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THE NONLOCAL PROBLEM FOR THE 2n DIFFERENTIAL EQUATIONS WITH

UNBOUNDED OPERATOR COEFFICIENTS AND THE INVOLUTION

We study a problem with periodic boundary conditions for a 2n-order differential equation
whose coefficients are non-self-adjoint operators. It is established that the operator of the prob-
lem has two invariant subspaces generated by the involution operator and two subsystems of the
system of eigenfunctions which are Riesz bases in each of the subspaces. For a differential-operator
equation of even order, we study a problem with non-self-adjoint boundary conditions which are
perturbations of periodic conditions. We study cases when the perturbed conditions are Birkhoff
regular but not strongly Birkhoff regular or nonregular. We found the eigenvalues and elements
of the system V of root functions of the operator which is complete and contains an infinite num-
ber of associated functions. Some sufficient conditions for which this system V is a Riesz basis are
obtained. Some conditions for the existence and uniqueness of the solution of the problem with
homogeneous boundary conditions are obtained.
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1 INTRODUCTION

The theory of differential equations with an unbounded operator coefficient was initiated
by Hill and Yosida where the first theorems on the existence of the Cauchy problem solution
for a linear homogeneous differential equation with respect to a function with values in a
Banach space were obtained. Among works on this subject should be noted works of Kato T. ,
Krein S.G., Mizohata S., Phillips R.S.

The boundary value problems for linear differential-operator equations are used in the
simulation of boundary value problems for differential equations with partial derivatives, in
particular, in the study of nonlocal problems. Significant results concerning the theory of
boundary value problems for differential-operator equations were obtained in the papers of
Vishik M.I., Boehner M., Gorbachuk V.I. and Gorbachuk M.L., Dezin O.O., Dubinsky Yu.V.,
Kochubei A.N., Lions J.-L., Mamedov K.S., Romanko V.K., Shakhmurov Veli B., Triebel Kh.,
Yakubov S., Yurchuk N.Yu.

During recent years the number of publications with the use of an involution operator in
various sections of the theory of ordinary differential equations (see [2, 8–10, 12, 13, 15, 16]),
partial differential equations (see [1, 7, 11, 14, 17, 18]) and differential equations with operator
coefficients (see [3–6]) increased significantly.

In our article we will use the following notations. Let H be a separable Hilbert space and
A : D(A) ⊂ H → H be the closed unbounded linear operator with the discrete spectrum
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σ(A) ≡ {zk ∈ R, zk = α(k)γ, α, γ > 0, k = 1, 2, . . . }. We denote by V(A) ≡ {vk ∈ H : k =
1, 2, . . . } the system of the eigenfunctions of A which forms a Riesz basis in H, by W(A) ≡
{wm ∈ H : m = 1, 2, . . . } the biorthogonal system of the functions in the sense of equalities
(vk, wm; H) = 0, k 6= m, (vk, wk; H) = 1, k, m = 1, 2, . . .; H(As) ≡ {h ∈ H : Ash ∈ H},
s ≥ 0. Let H1 ≡ L2((0, 1), H) and Dx : H1 → H1 is a strong derivative in the space H1;
∥

∥

∥

u(x+△x)−u(x)
△x − Dxu; H1

∥

∥

∥
→ 0,△x → 0. Denote by H2 ≡ {u ∈ H1 : D2n

x u ∈ H1, A2nu ∈ H1};

by [H] the algebra of the bounded linear operators B : H → H. Denote by H0 ≡ L2(0, 1);
let I be the operator of the involution in the space H0, Iy(x) ≡ y(1 − x), and let E be the
identity transformation in H0, pj ≡ 1

2(E + (−1)j I) are the orthoprojectors in the space H0,

H0,j ≡ {y ∈ H0 : y ≡ pjy}, j = 0, 1. Let us denote by W2n (0, 1) ≡ {y ∈ H0 : y(m) ∈ C[0, 1],

m = 0, 2n − 1, y(2n) ∈ H0}, by W∗ the space of the continuous linear functionals on the space
W2n(0, 1) and by W∗

j ≡ {l ∈ W∗ : ly = 0, y ∈ H2,1−j
⋂

W2n(0, 1)}; j = 0, 1.

We consider the following boundary problem

Lw ≡ (− 1)n D2n
x w(x) + A2nw(x)

+
n

∑
s=1

as

(

D2s−1
x w(x) + D2s−1

x w(1 − x)
)

= f (x), x ∈ (0, 1),
(1)

ℓjw ≡ D
2j−1
x w(0)− D

2j−1
x w(1) + l1

j w = ϕj, (2)

ℓn+jw ≡ D
2j−2
x w(0)− D

2j−2
x w(1) = ϕn+j, (3)

where

ℓ
1
j w ≡

mj

∑
r=0

(bj,r,0Dr
xw(0) + bj,r,1Dr

xw(1)), j = 1, 2, . . . , n. (4)

The function w is called the solution of the problem (1)–(4) if

‖Lw − f ; H1‖ = 0, ‖ljw − ϕj; H
(

Aβj

)

‖ = 0,

βn+j = 2n − 2j +
3

2
, βj = 2n − max(mj, 2j − 1)− 1

2
,

aj, bj,r,s ∈ R, r = 0, 1, . . . , mj ≤ 2n − 1, s = 0, 1, j = 1, 2, . . . , n.

The paper is arranged as follows. In Section 2 we investigate the properties of the operator of

problem with periodic conditions for the equation (−1)ny(2n) = λy. In Section 3 we study the
spectral properties of the operator of a problem with boundary conditions that are periodic
perturbations. In Sections 4 we construct a commutative group of operators that map the root
functions of the operators of perturbed boundary-value problems. In Section 5 using these
operators, systems of root functions of boundary-value problem operators are constructed and
conditions for the completeness and basis property of these systems are established. In Sec-
tion 6 some analogous results are obtained for the operators of boundary problems generated
by differential equations with an involution.

2 A SPECTRAL PROBLEM WITH PERIODIC BOUNDARY CONDITIONS FOR A

DIFFERENTIAL-OPERATOR EQUATION

Consider the partial case of the problem (1)–(4) with aj = 0, bj,r,s = 0, r = 0, 1, . . . , mj,
s = 0, 1, j = 1, 2, . . . , n, namely

(− 1)n D2n
x u(x) + A2nu(x) = f (x), x ∈ (0, 1), (5)

ℓ0,ju ≡ D
2j−1
x u(0)− D

2j−1
x u(1) = 0, (6)

ℓ0,n+ju ≡ D
2j−2
x u(0)− D

2j−2
x u(1) = 0, j = 1, 2, . . . , n. (7)
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Let L0 be the operator of the problem (5)–(7),

L0u ≡ (−1)n D2n
x u + A2nu, u ∈ D(L0), D(L0) ≡ {u ∈ H2 : l0,ju = 0, j = 1, 2, . . . , 2n}.

