Maremaruani Crymii. T.39, Ne2 Matematychni Studii. V.39, No.2

YK 515.12
I. V. HETMAN

TOPOLOGICAL CLASSIFICATION OF THE HYPERSPACES OF
POLYHEDRAL CONVEX SETS IN NORMED SPACES

I. V. Hetman. Topological classification of the hyperspaces of polyhedral convex sets in normed
spaces, Mat. Stud. 39 (2013), 203-211.

We prove that, for a normed space X of dimension dim(X) > 2 the space PConvy (X) of
non-empty polyhedral convex subsets of X endowed with the Hausdorff metric is homeomorphic
to the topological sum {0} @ |[X*| x (R® (R x R;) & lg), where the cardinal | X*| is endowed
with the discrete topology.
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Hokazano, uro npocrparcTso PConv gy (X) Beex HENYCTHIX MOMMIPAIBHBIX BBIIYKJIBIX OJI-
MHOXKECTB HOPMHUPOBAHHOrO npocrpancrBa X pasmeproctu dim(X) > 2 romeomopdno Tom0-
normaeckoit cymme {0} @ [ X*| x (R® (RxR;) @ l{ ), raie KapauHad | X *| paccmaTpuBaeTcs Kak
JIMCKPETHOE TOIIOJIOTUYIECKOE IIPOCTPAHCTBO.

1. Introduction. The theory of Hyperspaces [10], [5] is an important area of Topology which
has numerous applications in various branches of mathematics. One of classical results on the
borderline of the Theory of Hyperspaces and Infinite-Dimensional Topology is Curtis-Shori-
West Theorem ([6], [16]) saying that the hyperspace Cld(X) of non-empty closed subsets
of a non-degenerate Peano continuum X is homeomorphic to the Hilbert cube I¥ = [0, 1]*.
A similar result for hyperspaces cc(R™) of non-empty convex compact subsets of Euclidean
spaces was obtained by S. Nadler, J. Quinn and N. M. Stavrakas ([11]). They proved that
the space cc(R") is homeomorphic to the product I x R, of the Hilbert cube I = [0,1]¢
and the closed half-line R, = [0, c0). This result of S. Nadler, J. Quinn and N. M. Stavrakas
has been developed in many different directions ([18], [13], [14], [12], [4], [2]).

In this paper, we shall be interested in the hyperspaces Conv(X) of all non-empty closed
convex subsets in linear topological spaces X. There are many natural topologizations of
the hyperspace Conv(X) (see [5]). One of the most important topologies on Conv(X) is the
topology 7y generated by the Hausdorff uniformity {y. This uniformity is generated by the
base consisting of entourages {(A, B) € Conv(X) x Conv(X): AC B+U, BC A+ U},
where U runs over open neighborhoods of zero in X. If (X, d) is a linear metric space then
the Hausdorff uniformity on Conv(X) is generated by the Hausdorff distance

dy (A, B) = max { supd(a, B),sup d(b, A)} €[0,00] for A,B € Conv(X).
acA beB
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The space Conv(X) endowed with the topology 7 (generated by the Hausdorff uniformity
Ug) is denoted by Convy(X).

The topological structure of the space Convy(X) was studied in [5], [9], [13], [12], [1] and
[2]. In particular, in [2] it was shown that for any Banach space X the space Convy(X) is
locally connected and every connected component H of Conv(X) is homeomorphic to one of
the spaces: {0}, R, R x R, I¥ x Ry, Iy or ly(x) for some cardinal x > c.

In this paper, given a normed space X, we shall study the topological structure of the
subspace PConvy (X) of Convy(X) consisting of all non-empty polyhedral convex subsets
of X. We recall that a convex subset C' of a normed space X is polyhedral if C' can be written
as the intersection C' = NF of a finite family of closed half-spaces. A half-space in X is
a convex set of the form f~'((—oo,a]) for some real number a and some non-zero linear
continuous functional f: X — R. The whole space X is a polyhedral set in X, being the
intersection X = [|F of the empty family F = & of closed half-spaces.

