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ON APPROXIMATION OF HOMOMORPHISMS OF ALGEBRAS OF ENTIRE
FUNCTIONS ON BANACH SPACES

It is known due to R. Aron, B. Cole and T. Gamelin that every complex homomorphism of the
algebra of entire functions of bounded type on a Banach space X can be approximated in some
sens by a net of point valued homomorphism. In this paper we consider the question about a
generalization of this result for the case of homomorphisms to any commutative Banach algebra A.
We obtained some positive results if A is the algebra of uniformly continuous analytic functions on
the unit ball of X.
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INTRODUCTION

Let X be a complex Banach space and Hj,(X) be the algebra of entire functions of bounded
type on X, that is, H,(X) consists of all analytic functions on X which are bounded on all
bounded sets. It is known that H,(X) is a Fréchet algebra with respect to the following family
of norms

Ifll- = sup [f(x)], f € Hy(x),
x| <r

where r is taken over the set of positive rational numbers. We denote by M, the spectrum
of Hy(X), that is, the set of all continuous complex valued homomorphisms of Hy(X). My is
a topological space endowed with the Gelfand topology which is the weakest topology such
that all mappings f(¢) := ¢(f) are continuous. Typical examples of elements in M, are point
evaluation functionals 6y, x € X which are defined by dx(f) = f(x), f € Hp(X).

In [1] it was proved that for every complex homomorphism ¢ € M, there exists a net

(x) C X such that ¢(P) = liorcn P(xy) for every P € P(X), where P(X) is the algebra of all

continuous polynomials on X. This property was used for investigations of spectrain [8, 9, 6, 3].
Our task is to generalize this formula in the case of homomorphisms from H,(X) to some
commutative Banach algebra A.

Let A be a complex commutative Banach algebra and A ® X be the complete projective
tensor product of A and X. Every element of A ®, X can be represented by the form 7 =
Y ar @ xx, where a, € A, x; € X.
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For every f € Hy(X) let us define a function f : A ®, X — A so that foreverya € A ®x X,
f(a) is the “value” of f at @ in the means of functional calculus for analytic functions on a
Banach spaces ([5]). Then the mapping f + f is a homomorphism between algebras H;(X)
and (Hy(A @, X), A). For every fixed @ we define 6;(f) = f(@) and 0 is a homomorphism
from Hy(X) to A (see also [7, 10]).

The article is motivated by the following general question: under which conditions for an
arbitrary homomorphism ® from Hy,(X) to A there exists a net (ay) C A ® X such that

®(P) = lim6z(P) = lim P(a,), VP € P(X)? (1)
o o
We obtain some positive answers under assumption that X has the approximation property for

the case when A = H;..(B), where H2.(B) is the algebra of all uniformly continuous analytic
complex functions on closed unitball B := {x € X : ||x|| < 1} with norm

Ifll = sup [f(x)]-

[l€l <1
For more definitions and properties of polynomials and entire functions of bounded type
on Banach spaces we refer the reader to [4].

1 MAIN RESULTS

We consider case when A = H%.(B). Also, we suppose, first that @ is the identity mapping,
thatis, ® = I: Hy(X) — H;w(B) and I(f) is the restriction of f to B.

Our destination is to show that under some conditions there exists a net (a,) € H;(B) ®x
X such that

O(f)(x) =lim f(@) V f € Hy(X) )
for @ = I and for a more general case of ®.

Example 1. Let us consider X = C" and ® = [: H,(C") = H(C") — H$(B) = A(B).
Every element x € C" can be represented as

n
X = Z e;(x)ek/
k=1

where {¢;}}_, is a basis in C" and {e; }_, is the dual basis of the coordinate functionals. Then

n
ac AB)®,C",a= Y ef ®e, thatis
k=1

a(x) = i ep(x)ex = x.
k=1

On the other hand, in the sense of functional calculus we have:

1(F)(x) = I(f(x)) = f(x) = f (kzl ez<x>ek> —F@(x) =7 (kz 6 ® ek) (x).

Thus, for the fixed homomorphism ® = I we found an elementa and an arbitrary functions
f € A(B) and we have equality:

I(f(x)) = f(@)(x) = 0a(f) (x).

Note that in this case we need just a single A-evaluation functional 0.
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Let ® be an arbitrary homomorphism from H(C") to .A(B) such that there is an analytic
automorphism F : B — B such that ® = Cro I, where Cr is the composition operator,

Ce(f)(x) = f(F(x)), f € A(B), x € B. We set

n
=) (efoF)®er € A(B)®C".
k=1

Then &(f)(x) = f(@)(x).

This example can be generalized to the case when X has a Schauder basis. Recall that the
sequence {e, }7_; in a Banach space is called a Schauder basis of X if for any x € X there exists
a unique sequence of scalars {x,}°’ ; such that

[e ]
x=Y xpen,
n=1

and the series converges by the norm of X, that is,

n
lim Hx — Z xkekH = 0.
k=1

n—oo

We denote by e}, the coordinate functionals, e}, (x) = x;,.