Consider the spectral problem

(− 1)n D2n
x u(x) + A2nu(x) = λu(x), λ ∈ C, (8)

ℓ0,ju ≡ u(2j−1)(0)− u(2j−1)(1) = 0, j = 1, 2, . . . , 2n. (9)

We find the solution of the spectral problem (8), (9) as the product u(x) = y(x)vk , vk ∈ V(A),
k = 1, 2, . . . .

To determine the unknown function y ∈ W2n(0, 1) we obtain the spectral problem

(− 1)n y(2n)(x) + z2n
k y(x) = λy(x), λ ∈ C, (10)

ℓ0,jy ≡ y(2j−1)(0)− y(2j−1)(1) = 0, j = 1, 2, . . . , n, (11)

ℓ0,n+jy ≡ y(2j−2)y(0)− y(2j−2)(1) = 0, j = 1, 2, . . . , n. (12)

Let L0,k be the operator of the problem (10)–(12),

L0,ky ≡ (−1)ny(2n) + z2n
k y, y ∈ D(L0,k), D(L0,k) ≡ {y ∈ W2n(0, 1) : l0,jy = 0, j = 1, 2n}.

The roots ρj of the characteristic equation (−1)nρ2n = λ − z2n
k of the differential equation

(− 1)n y(2n)(x) + z2n
k y(x) = λy(x), (13)

are defined by the relations

ρj = ωjρ, ω1 = i, ωj = i exp

(

i
π(j − 1)

2n

)

, j = 2, 3, . . . , n.

The fundamental system of the solutions of the differential equation (13) is defined by the
formulas

Yj(x, ρ) ≡ 1

2
(exp ωjρx + exp ωjρ(1 − x)) ∈ H2,0, j = 1, 2, . . . , n, (14)

Yn+j(x, ρ) ≡ 1

2
(exp ωjρx − exp ωjρ(1 − x)) ∈ H2,1, j = 1, 2, . . . , n. (15)

Substituting the general solution

y(x, ρ) =
2n

∑
s=1

CsYs(x, ρ)

of the differential equation (13) into the boundary conditions (11), (12) we obtain the equation
for determination the eigenvalues of the operator L0,k

∆(ρ) = det(lrYj)
2n
r,j=1 = 0. (16)

By substituting the functions (14), (15) in the boundary conditions (11), (12), we obtain
l0,rYn+j = 0, l0,n+rYj = 0, j, r = 1, 2, . . . , n. Therefore ∆(ρ) = ∆0(ρ)∆1(ρ) = 0, where
∆s(ρ) = det(lsn+rYsn+j)

n
r,j=1, s = 0, 1.

The operator L0,k is self-adjoint (see [15]). Therefore the solutions of the equation (16) are
ρq = 2qπi, q = 0, 1, 2, . . . , which are numbered in ascending order and lie on the half-line
Imρ = 0, Reρ ≥ 0.

Thus, the operator L0,k has eigenvalues λq,k = (ρq)2n + z2n
k , q = 0, 1, . . . . We obtain the

following result.
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Lemma 2.1. The self-adjoint operator L0,k has a point spectrum

σ (L0,k) =
{

λq ∈ R : λq = (2πq)2n + z2n
k , q = 0, 1, . . .

}

and a system of eigenfunctions

V (L0,k) ≡
{

vq (x) ∈ L2 (0, 1) : v0 (x) = 1, v2q (x) ≡
√

2 cos 2πqx,

v2q−1 (x) ≡
√

2 sin 2πqx, q = 1, 2, . . .
}

,

which is an orthonormal basis of the space H0.

Remark 2.1. The systems

V0 (L0,k) ≡
{

v2q (x) : q = 0, 1, . . .
}

, V1 (L0,k) ≡
{

v2q−1 (x) : q = 1, 2, . . .
}

form an orthonormal basis in spaces H0,0 and H0,1, respectively.

Therefore, the operator L0 has the following eigenfunctions in the space H1

V(L0) ≡
{

vq,k(x, L0) ∈ H1 : vq,k(x, L0) ≡ vq(x)vk , q = 0, ∞, k = 1, ∞
}

.

A system of functions {hs}∞
s=1 ⊂ H is called a Riesz basis in a Hilbert space H , if {hs}∞

s=1 is
complete in the space H, and for any orthonormal basis {es}∞

s=1 ⊂ H there exists an isomor-
phism B : H → H, Bes = hs, s = 1, 2, . . . .

The product of a system V(A) and an orthonormal system V(L0,k) is the Riesz basis (see [9])
in the space H1. Thus, the following theorem is true.

Theorem 1. The operator L0 has a discrete spectrum

σ(L0) ≡
{

λq,k ∈ R : λq,k ≡ ρ2n
q + z2n

k , k = 1, ∞, q = 0, ∞
}

,

and the system of the eigenfunctions V(L0) forms the Riesz basis in the space H1.

Let us consider the functions

yr

(

x, ρq

)

≡ 1
2 (1 + eωrρq)−1

(

eωrρqx + eωrρq(1−x)
)

,

y1

(

x, ρq
)

≡ 1
2 (1 − 2x) sin ρqx, r = 2, 3, . . . , n, q = 1, 2, . . . ,

(17)

and determine the square matrix

B0,p

(

x, ρq
)

≡ (β0
p,s)

n
p,s=1

of the order n according to the following: the row with number p is determined by the elements
of the system (17) β0

p,s

(

x, ρq

)

≡ ys

(

x, ρq

)

and the other lines by the formulas β0
j,s

(

x, ρq

)

≡
(ωs)

2j−1 with j 6= p, j, s = 1, 2, . . . , n.
We denote the determinant of the matrix B0,p

(

x, ρq

)

by y1,p

(

x, ρq

)

.
Substituting the determinant into conditions (11), (12), we obtain

l0,ry1,p = 0, r 6= p, l0,py1,p = (ρq)2p−1h(i)Wn , (18)
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where the Vandermonde determinant Wn is constructed by the numbers

1, (ω2)
2 , . . . , (ωn)

2 , h (i) = (−i)n−1 i, i =
√
−1, r = 1, . . . , 2n, m = 1, 2, . . . , n.

