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INVESTIGATION OF IDEALIZED VIRUS CAPSID MODEL WITH 
THE DYNAMIC ELASTICITY APPARATUS 
 

The three-dimensional dynamic theory of elasticity is applied to investigate the 
mechanical properties of virus capsid. The idealized model of the virus is based on 
the 3D boundary-value problem of mathematical physics formulated in spherical 
coordinate system for the steady-state oscillation process. The virus is modeled as a 
hollow elastic sphere filled by acoustic medium and is located in different acoustic 
medium. The stated boundary-value problem is solved with the help of the integral 
transform method and method of the discontinuous solutions. As a result, the 
exact solution of the problem is obtained. The numerical calculations of the virus 
elastic characteristics are carried out. 

 
The development of virus mathematical model is necessary to represen-

ting the effect of parameters variation on the behavior of a virus as a dyna-
mic system. Such mathematical models based on the reasonable biological as-
sumptions were obtained earlier within three main interdisciplinary appro-
aches: 1) the hydrodynamic approach [23, 21, 30]; 2) the approach with the 
use of the numerical methods for solving the nonlinear problems of hydrody-
namics and elasticity  [16, 18, 28, 29, 36]; 3) the approach based on the linear 
elasticity models [15, 34, 36]. The mentioned models allowed to obtain many 
important characteristics of the virus, but they could not fully solve the prob-
lem of investigation of the virus as a 3D elastic object. In this paper the 
authors first propose to use the complete system of motion equations of linear 
elasticity for representation of virus wave field. It allows to take into conside-
ration the virus 3D structure and to obtain its new qualitative characteristics. 

The morphology of icosahedral viruses ranges from highly spherical to 
highly faceted, and for some viruses a shape transition occurs during the viral 
life cycle. This phenomena is predicted from continuum elasticity, via the 
buckling transition theory by Nelson [22], in which the shape is dependent on 
the Foppl – von Karman number γ , which is a ratio of the two-dimensional 

Young’s modulus, Y , and the bending modulus æ : γ = 2/YR æ  (R  is the vi-
rus radius). However, until now, no direct calculations have been performed 
on atomic-level capsid structures to test the predictions of the theory. 

The elasticity and mechanical stability of empty and filled viral capsids 
under external force loading are studied in a combined analytical and nume-
rical approach. Quantitative measurements of the mechanical response of 
nanosized protein shells (viral capsids) to large-scale physical deformations 
were reported in [29]. These measurements were compared with theoretical 
descriptions from continuum modeling and molecular dynamics. In [22] it was 
shown that the icosahedral packings of protein capsomeres proposed by 
Caspar and Klug for spherical viruses become unstable to faceting for 
sufficiently large virus size. A model, based on the nonlinear physics of thin 
elastic shells, produced excellent one-parameter fits in real space to the full 
three-dimensional shape of large spherical viruses. The mechanical properties 
of individual empty capsid and DNA-containing virions of the minute virus of 
mice were investigated by using atomic force microscopy in [17]. The stiffness 
of the empty capsid was found to be isotropic. Remarkably, the presence of 
DNA inside the virion leads to an anisotropic reinforcement of the virus 
stiffness by ≈ 3 %, 40 %, and 140 % along the fivefold, threefold, and twofold 
symmetry axes respectively. An emerging paradigm for self-organized soft 
materials, geometrically frustrated assemblies, where interactions between 
self-assembling elements (e.g., particles, macromolecules, proteins) favor local 
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packing motifs that are incompatible with uniform global order in the assem-
bly was overviewed in [19]. Some of the key ideas that have been set in both 
the materials and biological settings were described in general terms in [27]. 
Some future developments along these lines were speculated. An atomistic 
force-probe molecular dynamics simulations of the complete shell of southern 
bean mosaic virus, a prototypical 3T =  virus, was performed in explicit sol-
vent in [36]. It was done to study the distribution and heterogeneity on the 
virus surface of the mechanical properties of viral shells. A course-grained 
modeling approach within the framework of three-dimensional nonlinear 
continuum elasticity was adopted in [18]. Homogeneous, isotropic, elastic, 
thick-shell models were proposed for two capsids: the spherical cowpea chlo-
rotic mottle virus, and the ellipsocylindrical bacteriophage 29ϕ . The mecha-
nical properties of crystalline shells of icosahedral symmetry on a substrate 
under a uniaxial applied force were studies in [32] by computer simulations. 
The elastic response for small deformations, and the buckling transitions at 
large deformations were predicted. A previously described multiscale method 
by May and Brooks was employed to calculate Y  and æ  for the bacterio-
phage HK97 in [24], which undergoes a spherical to faceted transition during 
its viral life cycle. A change in γ  consistent with the buckling transition the-
ory was observed and a significant reduction in æ , which facilitates formation 
of the faceted state, was studied. The influence of capsid structure and chira-
lity on the mechanical properties were analyzed in [15]. It was found that ge-
nerally skew shells have lower stretching energy. The mechanical properties 
of viral capsids, calling explicit attention to the inhomogeneity of the shells 
that is inherent to their discrete and polyhedral nature, were investigated in 
[34]. The distribution of stress in these capsids was calculated, and their 
response to isotropic internal pressure was analyzed. 