In Corollary 2 we shall show that the space PConvy(X) is locally connected: any two
polyhedral convex sets A, B € PConvy(X) with dy(A, B) < oo can be linked by the arc
[A,B] = {tA+(1—t)B: t € [0,1]} consisting of convex combinations tA+ (1 —¢)B = {ta+
(1 —t)b: a € A, b€ B} of the sets A, B. The local connectedness of the space PConv y (X)
ensures that it decomposes into the topological sum of its connected components. This implies
that the topological structure of PConvy(X) is determined by the topological structure of
its connected components. In this paper we shall prove that there are only four possible
topological types of connected components of PConvy (X ) represented by: the singleton {0},
the real line R, the closed half-plane R x R, and the linear hull I = {(2,)new € lo: In € w
Vm € w x,, = 0} of the standard orthonormal base in the separable Hilbert space ls.

The following classification theorem is the main result of the paper.

Theorem 1. Let X be a normed space. Each connected component C of the space
PConvy(X) is homeomorphic to {0}, R, R x R or l{. More precisely, C is homeomorphic
to:

1) {0} iff C contains the whole space X;
2) R, iff C contains a half-space;

3) R x R, iff C contains a hyperplane;
4) 1} in all other cases.

This theorem will be proved in Section 3. Since each locally connected space X decompo-
ses into the topological sum X = @, 4, X, of its connected components, Theorem 1 implies
the following corollary, which will be proved in Section 4.

Corollary 1. For any Banach space X the space PConvy(X) is homeomorphic to:
1) {0} iff dim(X) = 0;
2) {0}eRa® R xR}) @R iff dim(X) = 1;
3) {0} @ (|X* x (R (R x Ry) @ 1)) iff dim(X) > 2.

Here X* stands for the dual Banach space of X and the cardinal |X*| is endowed with
the discrete topology.

2. Preliminary. In this section, we collect the information which will be used in the proofs
of Theorem 1 and Corollary 1.
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2.1. Components of the space Convy(X). As we know, for a Banach space X the
topology 7y of the space Convy (X)) is generated by the Hausdorff distance dy. The Hausdorff
distance determines the equivalence relation ~y on Convy(X) defined by A ~y B iff
du(A, B) < oo. This equivalence relation decomposes the space Convy(X) into closed-and-
open equivalence classes called components of Convy(X). The restriction of the Hausdorff
distance dy to each component H is a metric on H. By Remark 4.8 of [2|, the components
of the space Convy(X) are connected and hence coincide with the connected components of
Convy(X).

2.2. Characteristic cone and dual characteristic cone of a closed convex set. By
a convex cone in a linear space X we understand a convex subset ¢’ C X such that t-c € C
for all c € C and t € R,. Each subset £ C X generates the convex cone

n
cone(F) = {Ztixi: neN, x1,...,x, € E, t,...,1, €R+}
i=1

in X which is the smallest convex cone containing E. The convex cone cone(FE) contains the
convex hull conv(F) of the set E.

For subsets A, B of a linear space X, a real number ¢, and a subset T' C R, we put
A+B={a+b:ac A, beB},tA={ta:ac A} andT-A={ta:t €T, ac A}

To each non-empty closed convex subset C' of a normed space X we can assign

e the characteristic space Lo = {x € X:Vee C ¢+ R-x C C};
e the characteristic cone Vo ={zr € X:Vee C c+ Ry -z CC};
e the dual characteristic cone V4 = {z* € X*: supz*(C) < oo}.

The dual characteristic cone V¢ lies in the dual Banach space X* of the normed space X. It
is clear that Lo = Vo N (=Ve).

A closed convex subset C' C X is called line-free if it contains no affine line. This happen
if and only if the characteristic space Lg of C' is trivial.

By Lemma 3.1 of [2]|, the characteristic cone Vi coincides with the convex cone {z €
X:Vz* € V& o*(x) < 0}. This implies that for any component H of Convy(X) and any two
convex sets A, B € H we get Vi = Vi, Vi = Vg, and Ly = Lp, which allows us to define
the characteristic space Ly, the characteristic cone Vi and the dual characteristic cone V3
of H letting Ly = L¢, Vi = Ve and V3 = V{3 for any convex set C' € H. A component H of
Convy (X) will be called line-free if its characteristic linear space Ly is trivial in the sense
that Ly = {0} i. e., every C' € H is line-free.