Consider the functions y2,p

(

x, ρq

)

≡ (h(i)Wn)−1 y1,p

(

x, ρq

)

, p = 1, 2, . . . , n.
From the relation (18) we obtain

l0,ry2,p = 0, r 6= p, l0,py2,p =
(

ρq

)2p−1
, p, r = 1, 2, . . . , n. (19)

Similarly, let us consider the system of functions

yn+r

(

x, ρq

)

≡ 1
2 (1 − ewrρq)−1

(

ewrρqx − ewrρq(1−x)
)

,

yn+1

(

x, ρq

)

≡ 1
2 (1 − 2x) cos ρqx, r = 2, 3, . . . , n, q = 1, 2, . . . ,

(20)

and a square matrix

B1,r

(

x, ρq

)

≡ (β1
p,s)

n
p,s=1

of the order n which rows are determine by following: the row with number r is determined by
the elements of the system (20) β1

r,s

(

x, ρq
)

≡ yn+s
(

x, ρq
)

and the other lines by the equalities

β1
j,s

(

x, ρq

)

≡ (ωs)
2j−2 , j 6= r, r, s = 1, 3, . . . , n.

We denote the determinant of the matrix by y1,n+r

(

x, ρq
)

.
Substituting it into conditions (11), (12), we get

l0,jy1,n+r = 0, j 6= n + r, l0,n+ry1,n+r = Wn
(

ρq

)2r−2
. (21)

Let us define the functions y2,n+r

(

x, ρq

)

≡ (Wn)−1 y1,n+r

(

x, ρq

)

, r = 1, 2, . . . , n.
Taking the relation (21) for the functions y2,n+r(x, pq) into account, we obtain

l0,jy2,n+r = 0, j 6= n + r, l0,n+ry2,n+r =
(

ρq

)2r−2
, j = 1, . . . , 2n, r = 1, 2, . . . , n.

Remark 2.2. There exist positive numbers K0, K1 such that

K1 ≤ ‖y2,j(x, ρq); H0‖ ≤ K2 < ∞, j = 1, 2, . . . , 2n, q = 1, 2, . . . . (22)

Here Ks, s ∈ N, are positive constants.

3 NONLOCAL BOUNDARY VALUE PROBLEM

For the differential-operator equation (5) and an arbitrary fixed p ∈ {1, 2, . . . , n} and b ∈ R

we consider the boundary value problem

ℓ1,ju ≡ D
2j−1
x u(0)− D

2j−1
x u(1) = 0, j 6= p, j = 1, 2, . . . , n, (23)

ℓ1,pu ≡ D
2p−1
x u(0)− D

2p−1
x u(1) + l2

pu = 0, (24)

ℓ1,n+ju ≡ D
2j−2
x u(0)− D

2j−2
x u(1) = 0, j = 1, 2, . . . , n, (25)

with
ℓ

2
pu ≡ b(D

2p−1
x u(0) + D

2p−1
x u(1)) = 0, b ∈ R. (26)
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We will use following notations. Let L1 be the operator of the problem (5), (23)–(26) and L1u ≡
(−1)nD2n

x u(x) + A2nu(x), u ∈ D(L1), D(L1) ≡ {u ∈ H2 : l1,ru = 0, r = 1, 2n}.
We find the solution of the spectral problem (8), (23)–(26) as the product u(x) = y(x)vk ,

vk ∈ V(A), k = 1, 2, . . . .
To determine the unknown function y ∈ W2n(0, 1) we consider the spectral problem

(− 1)n y(2n)(x) + z2n
k y(x) = λy(x), λ ∈ C, (27)

ℓ1,jy ≡ y(2j−1)(0)− y(2j−1)(1) = 0, j 6= p, j = 1, 2, . . . , n, (28)

ℓ1,py ≡ y(2p−1)(0)− y(2p−1)(1) + l2
py = 0, (29)

l1,n+jy ≡ y(2j−2) (0)− y(2j−2) (1) = 0, j = 1, 2, . . . , n, (30)

with
l2
py ≡ b

(

y(2p−1) (0) + y(2p−1) (1)
)

. (31)

Let L1,k ≡ L1,k,p be the operator of the problem (27)–(31) and

L1,ky ≡ (−1)ny(2n)(x) + z2n
k y(x), y ∈ D(L1,k), D(L1,k) ≡ {y ∈ W2n(0, 1) : l1,jy = 0, j = 1, 2n}.

Let V (L1,k) be the system of root functions of the operator L1,k, let R(L1,k) ≡ E + S(L1,k) be
the operator which maps the system V (L0,k) into the system V(L1,k).

Theorem 2. For any b ∈ R, p ∈ {1, 2, . . . , n}, the operator L1,k has the point spectrum σ (L0,k)
and the system of root functions V (L1,k) forms a Riesz basis in H0.

Proof. We will show that eigenvalues of the operators L0,k and L1,k coincide.
We substitute the fundamental system (14), (15) for the solutions of the differential equation

(27) into the boundary conditions (28)–(31). Using l2
pyn+j(x, ρ) = 0, j, p = 1, n, we obtain the

same equations for determination the spectrum

det(l1,jyr(x, ρ))2n
j,r=1 = det(l1,jyr(x, ρ))n

j,r=1 det(l1,n+jyn+r(x, ρ))n
j,r=1.

Let us define elements of the system V (L1,k) .
It is easy to see that v2q(x) ∈ D (L1,k), L1,kv2q (x) = λqv2q (x), q = 0, 1, 2, . . . . Hence

v2q (x, L1,k) ≡ v2q (x) , q = 0, 1, . . . . (32)

We define the root functions of the operator L1,k as

v2q−1 (x, L1,k) ≡ v2q−1 (x) + cb,py2,p

(

x, ρq

)

. (33)

Substituting (33) into the boundary condition (29) and taking the equality (19) into account,

we obtain cb,p = −
√

2b,

v2q−1 (x, L1,k) ≡ v2q−1 (x)−
√

2by2,p

(

x, ρq

)

, q = 1, 2, . . . . (34)

Thus, the operator L1,k has a system of root functions (32)–(34) in the sense of equalities

L1,kv2q−1 (x, L1,k) = λq,kv2q−1 (x, L1,k) + ξb,qv2q (x, L1,k) ,

ξb,q = −4
√

2bn
(

ρq

)2n−1
, L1,kv2q (x, L1,k) = λq,kv2q (x, L1,k) , q = 1, 2, . . . .