Static-state fluctuations in three-dimensional bodies were studied in 
many works (see, e.g., [2, 5, 7, 8, 10, 25]) in view of the necessity of their 
practical engineering applications. 

Several problems for hollow spheres were investigated by many authors. 
It should be pointed the classical works by Grinchenko and Meleshko [3], 
Ulitko [9], Chernina [12].  

The transient response of the fluid-shell system of a thin, elastic and 
ring-stiffened spherical shells, which accelerates in an acoustic medium was 
studied numerically in [13]. The problem of scattering of a plane sound wave 
by an acoustically rigid spherical shell with spherical inclusion in the 
unlimited homogeneous isotropic media [20] was reduced to solving dual series 
equations on Legendre polynomials. The dual equations were transformed into 
an infinite system of linear algebraic equations of the second kind with a 
completely continuous operator. The motion of a rigid sphere in a viscoelastic 
medium in response to an acoustic radiation force of short duration was 
investigated in [14]. The multiple scattering of a spherical acoustic wave from 
an arbitrary number of fluid spheres was investigated theoretically in [33]. A 
problem on radial oscillations of the hollow elastic inhomogeneous transverse-
isotropic sphere in unlimited acoustic medium was investigated in [6]. The 
theory of resonance scattering was used in [11] for solving the problem of 
sound scattering from an elastic transversely isotropic solid sphere in an ideal 
acoustic fluid medium. The solution is obtained with use the normal mode 
expansion technique in conjunction with the Frobenius power series.  

As it is seen from the literature analysis the apparatus of 3D elasticity 
can be efficiently applied for the constuction of the idealized capsid model. 

1. The statement of the problem. A porcine circovirus type 2 (PCV2) (see 
Fig. 1) is modeled by a hollow elastic sphere occupying the area 1R <  

2r R< < , 0 2< θ < π , − π < ϕ < π  in the spherical coordinate system.  
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 a) b) 

Fig. 1. The geometry of idealized capsid model: a) – PCV2 at full atom resolution; 
b) – the mathematical model of the virus. 

Motion equations are written with respect to the displacements 
= θ ϕ( , , , )ru u r t , θ= θ ϕ( , , , )v u r t , ϕ= θ ϕ( , , , )w u r t  in the following form [26]: 
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ν  is Poisson’s ratio, E  is Young’s modulus, 
2(1 )
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, 
(1 )(1 2 )
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µ

% , ρ  is virus density, 
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µ

% . 

It is assumed that the virus is filled and surrounded with two dissimilar 
acoustic media. The wave potentials ( , , , )i r tΦ θ ϕ  of the external, 2i = , and 

the internal, 1i = , acoustic media satisfy the wave equations [4] 
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here ic , = 1,2i , are wave velocities. 
It is assumed that adhesion occurs on the contact surfaces of virus and 

surrounding acoustic media  
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It is also assumed that on the contact surfaces of virus and surrounding 
acoustic media the such conditions for velocities are satisfied: 
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The boundary conditions with respect to the variables θ  and ϕ  can be 
formulated as displacements or stresses which are given on the surfaces. Here 
it was proposed that the conditions of the second main elasticity problem are 
fulfilled.  