The equality Vi = {x € X: Va* € V}; 2*(z) <0} implies that the characteristic cone Vy
and the characteristic space Ly = V3 N(—V3) are closed in X. Consequently, we can consider
the quotient normed space X/ Lz and the quotient operator gz : X — X/Ly. The operator ¢
induces a map G: H — Convy(X/Ly), §: C — q(C). The equality C = C+ Lc =C+ Ly =
g '(g(C)) implies that the convex set q(C') = q(C') is closed in the quotient normed space
X /Ly, so the map ¢ is well-defined. Moreover, the map ¢ is an isometry as is shown by the
following lemma proved in [2, 5.2]:

Lemma 1. The image H/Ly = q(H) of H coincides with a line-free component of the space
Convy(X/Ly) and the map G: H — H /Ly is an isometry.
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This lemma allows to reduce the study of components of the space Convy(X) to studying
its line-free components.

For polyhedral convex sets, we can additionally assume that the normed space X is finite-
dimensional. Indeed, by the definition, a non-empty polyhedral convex set C' in a normed
space X can be written as the intersection of half-spaces C' = (., f; ' ((—oc, a;]) for some
linear continuous functional fi,..., f,: X — R and some real numbers ay,...,a,. Then
the characteristics cone Vo of C' coincides with (), f; " ((—o0,0]) and the characteristic
linear subspace L¢ of C' coincides with (7, f;'(0) and hence has finite codimension in X.
Consequently, the component H containing C' is isometric to the component H /Ly, of the
space Convy(X/Ly) of convex sets of the finite-dimensional normed space X/ Ly.

We shall often use the following classical characterization of polyhedral convex sets in
finite-dimensional normed spaces (see [19, 1.2] or [8, §4.3]).

Lemma 2. A convex subset C' of a finite-dimensional normed space X is polyhedral if and
only if C' = conv(F') + cone(F) for some finite sets F, E C X.

2.3. Embedding components of Convy(X) into a Banach space. In [2] it was shown
that for a normed space X each component H of Convy(X) is isometric to a convex set of
the Banach space I,(S* N V3)) of all bounded functions defined on the subset S* NV}, =
{z* € VJi: ||=*|| = 1} of the unit sphere S* of the dual Banach space X*. The Banach space
l(S* NV3) is endowed with the standard sup-norm || f|| = sup{|f(z*)|: z* € S*NV};}.

For a component H containing a polyhedral convex set, the isometric embedding 6: H —
loo(S* N V3) can be defined by assigning to each convex set C' € H the function d¢c: S* N
Vi, — R, dc(2*) = supx*(C). Theorem 1.1 of [1] and Proposition 2.1 of [2] imply that ¢
is a well-defined isometric embedding of # into the Banach space [ (S* N V};). Moreover,
the embedding ¢ is affine in the sense that §((1 —t)A+tB) = (1 —t)6(A) + t6(B) for any
convex sets A, B € H and any real number ¢ € [0, 1], see Section 4 of [2|. This implies that
d(H) is a convex subset of [, (S* NV3).

Lemma 3. For any normed space X and a component H of Convy(X) containing a polyhed-
ral convex set, the images 6(H) and 6(H N PConvy (X)) are convex subsets of the Banach
space Lo (S* NV3).

Proof. We already know that 6(H) is a convex set. It remains to show that so is §(H N
PConvy(X)).

Since H contains a polyhedral convex set C', the characteristic space Ly = L¢c of ‘H
has finite codimension in X and hence the quotient normed space Y = X/Ly is finite-
dimensional. Consider the quotient linear operator ¢: X — Y and the induced isometry
G: H — H' of H onto the component H' = H /L4 of the space Convy(Y). Lemma 3.3 of [1]
implies that H N PConvy(X) = ¢ {(H N PConvy(Y)).

Since ¢: X — Y is a quotient operator, its dual ¢*: Y* — X* is an isometric embedding
of Y* into X*. This embedding induces the restriction operator g% : l(S% NV3) = 1o (S5 N
Vi), @& f— foq*. Here Sk and S5 denote the unit sphere in the dual spaces X* and Y.