Given the regularity according to Birkhoff (see [15]) of boundary conditions (28)–(31) we
obtain that the system V(L1,k) is complete and minimal in the space H0.
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Let Wn−1 be the Vandermonde determinant constructed by elements ω2
2, ω2

3, . . . , ω2
n;

let R1 ≡ E + S1 be the operator which maps the system V (L0) into the system V1 and ele-
ments of this system are

v2q−1,1 (x) ≡ (1 −
√

2
−1

Wn(h(i)Wn−1)−1b(1 − 2x))v2q−1(x),

v0,1(x) ≡ v0(x), v2q,1(x) ≡ v2q(x), q = 1, 2, . . . .
(35)

Lemma 3.1. The system V1 forms a Riesz basis in H0.

Proof. For an arbitrary function ϕ ∈ H0 we have

ϕ = ϕ0v0 (x) +
∞

∑
q=0

(

ϕ2qv2q (x) + ϕ2q−1v2q−1 (x)
)

∈ H0,

‖ϕ; H0‖2 = |ϕ0|2 +
∞

∑
q=1

(

∣

∣ϕ2q

∣

∣

2
+

∣

∣ϕ2q−1

∣

∣

2
)

< ∞,

consider the function

ϕ1 = R1 ϕ = ϕ0v0,1(x) +
∞

∑
q=1

(

ϕ2qv2q,1(x) + ϕ2q−1v2q−1,1(x)
)

,

‖R1 ϕ; H0‖2 ≤ K3‖ϕ; H0‖2, K3 = 2
(

1 + |Wn(Wn−1)−1b|2
)

.

Therefore ‖R1; [H0]‖2 ≤ K3 < ∞, R1 ≡ E + S1 ∈ [H0], R−1
1 ≡ E − S1 ∈ [H0]. Taking into

account the Bari Theorem (see [9]), we obtain the following statement: the system V1 forms the
Riesz basis in H0.

Therefore, the operator L1 has the following system of root functions in the space H1

V(L1) ≡
{

vq,k(x, L1) ≡ vq(x, L1,k) vk ∈ H1 : q = 0, ∞, k = 1, ∞
}

.

Remark 3.1. The operator L1 has a system of root functions in the means of equalities

L1v2q−1,k (x, L1) = λq,kv2q−1,k (x, L1) + ξb,qv2q,k (x, L1) ,

ξb,q = −4
√

2bn
(

ρq

)2n−1
, q, k = 1, 2, . . . ,

L1v2q,k (x, L1) = λq,kv2q,k (x, L1) , q = 0, 1, . . . , k = 1, 2, . . . .

Theorem 3. For any fixed numbers p ∈ {1, 2, . . . , n}, b ∈ R, the system V(L1) is the Riesz
basis of the space H1.

Proof. Let R(L1,k) ≡ E + S(L1,k) : V(L0,k) → V(L1,k), let pk be a projection in H, pky ≡
(y, wk(A); H)vk, R(L1) ≡

∞

∑
k=1

R(L1,k)pk.

From the definition of the operator R(L1) = E+ S(L1) it follows that R−1(L1) = E− S(L1).
Therefore the system V(L1) is complete and minimal in the space H1. Taking into ac-

count the representations of the elements of the system V(L1,k) and Theorem 2, we obtain
‖R(L1); [H1]‖ ≤ K4‖R(L1,k); [H0]‖ < ∞.

Taking into account the Bari Theorem (see [9]), we obtain the following statement: the
system V1 forms the Riesz basis in H1.
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4 TRANSFORMATION OPERATORS

For any k ∈ N, p ∈ {1, 2, . . . , n}, we define the operator Bp : H0 → H0 as the operator
whose eigenvalues coincide with eigenvalues of the operator L0,k, and the root functions are
defined by

v2s(x, Bp) ≡ v2s(x), v2q−1(x, Bp) ≡ v2q−1(x) + cq(Bp)y2,p(x, ρq), (36)

where cq(Bp) ∈ R, s = 0, 1, . . . , q = 1, 2, . . . .
The operator which maps the system V(L0,k) into the system V(Bp) of the root functions of

the operator Bp is denoted by R(Bp) ≡ E+ S(Bp), where S(Bp) : H0,0 → H0,1, S(Bp) : H0,1 → 0.
We denote by G0,p(L0,k) ≡ {R(Bp)} such that the root functions of the operator Bp are

defined by the equalities (36), and G0,p,c(L0,k) ≡ G0,p(L0,k) ∩ [H0].

Remark 4.1. Using that S(Bp) : H0,0 → H0,1, S(Bp) : H0,1 → 0 we obtain S2
(

Bp
)

= 0,

R−1(Bp) ≡ E − S
(

Bp

)

.
Consequently, the operator R(Bp) has a dense domain in the space H0 and the system of

root functions is complete and minimal in H0.

Similarly, using the root functions of an adjoint operator L∗
1,k , we define the functions

w0

(

x, Bp

)

≡ v0 (x) + c0 (1 − 2x) ,

w2q

(

x, Bp

)

≡ v2q (x) + cq

(

Bp

)

y2,2n−p−1

(

x, ρq

)

, w2q−1

(

x, Bp

)

≡ v2q−1 (x) , q = 1, 2, . . . ,

and the set of operators G1,p (L0,k) ≡
{

R
(

B∗
p

)

= E + S
(

B∗
p

)

, R
(

Bp

)

∈ G0,p (L0,k)
}

.

Theorem 4. For any b ∈ R, p ∈ {1, 2, . . . , n}, the operator Bp has the point spectrum σ (L0,k)
and the system of root functions V (L1,k) forms the Riesz basis in H0 if and only if the sequence
cq

(

Bp

)

is bounded, i.e.
∣

∣cq

(

Bp

)
∣

∣ ≤ K5 < ∞, q = 1, 2, . . . .

Proof. The necessity. Let the system V
(

Bp

)

be the Riesz basis in H0, i.e. R
(

Bp

)

∈ [H0], then
S
(

Bp

)

= E − Rp (B) ∈ [H0]. From the definition of the operator Bp we have

S
(

Bp

)

v2q−1 (x) = cq

(

Bp

)

y2,p

(

x, ρq

)

, q = 1, 2, . . . .

Therefore, taking the estimate (22) into account, we obtain
∣

∣cq

(

Bp

)
∣

∣ ≤ ‖S(Bp); [H0]‖‖y2,p(x, ρq); H0‖−1 ≤ K6 < ∞,

K6 = K−1
5 ‖S(Bp); [H0]‖, q = 1, 2, . . . .