Proposition 1. Let X be a Banach space with a Schauder basis, A = H3.(B), ® = I: Hy(X) —
H:2(B). Then (2) holds for a sequence a,, € H2(B) @, X.

Proof. Let {ex}; ; is a Schauder basis in X. Then every element x € X can be represented as

[ee)
= Y e;(x)ex. Consider
k=1

m m
Ay = Zeij@ek: Ze;ek.
k=1 k=1

In the sense of functional calculus we have:

ot )11 (Eon) ()

m
Since {ex}}> ; is a Schauder basis, Y- xi(ex) — x as m — co. This means that
k=1

I(f)(x) = lim f(@n)(x) = lim 0z, (f).

m—o0 mM— 00

In the general case we consider the space with the approximation property.

Definition 1. A Banach space X is said to have the approximation property in the sense of
Grothendieck if for every compact set K in X and every € > 0 there is an operator T : X — X
of finite rank such that ||Tx — x|| < ¢ for every x € K.

Theorem 1. Let X be a Banach space with the approximation property. Then for ® = I equality
(2) holds.
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Proof. Let 2 be the following set of indexes: if & € 2, then « = (K, ¢, 1), where K is a compact
setin X, e > 0 and n € IN. We introduce a partial order on 2 by the following way: a1 < a5 if
and only if K1 C Kj, &1 < ey and n7 < np. So 2 is a directed set. Since X has the approximation
property, for every a = (Ky, €4, 114) € 2 there is an operator T, with the rank n, such that for
every x € Ky, || Tox — x|| < €. (Ta)a is @ net and x = lim, T, x for every x € X.

Let {7q}2, be a basis in the range of T, in X and {7} ,};*,; € X’ be linear functionals

which are bi-orthogonal to {7k }%1- S0 Ta(x) = Y% Y 5 (X)Vka- Thus we can set

Ny

— *

B =Y Vi @ Thaw
k=1

Hence, for every f € Hy(X) B
I(f)) = lim F(@) € H2(B)
and so equality (2) holds. O

It seems to be that the approximation property is to strong condition for our purpose. Let
us consider the weak Hj, topology on X as the the restriction of the Gelfand topology on X,
that is, the weakest topology on X such that all f € Hy(X) are continuous.

Definition 2. We say that X has the Hy-approximation property if for every compact set K in the
weak Hy,(X) topology and every € > 0 there exists a finite rank operator T such that

F(T(x) —x)| <e
for every polynomial f € Hy(X) and every x € K.

Doing the same work like in Theorem 1 we can prove the following theorem.
Theorem 2. If X has the H,-approximation property, then (2) holds.

It is easy to see that every Banach space X with the approximation property has the Hy-
approximation property but we do not know about the inverse implication. Also, we do not
know any examples for which the property (2) is not true.

Let us consider (1) for more general case.

Theorem 3. Let ® be a homomorphism from Hy,(X) to H;.(B) such that there is an analytic
automorphisms F : B — B with ® = Cr o I, where Cr is the composition operator with F.
Then (2) holds.

Proof. Let

My
*
’)/k,lx & 'Yk,rx
k=1

be the net which approximate the identity map I as in the proof of Theorem 1. It enough to
put

My

Ay = Z(’Y}ia © F) ® Y,
k=1

O

Note that in the general case, not every homomorphism @ can be represented as & =
Cr o I. In [2] some related problems to the question about representation of homomorphisms
by compositions operator were considered.
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IMpmimax I'M. ITpo HabrudceHHs 2omomoppismis aneebpu yinux ¢yHkyiii Ha 6anaxosux npocmopax //
Kapmarcbxi Marem. my6a. — 2019. — T.11, Nel. — C. 158-162.

3aBasku P. Apony, b. Koyay i T. l'ameainy BiaoMO, IIT0 KOXKe€H KOMIIAEKCHMIT TOMOMOP(i3M
aArebpu miAMx PyHKII 06MeXeHOro THITy Ha 6aHaxoBOMY IpocTopi X MOXXHa HabAM3NUTH B Ae-
SIKOMY CEHCi 3a AOIIOMOTI'O0 HaIIPSIMAE€HOCTI IIOTOYKOBIMX TOMOMOPi3MiB. Y AaHIilt poboTi Mu po3-
TASIHEMO TIMTaHHSL ITPO y3araAbHEHHS IIbOTO PE3YAbTaTy AAS BUIIAAKY TOMOMOP(i3MiB 3i 3HaUeH-
HSIMI y AOBIABHIN KOMyTaTMBHIl 6aHaX0Biit arTebpi. My oTprMaAy AesiKi TO3UTUBHI pe3yAbTaTh y
BUIMAAKY KOAM A — aATebpa piBHOMIpPHO HellepepBHMX aHAAITUYHMX PYHKII Ha OAVHWYHIN KyAi
npocropy X.

Kontouosi cnoea i ppasu: aHariTvuHi PyHKII Ha baHAXOBOMY IpOCTOPi, roMoMOpdiaMmu arrebpu
aHaAITMYHMX (PYHKIIi, BAAQCTMBICTD allpOKCHMaIIii.