Consider the isometric embeddings §: H — [(S% N V3) and 0': H' — [(S% N V)
which fit into the following commutative diagram

H—"> §(H) 1o (S% N V5)

ql"rll J{t&Wﬂ \ngo

H — 0 (H) 1Sy N Vi)
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Taking into account that ¢, § and ¢’ are isometric embeddings and g(H N PConvy (X)) =
H' NPConvy(Y), we conclude that the map ¢’ |0(H): §(H) — §'(H') is a bijective isometry
mapping the set 6(H N PConvy (X)) onto the set o'(H' N PConvy(Y)). Since ¢, is a linear
operator, the convexity of the set §(HNPConvy (X)) will be established as soon as we check
that the set /(%' N PConvy(Y)) is convex in [ (Sy NV3).
As we already know, the isometric embedding ¢': H' — [(Sy N V3},) is affine in the
sense that ¢'((1 —t)A+tB) = (1 — t)d'(A) + t§'(B) for any convex sets A, B € H' and
€ [0,1]. So, it suffices to check that the set H' N PConvy(Y) is convex in the sense that
(1-t)A+1tB € H NnPConvy(Y) for any polyhedral convex sets A, B € H' N PConvy(Y)
and any real number ¢ € [0, 1]. By Lemma 2, there are finite sets Fa, F4, F, Eg C Y such
that A = conv(Fy4) + cone(E,4) and B = conv(Fp) + cone(Ep). Since cone(E,) = Vy =
Vi = Vp = cone(Ep), we can assume that £y = Ep = E for some finite set . Consider
the finite subset F' = (1 —t)Fq +tFp = {(1 —t)a+tb: a € Fa, b € Fg} C Y and observe
that the convex set

(1-t)A+tB = (1—t)conv(F,) + tconv(Fp) + cone(E) =
= conv((1 —t)F4 + tFp) 4 cone(E) = conv(F') + cone(E)

is polyhedral according to Lemma 2. So, the sets H' N PConvy(Y), &'(H' NPConvy(Y')) and
d(H N PConvy (X)) are convex. O

Corollary 2. The space PConvy(X) is locally connected and each connected component
of the space PConvy(X) coincides with the intersection H N PConvy(X) for a unique
component ‘H of the space Convy(X).

Proof. For any polyhedral convex set C' € PConvy(X), the component H of Convy(X)
containing C' is a closed-and-open subset of Convy(X). By Lemma 3, the intersection H N
PConvy(X) is homeomorphic to a convex subset of a Banach space and hence is connected
and locally connected. Then C has a locally connected neighborhood H N PConvy(X) in
PConvy(X), which implies that the space PConvy (X)) is locally connected.

The intersection H N PConvy (X)), being a connected clopen subset of PConvy (X)), coi-
ncides with the connected component of PConvy(X) containing the set C. O]

2.4. Extremal points of closed convex sets. A point x of a convex set C' is called
extremal if the set C'\ {z} is convex. By ext(C) we denote the set of all extremal points of C.

Let us recall that a convex set C' in a normed space L is called line-free if it contains no
affine line. This holds if and only if the characteristic linear space Lo = Vo N (=Ve) = {0}
is trivial. The following result of Krein-Milman type can be found in [15, 1.4.4].

Lemma 4. Fach line-free closed convex subset C' of a finite-dimensional Banach space X
can be written as the sum C = conv(ext(C)) + Ve.

Lemma 5. If C' is a line-free polyhedral convex set in a finite-dimensional Banach space X,
then its set of extreme points ext(C') coincides with the smallest finite subset F' C X such
that C' = conv(F) + V.

Proof. By Lemma 4, C' = conv(ext(C)) + V¢ and by Lemma 2, C' = conv(F') + cone(F) =
conv(F) 4+ V¢ for some finite sets F, E C X.

The lemma will follow as soon as we check that ext(C') C F for each finite subset F' C X
with C' = conv(F')+V¢. Given any point z € ext(C') C C' = conv(F)+ Ve, find two points y €
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conv(F) and v € Vi such that x = y+v. We claim that v = 0. In the opposite case, x is not
extremal being the midpoint of the segment [y, y+2v] C C. So, v = 0 and x = y € conv(F).
Assuming that x ¢ F, we would conclude that = € conv(F) C conv(C \ {z}) = C\ {z},
which is a contradiction. So, x € F' and ext(C) C F. O

For a metric space (X,d) let [X]<“ be the family of non-empty finite subsets of X,
endowed with the Hausdorff metric that induces Vietoris topology. It is clear that [X]|<¥ =
o2, [X]™, where [X]™ is the space of all n-subsets of X.

n=1

Lemma 6. For every n € N and a line-free polyhedral convex cone V' in a finite-dimensional
Banach space X, the set O, = {F € [X]|": F = ext(conv(F) + V)} is open in [X]".