The sufficiency. The completeness of the system V
(

Bp

)

in the space H0 follows from Remark 4.1.
Let ϕ ∈ H0, ϕ = ϕ0 + ϕ1, ϕs ∈ H0,s, s = 0, 1. Then we have

ϕ = ϕ0v0 (x) +
∞

∑
q=1

(

ϕ2qv2q (x) + ϕ2q−1v2q−1 (x)
)

∈ H0,

‖ϕ; H0‖2 = |ϕ0|2 +
∞

∑
q=1

(

∣

∣ϕ2q

∣

∣

2
+

∣

∣ϕ2q−1

∣

∣

2
)

< ∞,

R
(

Bp
)

ϕ = ϕ0v0

(

x, Bp
)

+
∞

∑
q=1

(

ϕ2qv2q

(

x, Bp
)

+ ϕ2q−1v2q−1

(

x, Bp
))

∈ H0,

R
(

Bp

)

ϕ = ϕ0v0

(

x, Bp

)

+
∞

∑
q=1

(

ϕ2qv2q (x) + ϕ2q−1cq

(

Bp

) (

v2q−1 (x, L1,k)− v2q−1 (x)
))

,

‖R(Bp)ϕ; H0‖2 ≤ K7‖ϕ; H0‖2, K7 = 3
(

1 + K2
6 + K2

6‖R(L1,k); [H0]‖2
)

.
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Therefore, ‖R(Bp); [H0]‖2 ≤ K7 < ∞.

Consider equalities R
(

Bp

)

= E + S
(

Bp

)

, R−1
(

Bp

)

= E − S
(

Bp

)

. We have

R−1
(

Bp
)

= 2E − R
(

Bp
)

.

Therefore,
∥

∥R−1
(

Bp
)

; [H0]
∥

∥

2 ≤ K8 < ∞, K8 = 8 + 2K7. Taking into account the Bari
Theorem (see [9]), we obtain that the system V1 forms the Riesz basis in H0.

Suppose that Q0(I) is a set of operators R = E + S, such that S : H0,0 → H0,1, S : H0,1 → 0,
Q0,c(I) ≡ [H0]

⋂

Q0(I). Using that S2(Bp) = 0, R(Bp) ∈ G0,p(L0,k) ⊂ Q0(I) on the set Q0(I),
we can define the operation of multiplication

R1R2 ≡ (E + S1) (E + S2) = E + S1 + S2, R1, R2 ∈ Q0(I).

In particular, (E + S) (E − S) = E − S2 = E, R = E + S ∈ Q0(I).
Therefore, for each operator R = E + S ∈ Q0(I) there exists a unique inverse operator

R−1 = E − S.
According to the definition of the operator Bp and the set G0,p(L0,k) we have the inclusions

G0,p(L0,k) ⊂ Q0(I), Gc,0,p(L0,k) ⊂ Q0,c (I) , p ∈ {1, 2, . . . , n}.

Thus, the set Q0(I) is an Abelian group which contains the Abelian subgroups Qc,0 (I) ,
G0,p (L0,k) , G0,c,p (L0,k) , p ∈ {1, 2, . . . , n}. Therefore, for all operators Rj = E + Sj ∈ Q0 (I) ,
j = 1, 2 . . . , d, d ∈ N, the following equality

d

∏
j=1

Rj ≡
d

∏
j=1

(

E + Sj

)

= E +
d

∑
j=1

Sj, d ∈ N, (37)

holds.

5 NONLOCAL BOUNDARY VALUE PROBLEMS FOR A DIFFERENTIAL-OPERATOR EQUATION

5.1. For the differential-operator equation (5) and arbitrary fixed indices bp,r,s ∈ R, p ∈
{1, 2, . . . , n}, r = 0, 1, . . . , kj, s = 0, 1, j = 1, 2, . . . , n, we consider the boundary problem gener-
ated by nonlocal conditions

ℓ2,jw ≡ D
2j−1
x w(0)− D

2j−1
x w(1) = 0, j 6= p, (38)

ℓ2,pw ≡ D
2p−1
x w(0)− D

2p−1
x w(1) + l1

pw = 0, (39)

ℓ2,n+jw ≡ D
2j−2
x w(0)− D

2j−2
x w(1) = 0, j = 1, 2, . . . , n, (40)

where

ℓ
1
pw ≡

mp

∑
r=0

(bp,r,0Dr
xw(0) + bj,r,1Dr

xw(1)). (41)

Assumption P1: bp,r,0 = (−1)r+1bp,r,1, r = 0, 1, . . . , mp, j, p = 1, 2, . . . , n.
Assumption P2: mp ≤ 2p − 1, p = 1, 2, . . . , n.

Remark 5.1. Assumption P1 implies that l1
p ∈ W∗

1 , p = 1, 2, . . . , n.
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Let L2 ≡ L2,p be the operator of the problem (5), (38)–(41) and

L2u ≡ (−1)n D2n
x u(x) + A2nu(x), u ∈ D(L2), D(L2) ≡ {u ∈ H2 : l2,ju = 0, j = 1, 2, . . . , 2n}.

The solution of the spectral problem (5), (38)–(41) is defined as the product w(x) = y(x)vk ,
vk ∈ V(A), k = 1, 2, . . . .

To determine the unknown function y ∈ W2n(0, 1) we consider the spectral problem

(− 1)n y(2n)(x) + z2n
k y(x) = λy(x), λ ∈ C, (42)

ℓ2,jy ≡ y(2j−1)(0)− y(2j−1)(1) = 0, j 6= p, (43)

ℓ2,py ≡ y(2p−1)(0)− y(2p−1)(1) + l1
py = 0, (44)

ℓ2,n+jy ≡ y(2j−2)(0)− y(2j−2(1) = 0, j = 1, 2, . . . , n. (45)

Let L2,k ≡ L2,k,p be the operator of the problem (42)–(45) and

L2,ky ≡ (−1)n y(2n)(x) + z2n
k y(x),

y ∈ D(L2,k), D(L2,k) ≡ {y ∈ W2n(0, 1) : l2,jy = 0, j = 1, 2, . . . , 2n}.

Theorem 5. Suppose that the Assumption P1 holds. Then for arbitrary numbers bp,r,s ∈ R, s =
0, 1, r = 0, 1, . . . , mp, p ∈ {1, 2, . . . , n}, the following statements hold

1) the eigenvalues of the operators L0,k and L2,k coincide;
2) the system V(L2,k) is complete and minimal in the space H0 ;
3) if in addition the Assumption P2 holds, then the system V(L2,k) is the Riesz basis of the

space H0.

