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STEADY-STATE RESPONSE AND RESONANCE CONDITION 
OF BLOCK ROCK MASS ON EXTERNAL PERIODIC EXCITATION  
 

Based on the discontinuous and self-stress rock mass in depth the theory of deep 
rock mass as of a complex hierarchy of block structure is proposed. The block 
structure of rock mass steady-state response on external periodic excitation is 
studied. We get resonance equation and resonance condition of the block rock mass 
structure on external periodic excitation. The effect of local mass and stress state 
between adjacent rock blocks in block rock mass structure to the steady-state 
displacement of rock blocks are analyzed. 

 
Introduction. Deep rock mass has a complicated geological environment 

of high ground stress, high temperature and high osmotic pressure. The rock 
mass structure in deep is critical for studying of deep rock mass dynamic 
response. Russia scholar M. A. Sadovskii [16] put forward the theory of deep 
rock mass as a complex hierarchy of block structure and theory was proved 
by studying of geomechanics field. Rock mass in deep have a block structure 
with different hierarchy from crystal to rock mass, and between the adjacent 
blocks with weak mechanical characteristics, which have segmentation as 
block structure. The block structure has different self-similar hierarchy scale. 
The j -hierarchy geological rock mass has the scale j∆ : 

 0( 2) ,      0,1,2,j
j j−∆ = ∆ = … , (1) 

where 6
0 2.5 10∆ = × m. M. V. Kurlenya [9] found the phenomenon of rock 

mass signal changed alternately when rock mass have explosion effect. As a 
result based on the theory of elastic-plastic stress wave of continuum 
mechanics can not given a reasonable interpretation. M. V. Kurlenya 
conjecture, that there is a new wave called pendulum-type wave [11]. The 
production of pendulum-type wave is closely related to geological structure. 
M. A. Sadovskii [16] put forward a new viewpoint and it makes dynamic 
study of rock mass based on discontinuous and self-stress block rock mass 
structure. Today researches show that pendulum-type wave propagation in 
the discontinuous and self-stress block rock mass structure is closely related 
with rock mass dynamic response in deep [10, 12–14]. Last years theoretical 
and experimental study of pendulum-type wave achieved some progress [1–6, 
8, 15, 17]. 

This paper studies the steady-state response of rock blocks on external 
periodic excitation. We get resonance condition of the block rock mass 
structure. Steady-state response is compared on different external excitation 
frequencies. The effect of block rock mass structure parameters including 
mass and visco-elasticity between adjacent blocks to the steady-state 
displacement at the same external periodic excitation are also compared.  

1. Problem Statement and Block Rock Mass Structure Resonance 
Analysis. Deep rock mass is a system as a complex hierarchy of block 
structure in which rock blocks are nested in one another and mutually linked 
by intermediate layers composed of weaker and fractured rocks. A model 
with partings and parallel arranged elastic and damping elements is proposed 
in paper [2] as Fig. 1. In the form of chains of blocks with friable layers 
between them showed that wave propagation in such environment is 
sufficiently described by an approximation that the blocks are non-
deformable bodies. 
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Fig. 1. Model of block rock mass structure with visco-elastically linked.  

Dynamic equations of block rock mass structure at external periodic 
excitation expressed as matrix form 

 ( ) ( ) ( ) ( )M x t C x t K x t F t× + × + × =&& & , (2) 
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1[ , , ]nx x x= L  is the displacement of each block, ( ) [ ( ),0, ,0]F t f t= …  and ( )f t  

is the function of external periodic excitation. 
Reduced order of equations (2): 
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As a result, formula (3) has the form 

 ( ) ( ) ( )Ay t By t f t+ = %& , (5) 

where 
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Let be y q= Φ , in state space pendulum-type wave equations (5) can be 
decoupled into first order differential equations 
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where jλ  and jϕ  are generalized eigenvalue and generalized eigenvector of 

1 1B A− ϕ = ϕ
λ

, Φ  is a matrix comprised of generalized eigenvector jϕ , 

1,2, ,2j n= … , 1 2 2diag ( , , , )na A a a a= Φ Φ = …� . 

As a result, solution of equation (6)  

 ( ) (0) jt
j j jq t q e w

λ
= + , (7) 

where 
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0
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t
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jj

f
w e e dt q a Ay
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= = Φ∫
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(0)y  is the initial condition. Matrix form of (7) 

 (0)q dq W= + , (8) 

where  

 21 2
1 2 2diag ( , , , ),      [ , , , ]ntt t

nd e e e W w w wλλ λ= =… … � . 

