
∂

∂r1
lnM f (r) +

ln r1 > 1, де M f (r) = ∑
+∞
n+m=0 |anm|rn

1 rm
2 . Нехай K( f , θ) = { f (z, t) = ∑

+∞
n+m=0 anme2πit(θn+θm) : t ∈

R} — клас аналiтичних функцiй, де (θnm) — послiдовнiсть додатних цiлих чисел така, що її

впорядкування (θ∗k ) за зростанням задовольняє умову

θ∗k+1/θ∗k ≥ q > 1, k > 0.

Для аналiтичних функцiй з класу K( f , θ) уточнено нерiвнiсть типу Вiмана.

Ключовi слова i фрази: нерiвнiсть типу Вiмана, аналiтичнi функцiї вiд декiлькох компле-

ксних змiнних.