Proof. The proof of part 1 of the theorem can be made in the same way as in Theorem 2.
Let us define the elements of the system V(L2,k). A direct substitution gives that the func-

tion v2q(x), q = 0, 1, . . . , satisfies the conditions (43)–(45) . Therefore, the root function of the
operator L2,k with respect to the eigenvalue λq,k is defined by

v2q(x, L2,k) = v2q(x, L0,k), q = 0, 1, . . . ,

v2q−1(x, L2,k) = v2q−1(x) + cq,py2,p(x, ρq),

cq,p = −l1
p(v2q−1(x))(l2,py2,p(x, ρq))

−1, q = 1, 2, . . . .

Consequently L2,k ∈ Q0(I). If the Assumption P2 holds, then from the inequality
|l1

p,bv2q−1| ≤ K9(ρq)2p−2 we obtain the inequality

|l1
p(v2q−1(x))(l2,n+py2,p(x, ρ0,q))

−1| ≤ K10 < ∞. (46)

Taking Theorem 4 into account, we obtain the third statement of the theorem.

Therefore, the operator L2 has the following system of root functions in the space H1

V(L2) ≡
{

vq,k(x, L2) ≡ vq(x, L2,k)vk : q = 0, ∞, k = 1, ∞
}

.

Remark 5.2. The operator L2 has a system of root functions in the means of equalities

L2v2q−1,k (x, L2) = λq,kv2q−1,k (x, L2) + ξq,pv2q,k (x, L2) , (47)

ξq,p = −4
√

2(ρq)
2n−1cq,p, q, k = 1, 2, . . . , (48)

L2v2q,k (x, L2) = λq,kv2q,k (x, L2) , q = 0, 1, . . . , k = 1, 2, . . . . (49)



24 BARANETSKIJ YA.O., DEMKIV I.I., IVASIUK I.YA., KOPACH M.I.

Theorem 6. Suppose that the Assumption P1 holds. Then, for arbitrary numbers bp,r,0 ∈ R,
r = 0, 1, . . . , mp, p ∈ {1, 2, . . . , n}, the following statements hold

1) the eigenvalues of the operators L0 and L2 coincide;
2) the system V(L2) is complete and minimal in the space H1;
3) if in addition the Assumption P2 holds, then the system V(L2) forms the Riesz basis of

the space H1.

Proof. Taking Theorem 5 into account, it is possible to determine the elements of a system
W(L2,k) which is biorthogonal to the system V(L2,k) in the space H0.

Therefore, there exists W(L2) ≡ {wq,k(x, L2)wk : q = 0, 1, . . . , k = 1, 2, . . . .} which is the
biorthogonal system of functions to the system V(L2) in the space H1.

Thus the second statement of the theorem is proved.
Suppose that the Assumption P2 holds. Taking the inequalities (46) into account, we obtain

the estimate
‖R(L2); [H1]‖ ≤ K11 < ∞.

From the Bari Theorem (see [9]) we obtain the statement: the system V1 forms the Riesz basis
in H1.

5.2. Consider the spectral problem

(−1)nD2n
x w(x) + A2nw(x) = λw(x), (50)

ℓjw ≡ D
2j−1
x w(0)− D

2j−1
x w(1) + l1

j w = 0, (51)

ℓn+jw ≡ D
2j−2
x w(0)− D

2j−2
x w(1) = 0, (52)

where

ℓ
1
j w ≡

mj

∑
r=0

(bj,r,0Dr
xw(0) + bj,r,1Dr

xw(1)), j = 1, 2, . . . , n. (53)

Let L3 be the operator of the problem (50)–(53) and

L3u ≡ (−1)n D2n
x u + A2nu, u ∈ D(L3), D(L3) ≡ {u ∈ H2 : lju = 0, j = 1, 2, . . . , 2n}.

We find the solution of the spectral problem (50)–(53) as the product w(x) = y(x)vk ,
vk ∈ V(A), k = 1, 2, . . . .

To determine the unknown function y ∈ W2n(0, 1) we obtain the spectral problem

(−1)ny(2n) + z2n
k y = λy, λ ∈ C, (54)

ℓjy ≡ y(2j−1)(0) + y(2j−1)(1) + l1
j y = 0, (55)

ℓn+jy ≡ y(2j−2)(0)− y(2j−2)(1) = 0, j = 1, 2, . . . , n. (56)

Let L3,k be the operator of the problem (54)–(56);

L3,ky (x) ≡ (−1)n y(2n) (x) + z2n
k ;

y ∈ D (L3,k) ; D (L3,k) ≡
{

y ∈ W2n (0, 1) : ljy = 0, j = 1, 2, . . . , 2n
}

;

let V (L3,k) be the system of root functions of the operator L3,k.
We can prove that

v2q (x) ∈ D (L3,k) , L3,kv2q (x) = λq,kv2q (x) , q = 0, 1, . . . .
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Therefore,
v2q (x, L3,k) ≡ v2q (x) , q = 0, 1, . . . . (57)

The root functions of the operator L3,k are determined by the equalities

v2q−1 (x, L3,k) ≡ v2q−1 (x) +
n

∑
p=1

c1,q,py2,p

(

x, ρq
)

, q = 1, 2, . . . . (58)

Substituting the expression (58) into the boundary conditions (55), (56), we obtain

c1,q,p = −
√

2
mp

∑
r=0

(−1)r−2p+1 bp,r,0

(

ρq

)2+r−2p
, p = 1, 2, . . . , n, q = 1, 2, . . . . (59)

Thus, the operator L3,k has the system of root functions (57)–(59) in the means of equalities

L3,kv2q−1 (x, L3,k) = λq,kv2q−1 (x, L3,k) + ξ0
qv2q (x, L3,k) ,

ξ0
q = 2

√
2n

(

ρq
)2n−1

n

∑
p=1

cp,q, q = 1, 2, . . . ,

L3,kv2k (x, L3,k) = λq,kv2k (x, L3,k) , q = 0, 1, . . . .

Let R (L3,k) be the operator which acts as V (L0,k) → V (L3,k) . From the formulas (37), (58),
we obtain the relation

R(L3,k) =
n

∏
p=1

R(L2,k,p) = E +
n

∑
p=1

S(L2,k,p). (60)

Therefore, we have the inclusion R (L3,k) ∈ G0 (L0,k) ⊂ Q0 (I) . Thus, we obtain the following
statement.