As a result, 

 ( ) ( (0) )y t dq W= Φ + . (9) 

If (0) 0y = , without considering transient solution, the steady-state 

solution of (9) with external periodic excitation ( ) sin ( )f t p t= ω  as  

 ( )y t W= Φ  and 
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where ,1j
j

jj

p
A

a

⋅ Φ
= , j Cλ ∈ , 1,2, ,2j n= … , is complex frequency of the j -or-

der, ω  is the frequency of external periodic excitation. As known from 
formula (9), block rock mass structure resonance only caused by the steady-
state response at external periodic excitation. As known from formula (11), 
the resonance occurs when jλ  is a purely imaginary number and Im( )jλ = ω , 

in this case, 2 2 0jλ + ω =  and block rock mass structure resonance . We call 

equation (11) as resonance equation of block rock mass structure. There are n  
resonance frequencies in the block rock mass structure with n rock blocks. 
The displacement of block is the linear combination of jw  and arbitrary term 

of 
2

1

n

ij j
j

w
=

Φ ⋅∑  resonance can cause the block rock mass structure resonance. In 

rock engineering, when imaginary part of jλ  much more than real part and 

external periodic excitation frequency closed to imaginary part of jλ  can be 

seen as quasi-resonance. 
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Example. 
External periodic excitation ( ) sin ( )f t t= ω  and the block rock mass 

structure composed of ten blocks. The mass of each block 10jm = kg, 

1, ,10j = … , viscosity coefficient between blocks 20jc = kg/s, 1, ,10j = … ; 

elastic coefficient between blocks 51 10jk = × kg/s, 1, ,10j = … . The first term 

of steady-state displacement response in 5x  is 5,1 1wΦ and its response is 

compared on different external excitation frequency as Fig. 2. 
Complex frequencies of block rock mass structure: 

1 3.91 197.73 iω = − ± , 2 3.65 191.08 iω = ± , 3 3.25 180.16 iω = − ± , 

4 2.73 165.23 iω = − ± , 5 2.15 146.59 iω = − ± , 6 1.55 124.69 iω = − ± , 

7 1.00 99.99 iω = − ± , 8 0.53 73.07 iω = − ± , 9 0.20 44.50 iω = − ± , 

10 0.02 14.95 iω = − ± . 

Band center and bandwidth of the steady-state displacement in 
frequency domain as formula 

 
21 ( )jF d

E
ω = ω ⋅ ω ω∫  and 

1 222 ( )jF dω
 σ = ω − ω ω ω ∫( )

/
, (12) 

where 

 
2
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= ω ω ω =∫ ∫ && . 

As a result, the response in frequency domain concentrate in range of 

ωω ± σ . 

   

(a) 5,1 1wΦ  response when 198ω =  (b) frequency response corresponding (a) 

   

(c) 5,1 1wΦ  response when 178ω =  (d) frequency response corresponding (c) 
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(e) 5,1 1wΦ  response when 218ω =  (f) frequency response corresponding (e) 

Fig. 2. Steady-state displacement response of 5,1 1wΦ  in time-domain and  

frequency-domain. 

Imaginary part of the first-order complex frequency is 197.73HZ. When 
external excitation frequency 198ω =  closed to imaginary part of the first-
order complex frequency. The amplitude of 5,1 1wΦ  increased about 5 times 

compared with 178ω =  and 218ω = . In this example doesn’t appear 
resonance phenomenon because of 1λ  is not a purely imaginary number.  

From the formula (12) we get 5,1 1wΦ  frequency response, the frequency 

band center 212.07ω =  and bandwidth 9.68ωσ =  when 198ω = ; band 

center 290.63ω =  and bandwidth 15.23ωσ = , when 178ω = ; band center 

134.88ω =  and bandwidth 16.22ωσ =  when 218ω = . Band center of 

frequency response higher when 178ω =  than 198ω = , but when 218ω =  the 
band center is lower compared with 198ω = . Frequency bandwidth of 

5,1 1wΦ on another two external excitation frequencies are more than 198ω = . 