One has to determine the wave field under the influence of a spherical 
pressure wave Φ θ ϕ0 ( , , , )r t  which incident on the virus external surface and 

satisfies Zommerfeld’s conditions.  
2. The reformulation of the stated problem in the form of the disconti-

nuous boundary problem. The steady-state oscillations are considered: 
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here ω0 , ω1 , ω2  are oscillation frequencies of the sphere, internal and exter-

nal acoustic environments, respectively. 

The tilde symbol in Φ θ ϕ% ( , , )j r  will be omitted from now on. 

The finite Fourier transform method is applied to equations (1), (2) and 
boundary conditions (3)–(5) with regard to variable ϕ  [31]. 

The transformations of the unknown functions are presented as a super-

position of the functions = +1 2
n n nu u u , = +1 2

n n nv v v , = +1 2
n n nw w w , where 

the upper index «1» denotes the mechanical characteristics, which are 
discontinuous on the interior surface of the spherical shell, and the upper 
index «2» denotes the mechanical characteristics, which are discontinuous on 
the external surface of the spherical shell [35] 

 
1 1 1 1

1 2 1 1
1( 0, )n n n n nr R r R r R r R

f f f f f R= = = =
= + = = − + θ , 

 = = = =
= + = = − θ

2 2 2 2

1 2 2 2
2( 0, )n n n n nr R r R r R r R

f f f f f R , (7) 

where = = − θ − + θ( 0, ) ( 0, )
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f f R f R , θ ϕ∈ σ τ τ, , , , ,r r rf u v w{ } . For the 

external wave field the wave potential is constructed as a superposition of the 
field generated by the incident wave and the wave scattered on the external 
shell of the virus: 

 Φ θ = Φ θ + Φ θ2 2 0( , ) ( , ) ( , )n n nr r r . 

The jumps of the acoustic potentials are introduced in the following way. 
Since acoustic environments are inside and outside the spherical shell,  
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Conditions (3) and (5) can be rewritten with regard to the formulas (7) 
and (8) as 
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Accordingly to [1] the discontinuous solution for a spherical defect in the 
finite Fourier transform domain has the form shown in Appendix A. It 

depends on unknown jumps of displacements ( )i
nk iu R  and unknown jumps 

of stresses σ ( )i
rnk iR , = 1,2i . 

The Legendre integral transform is applied with respect to variable θ  by 
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The discontinuous solution for the acoustic potentials in the transform 
domain has the following form: 
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3. Derivation of the calculation formulas describing the wave field. To 
get the calculation formulas one has to determine the wave potentials jumps 
and its derivatives, and also the displacement and stress jumps. 

In view of the formulas (8) one can obtain the correlations between the 
jumps in the transform domain: 
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Thus  
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where 01 1( )snk RΦ , 02 2( )snk RΦ  are transforms of the incident waves from the 

inner and outer acoustic environments, respectively.  
To determine jumps ( )ink iRΦ , = 1,2i , the second condition in (4) is 

used. So one can get the system of two complex linear equations for 
( )ink iRΦ , = 1,2i . 

After inversing the Fourier transform by the formulas (7) and taking into 
account the steady-state oscillations (5) one can obtain the final formulas for 
the displacements. 

4. Discussion. The calculations were done for the elastic thick shell 

( = ⋅ 90.25 10E Pa, µ = 0.4 , ρ = 750 a.u./nm3) with the inner and outer radiuses 
−= ⋅ 9

1 10.4 10R m, −= ⋅ 9
2 13.2 10R m, respectively. The values of the speed of 

sound for internal and external acoustic environments are =1 1400c m/s 

(water), =2 1560c m/s (sea water), respectively.  
Consider the case when frequencies of spherical shell, inner and outer 

acoustic environments are ω =0 0.1 , ω =1 0.1 , ω =2 0.2 , incident waves from 

the inner and outer acoustic environments are  

 ( )Φ θ ϕ =01 1, , , 0,R t  
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( )2 2 42
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0, 0 , ,
4 2

i kR te
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−ω
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Φ θ ϕ = =
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. 