Lemma 5.1. Suppose that the Assumption P1 holds. Then, for the any fixed bp,r,0 ∈ R, r =
0, 1, . . . , mp, p = 1, 2, . . . , n, the system V(L3,k) is complete and minimal in the space H0.

Consider the system V2 of functions

v0,2 (x) ≡ v0 (x) , v2q,2 (x) ≡ v2q (x, ) , q = 1, 2, . . . ,

v2q−1,2(x) ≡ (1 + τ2)(1 − 2x))v2q−1(x),

τ2 ≡ Wn(Wn−1)−1cb, cb ≡
n

∑
p=1

bp,2p−1,0.

Let R2 = E + S2 be the operator which acts as V (L0,k) → V2.
Using that S2 : H0,1 −→ 0, S2 : H0,0 −→ H0, we obtain that R2 ∈ Q0(I).

Lemma 5.2. Suppose that the Assumptions P1, P2 hold. Then the system V2 forms the Riesz
basis in the space H0.

The proof is carried out analogously in Lemma 3.1.

Remark 5.3. Suppose that the Assumptions P1, P2 hold. Then the following relations hold

v2q−1(x, L3,k) = v2q−1,2(x) +
n

∑
j=2

c1
j,qyj(x, ρq) + (ρq)

−1c2
q(1 − 2x))v2q−1(x), (61)

where
|c1

j,q| ≤ K12, |c2
q| ≤ K12 < ∞, q = 0, 1, . . . .

Therefore, the systems V(L3,k) and V2 are squarely close in the space H0.
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Lemma 5.3. Suppose that the Assumptions P1, P2 hold. Then, for any fixed bp,r,0 ∈ R, r =
0, 1, . . . , mp, p = 1, 2, . . . , n, the system V(L3,k) forms the Riesz basis in the space H0.

The statement follows from Lemma 5.1, Lemma 5.2, Remark 5.4 and the Bari Theorem
(see [9]).

Theorem 7. Suppose that the Assumption P1 holds. Then, for any bp,r,0 ∈ R, r = 0, 1, . . . , mp,
r, p = 1, 2, . . . , n, the following assertions are true

1) the eigenvalues of the operators L0,k and L3,k coincide;
2) the system V(L3,k) is complete and minimal in the space H0;
3) if in addition the Assumption P2 holds, then the system V(L3,k) forms the Riesz basis of

the space H0.

Proof. The proof of part 1 of the theorem follows from Theorem 3, the second statement follows
from Lemma 5.1 and the third statement follows from Lemma 5.3.

Let

V(L3) ≡
{

vq,k(x, L3) ≡ vq(x, L3,k)vk ∈ W1 : q = 0, ∞, k = 1, ∞
}

forms the system of the root functions of the operator L3. Let

W(L3,k) ≡
{

wq,k(x, L3) ∈ H1 : q = 0, ∞
}

be the biorthogonal system of functions to the system V(L3,k) in the space H0. Let

W(L3) ≡
{

wq,k(x, L3) ≡ wq(x, L3,k)wk ∈ H1 : q = 0, ∞, k = 1, ∞
}

,

be the biorthogonal system of functions to the system V(L3) in the space W1 and R(L3) be the
operator which acts as V (L0) → V (L3) .

Theorem 8. Suppose that the Assumption P1 holds. Then, for all numbers bp,r,0 ∈ R,
r = 0, 1, . . . , mp, p = 1, 2, . . . , n, the following assertions are true

1) the eigenvalues of the operators L0 and L3 coincide;
2) the system V(L3) is complete and minimal in the space H1;
3) if in addition the Assumption P2 holds, then the system V(L3) forms the Riesz basis of

the space H1.

Proof. The proof of part 1 and 2 of the theorem follows from Theorem 7. Taking the relations
(60), (61) into account we obtain the equality

R(L3) ≡
n

∏
j=1

R(L2,j) ≡
n

∏
j=1

(

E + S(L2,j)
)

= E +
n

∑
j=1

S(L2,j). (62)

Let Assumptions P1 and P2 hold. Then from the equality (62) and the assertion 3 of Theo-
rem 7 we obtain

R(L3) ∈ [H1], R(L3)
−1 = E − S(L3) ∈ [H1].

Therefore, the system V(L3) forms the Riesz basis of the space H1.

Remark 5.4. The operator L3 has the system of root functions in the means of the equalities

L3v2q−1,k(x, L3) = λq,kv2q−1,k(x, L3) + ξ0
q,kv2q,k(x, L3),

ξ0
q,k = 2

√
2τ2n

(

ρq

)2n−1
n

∑
p=1

cp,q, q = 1, 2, . . . ,

L3v2q,k(x, L3) = λq,kv2q−1,k(x, L3), q = 0, 1, . . . .
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We consider the system of functions

V3 ≡
{

vq,k,3(x) ∈ H1 : vq,k,3(x) ≡ vq,1(x)vk , q = 0, ∞, k = 1, ∞
}

.

Remark 5.5. The systems V(L3) and V3 are squarely close in the space H1.

6 THE SPECTRAL BOUNDARY VALUE PROBLEM FOR A DIFFERENTIAL-OPERATOR EQUATION

WITH INVOLUTION

Consider the spectral problem

(−1)nD2n
x u + A2nu +

n

∑
s=1

as

(

D2s−1
x u(x) + D2s−1

x u(1 − x)
)

= λu, (63)

ℓju ≡ D
2j−1
x u(0)− D

2j−1
x u(1) + l1

j u = 0, (64)

ℓn+ju ≡ D
2j−2
x u(0)− D

2j−2
x u(1) = 0, (65)

with

ℓ
1
j u ≡

mj

∑
r=0

(bj,r,0Dr
xu(0) + bj,r,1Dr

xu(1)), j = 1, 2, . . . , n. (66)

Let L be the operator of the problem (63)–(66) and

Lu ≡ (−1)n D2n
x u + A2nu +

n

∑
s=1

as

(

D2s−1
x u(x) + D2s−1

x u(1 − x)
)

;

u ∈ D(L), D(L) ≡ {u ∈ H2 : lju = 0, j = 1, 2, . . . , 2n}.

We can prove that

Lv2q−1,k(x, L3) = λq,kv2q−1,k(x, L3) + ξ1
qv2q,k(x, L3), q = 1, 2, . . . ,

ξ1
q,k = ξ0

q,k + 2
√

2τ2

n

∑
j=1

(−1)j−1aj

(

ρq

)2j−1
(−4j + 2), q = 1, 2, . . . ,

Lv2q,k(x, L3) = λq,kv2q−1,k(x, L3), q = 0, 1, . . . .