2. Block rock mass structure parameters sensitivity to steady-state 
response 
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where km  is the mass of block k , kc l  and kk l  are viscosity coefficient and 

elastic coefficient between adjacent blocks k  and l : 
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Paper [7] given sensitivity analysis of rλ , irϕ  to local mass and visco-
elasticity: 
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Inserting formula (14-a)–(14-b) and formula (15-a)–(15-f) to formula (13-a)–
(13-c) we can get the effect of local mass and visco-elasticity to steady-state 
displacement response. 

Example. 

The effect of local parameters including mass of block and visco-elasticity 
between adjacent blocks to the block steady-state displacement response on 
certain external periodic excitation ( ) sin (178 )f t t= ×  is compared. We are 

also analysis 5,1 1wΦ  when change local parameters 5 20m = kg, 4 40c = kg/s; 

5
4 0.5 10k = ⋅ kg/s2 respectively and other parameters invariant. We can 

compare the results with upper example when 178ω = . 
The variation of 5,1 1wΦ  is as Fig. 3. Amplitude of 5,1 1wΦ  decreased when 

local mass 5m  increase to two times or elasticity-coefficient 4k  decrease to 

1/2. Amplitude of 5,1 1wΦ  no changed, when local viscous-coefficient 4c  

increase to two times. Local mass and elasticity coefficient have a great 
influence to 5,1 1wΦ , compared with viscous coefficient. 

 

(a) change mass of fifth block 5 20m = kg 
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(b) change elastic coefficient  (c) change elastic coefficient  

5
4 0.5 10k = ⋅ kg/s2 4 40c = kg/s 

Fig. 3. Response of 5,1 1wΦ  when changing local parameters in block rock mass structure on 

certain external excitation frequency 178ω = . 

Conclusion. Through analysis the rock bock steady-state response on 
external periodic excitation, we know that block rock mass structure quasi-
resonance when frequency of external excitation close to imaginary part of 
the rock system complex frequency jλ , and when jλ is a purely imaginary 

number there will be resonance. In rock engineering through testing the block 
rock mass structure parameters, we can calculate complex frequency of the 
rock mass system. As a result, frequency of external excitation should avoid 
these frequencies value in theory.  

When external excitation frequency approximates the resonance 
frequency from the lower, the frequency band center of the steady-state 
response exceed to the band center caused by resonance frequency. But from 
the higher, the frequency band center is below. When change local 
parameters in block rock mass structure, complex frequency of rock block 
system corresponding changed. Local mass and elasticity coefficient have a 
great influence on steady-state displacement response compared with viscous 
coefficient .In rock mechanics and engineering when frequency of external 
excitation difficult to change, we can change local parameters to ensure the 
stability of the rock mass structure. 
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РЕАКЦІЯ СТАЦІОНАРНОГО СТАНУ ТА УМОВА РЕЗОНАНСУ 
БЛОКУ ГІРСЬКОЇ МАСИ ПРИ ЗОВНІШНЬОМУ ПЕРІОДИЧНОМУ ЗБУРЕННІ  
 
На основі моделі розривної і самонапруженої у глибині гірської маси розгляається 
теорія глибокої гірської маси як складної системи блочної структури. Вивчатья 
стаціонарний стан структури блоку гірської маси при зовнішніх періодичних 
збуреннях. Отримано рівняння резонансу структури блоку гірської маси і умови 
резонансу при зовнішньому періодичному збуренні. Аналізується вплив локальних 
мас і локального напруженого стану між сусідніми блоками породи в структурі 
блоку гірської маси як реакція на стаціонарне зміщення гірських порід. 
 
РЕАКЦИЯ СТАЦИОНАРНОГО СОСТОЯНИЯ И УСЛОВИЕ РЕЗОНАНСА 
БЛОКА ГОРНОЙ МАССЫ ПРИ ВНЕШНЕМ ПЕРИОДИЧЕСКОМ ВОЗБУЖДЕНИИ  
 
На основе модели разрывной и самонапряженной в глубине горной массы рассмат-
ривается теория глубокой горной массы как сложной системы блочной структу-
ры. Изучается стационарное состояние структуры блока горной массы при 
внешних периодических возбуждениях. Получены уравнение резонанса структуры 
блока горной  массы и условия резонанса при внешнем периодическом возбужде-
нии. Анализируется влияние локальных масс и локального напряженного состоя-
ния между соседними блоками породы в структуре блока горной массы как реак-
ция на стационарное смещение горных пород. 
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