 In Fig. 2 the dependence of the displacements ru  at the inner and outer 

surfaces of the spherical shell on θ  is presented. When θ  changes from 0 to 
π , displacements ru  increase. As can be seen, maximal spikes at the inner 

surface ( = 1r R ) are larger than at the outer surface ( = 2r R ). The 

dependence of the displacements θu  at the inner and outer surfaces of the 

spherical shell on θ  is shown in Fig. 3 . The periodicity of the displacements 

θu  is observed. As can be seen, the displacements θu  on the outer surface 

( = 2r R ) are larger than displacements at the inner surface ( = 1r R ). Values of 

the displacements θu  are obviously less than displacements ru  values.  
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Fig. 2. Dependence of the displacements ru  
at the inner and outer surfaces of the 
spherical shell on θ . 

Fig. 3. Dependence of the displacements 
uθ  at the inner and outer surfaces of 
the spherical shell on θ . 

  

Fig. 4. Dependence of the displacements uϕ  
at the inner and outer surfaces of the 
spherical shell on θ . 

Fig. 5. Dependence of the displacements 
ru  at the inner and outer surfaces of 

the spherical shell on r . 

In Fig. 4 the same investigation of the displacements ϕu  dynamics at the 

inner and outer surfaces of the spherical shell regarding θ  is shown. One can 
sure that the displacements ϕu  values are negligibly less than the values of 

the displacements ru  and θu . In Fig. 5 the dependence of the displacements 

ru  on radius-vector r at the inner and outer surfaces of the spherical shell is 

presented. The displacements ru  values increase in the direction from the 

inner virus surface ( = 1r R ) to the outer surface ( = 2r R ). As can be seen 
from the figures, the change in the load depending on angle ϕ  is negligible. 
So one can observe more simple axisymmetric problem. 

Conclusions. The 3D idealized virus capsid PCV2 model of a virus was 
constructed with the help of apparatus of the boundary value problems of 
dynamic elasticity. 

The formulas determining the virus wave field under the acoustic pres-
sure wave were obtained. The graphics of the spherical shell displacements 
are presented. 

This model will serve as a first step in developing more realistic models 
of viruses with a varying density of the capsid and its thickness. 
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ДОСЛІДЖЕННЯ ІДЕАЛІЗОВАНОЇ МОДЕЛІ ВІРУСУ КАПСИДУ ЗА ДОПОМОГОЮ 
АПАРАТУ ДИНАМІЧНОЇ ТЕОРІЇ ПРУЖНОСТІ 
 
Тривимірну динамічну теорію пружності застосовано при дослідженні механіч-
них властивостей вірусу капсиду. Ідеалізована модель вірусу базується на триви-
мірній крайовій задачі математичної фізики, що сформульована у сферичній сис-
темі координат для усталених коливань. Вірус моделюється порожнистою 
пружною сферою, заповненою деяким акустичним середовищем і оточеною іншим 
акустичним середовищем. Крайову задачу розв’язано за допомогою методу інтег-
ральних перетворень в методу розривних розв’язків. Отримано точний розв’язок 
задачі. Виконано обчислення пружних характеристик вірусу. 
 
ИССЛЕДОВАНИЕ ИДЕАЛИЗИРОВАННОЙ МОДЕЛИ ВИРУСА КАПСИДА С ПОМОЩЬЮ  
АППАРАТА ДИНАМИЧЕСКОЙ ТЕОРИИ УПРУГОСТИ 
 
Трёхмерная динамическая теория упругости применена к исследованию механи-
ческих свойств вируса капсида. Идеализированная модель вируса основана на 
трёхмерной краевой задаче математической физики, сформулированной в сфери-
ческой системе координат для установившихся колебаний. Вирус моделируется 
полой упругой сферой, заполненной некоторой акустической средой, размещенной 
в другой акустической среде. Краевая задача решена с помощью метода интег-
ральных преобразований и метода разрывных решений. Получено точное решение 
задачи. Выполнены вычисления упругих характеристик вируса. 
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