Consequently, V(L) ≡ V(L3) and the following theorem is true.

Theorem 9. Suppose that the Assumption P1 holds. Then for the any numbers bp,r,0, aj ∈
R, r = 0, 1, . . . , mp, j, p = 1, 2, . . . , n we have 1) the eigenvalues of the operators L0 and L
coincide;

2) the system V(L) of the root functions of the operator L is complete and minimal in the
space H1 .

3) if in addition the Assumption P2 holds, then the system V(L) forms the Riesz basis in
the space H1.

Let

f =
∞

∑
k=1

∞

∑
q=0

fq,kvq,k(x, L), fq,k = ( f , wq,k(x, L); H1).

Remark 6.1. From the definition of the Riesz basis of Hilbert space and the third statement of
Theorem 9 for any f ∈ H1 we obtain the relation

K13‖ f ; H1‖2 ≤
∞

∑
k=1

∞

∑
q=0

| fq,k|2 ≤ K14‖ f ; H1‖2. (67)
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7 THE BOUNDARY VALUE PROBLEM WITH HOMOGENEOUS CONDITIONS WITH INVOLUTION

We consider the following boundary problem

(−1)nD2n
x w + A2nw +

n

∑
s=1

as

(

D2s−1
x w(x) + D2s−1

x w(1 − x)
)

= f , (68)

ℓjw ≡ D
2j−1
x w(0)− D

2j−1
x w(1) + l1

j w = 0, (69)

ℓn+jw ≡ D
2j−2
x w(0)− D

2j−2
x w(1) = 0, (70)

where

ℓ
1
j w ≡

mj

∑
r=0

(bj,r,0Dr
xw(0) + bj,r,1Dr

xw(1)), j = 1, 2, . . . , n. (71)

Let W(L) be a biorthogonal system of functions from V(L) in the space H1.

Theorem 10. Suppose that the Assumption P1 holds. Then for arbitrary numbers bp,r,0, aj ∈ R,
r = 0, 1, . . . , mp, j, p ∈ {1, 2, . . . , n}, and function f ∈ H1 there exists a unique solution of the
problem (68)–(71).

Proof. The solution of the problem (68)–(71) can be determined by the relation

w =
∞

∑
k=1

∞

∑
q=0

wq,kvq,k(x, L). (72)

Substituting the relations (67), (72) into the equation (68) we obtain

w2q−1,k = λ−1
q,k f2q−1,k, w2q,k = λ−1

q,k f2q,k − λ−2
q,k ξ1

q,k f2q−1,k, q, k = 1, 2, . . . .

Therefore,

|w2q−1,k|2 ≤ K15| f2q−1,k|2, (73)

|w2q,k|2 ≤ K16(| f2q−1,k |2 + | f2q,k|2), q, k = 1, 2, . . . . (74)

Taking the assumption f ∈ H1 and the inequalities (67) into account we obtain that
‖w; H1‖ ≤ K17‖ f ; H1‖, w ∈ H1.

Consider the function h1 ≡ A2nw

h1 =
∞

∑
k=1

( f0,kv0,k(x, L) +
∞

∑
q=1

(z2n
k λ−1

q,k f2q−1,kv2q−1,k(x, L)

+ (z2n
k λ−1

q,k f2q,k − λ−2
q,k z2n

k ξ1
q,k f2q−1,k)v2q,k(x, L))).

(75)

Taking the assumption f ∈ H1 and the inequalities (67) into account we obtain that
‖h1; H1‖ ≤ K18‖ f ; H1‖, h1 ∈ H1.

Consider the function h2 ≡ (−1)nD2n
2 w

h2 =
∞

∑
k=1

∞

∑
q=1

(ρ2n
q λ−1

q,k f2q−1,kv2q−1,k(x, L)

+ (ρ2n
q λ−1

q,k f2q,k − 2ρ2n
q λ−2

q,k ξ1
q,k f2q−1,k)v2q,k(x, L)).

(76)

From the equalities (76) we get ‖h2; H1‖ ≤ K19‖ f ; H1‖, h2 ∈ H1.
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Consider the function h3 =
n

∑
s=1

as(D2s−1
x w(x)− D2s−1

x w(1 − x))

h3 = 2
∞

∑
k=1

∞

∑
q=1

n

∑
j=1

aj(−1)j−1ρ
2j−1
q (λ−1

q,k f2q,k − λ−2
q,k ξ1

q,k f2q−1,k)v2q−1,k(x, L). (77)

Taking the assumption f ∈ H1 and the equalities (77) into account we obtain that

‖h3; H1‖ ≤ K20‖ f ; H1‖.

From the definition of the space H2, inequalities (75)–(77) and Cauchy’s inequality we get

‖w; H2 ≤ K21‖ f ; H1‖ < ∞, K21 = 3(max(K2
17, K2

18, K2
19))

1
2 .

Thus w ∈ H2.
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Баранецький Я.О., Демкiв I.I., Iвасюк I.Я., Копач М.I. Нелокальна задача для диференцiально-
операторного рiвняння порядку 2n з необмеженими операторними коефiцiєнтами з iнволюцiєю //
Карпатськi матем. публ. — 2018. — Т.10, №1. — C. 14–30.

Вивчається нелокальна крайова задача для диференцiально-операторного рiвняння пар-
ного порядку, який мiстить оператор iноволюцiї. Дослiджується задача з перiодичними кра-
йовими умовами для диференцiального рiвняння, коефiцiєнти якого є несамоспрженими опе-
раторами. Встановлено, що оператор задачi має два iнварiантнi пiдпростори, породженi опе-
ратором iнволюцiї та двi пiдсистеми системи власних функцiй, якi є базисами Рiсса в кожно-
му з пiдпросторiв. Для диференцiально-операторного рiвняння парного порядку вивчається
задача з несамоспряженими крайовими умовами, якi є збуреннями перiодичних умов. Ви-
вчено випадки, коли збуренi умови є регулярними, але не сильно регулярними за Бiркгофом
та нерегулярними за Бiркгофом. Визначено власнi значення i елементи системи кореневих
функцiй V оператора задачi, яка є повною та мiстить нескiнченне число приєднаних функцiй.
Отримано достатнi умови, при яких система V є базисом Рiсса. Визначено умови iснування та
єдиностi розв’язку задачi з однорiдними крайовими умовами, який побудовано у виглядi ряду
за системою V.

Ключовi слова i фрази: оператор iнволюцiї, диференцiально-операторне рiвняння, власнi
функцiї, базис Рiсса.