Proof. For n = 1 the set O; coincides with [X]! and so is open. Now assume that n > 1.
It suffices to prove that the set N' = {F € [X]|": F # ext(conv(F) 4+ V)} is closed in [X]".
Given any sequence { Fy }re, C N convergent to some set Fi, € [X]", we need to show that
F.eN.

Consider the map 7: [X]<“ — Conv(X) assigning to each finite set F' € [X]<“ the closed
convex subset 7(F') = conv(F') + V of X. It follows that the map 7 is non-expanding (with
respect to the Hausdorff metric) and hence continuous. Then the sequence (Cj)rewn of the
convex sets Cy, = m(F}) converges to the convex set Co, = 7(F) in the space Conv g (X).

For every k € w, fix a point z, € F, \ ext(Cy) (such a point exists as ext(Cy) € F, € N).
Replacing the sequence (F}) with a suitable subsequence, we can assume that the sequence
converges to some point x., € F,,. Taking into account that F, = limy_,o Fi € [X]", we
conclude that the sequence (Fy \ {Zx})rew converges to Fu \ {7} in the space [X]"71.

It follows from

Cy = conv(Fy) +V = conv(ext(Cy)) + V C conv(Fy \ {zx}) + V C conv(Fy) +V = Cj
that Cy, = conv(F} \ {zx}) + V and hence
Coo = klim Cr = klim (conv(Fy \ {zx}) + V) = conv(Fx \ {z}) + V.
—00 —00

By Lemma 5, ext(Cy) C Fi \ {Zs }, which means that F, # ext(C.,) = ext(conv(Fy)+V)
and Fl, € N. O

A topological space X is called strongly countable-dimensional if it can be written as
a countable union of closed finite-dimensional subspaces. Observe that a topological space
X is o-compact and strongly countable-dimensional if and only if it can be written as a
countable union of finite-dimensional compact subsets.

Lemma 7. Let X be a normed space. For any component H of Convy(X), the intersection
H N PConvy(X) is o-compact and strongly countable-dimensional.

Proof. 1f the intersection H N PConvy(X) is empty then there is nothing to prove. So, we
assume that H contains some polyhedral convex set.

Since the component #H is isometric to the line-free component H/Lz of the space
Convy(X/Ly) and X/ Ly is finite-dimensional as observed after Lemma 1, we can assume
that X is a finite-dimensional space and the component H is line-free, and hence its charac-
teristic space Ly is trivial. Since the component H contains some polyhedral convex set, the
characteristic cone V4 of H is polyhedral.
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In this case, the space X can be written as the union X = [J, .y By of an increasing
sequence of compact sets. For every k,n € N, the space [B;]=" = {F € [X|<¥: F C By,
|F| < n} is compact and finite-dimensional (more precisely, has dimension dim([B.]=")
< n-dim(By,) according to [17, 4.1.1]). Moreover, the space [By]" = [Bi]=" \ [Bx]=""!, being
an open subset of [By|S" is o-compact and strongly countable-dimensional and so is the
space [X]|" = Jyen[Bel™

Lemma 2 implies that the space HNPConvy (X) is the image of the space [X]<* under the
(non-expanding) map 7: [X|<¥ — H N PConvy(X), 7: F + conv(F) + V3. By Lemma 4,
the map 7 has a section ext: H NPConvy(X) — [X]<“ assigning to each polyhedral convex
set C' € H its set of extremal points ext(C'). By Lemma 6, for every n € N the set O,, =
{F € [X]": F = exton(F)} = ext(H N PConvy (X)) N [X]|" is open in the space [X]".
Since [X]" is o-compact and finite-dimensional (more precisely < n - dim X) by the Subset
Theorem of dimension. Hence, its open subspace O,, is strongly countable-dimensional (more
precisely < n - dim X) by the Countable Sum Theorem. Write O,, as the countable union
0, = UieN K, ; of finite-dimensional compact sets K, ;. For every ¢ € N the restriction
7| Ky, being injective and continuous, is a topological embedding. Consequently, the set
7(K,,;) is compact and finite-dimensional, and hence the space

HNPConvy(X) =moext(HNPConvy (X)) = U m(O,) = U T(Kn)

)

neN n,i €N
is o-compact and strongly countable-dimensional. O]

3. Proof of Theorem 1. Given a normed space X and a connected component C of
the space PConvy(X), we need to prove that it is homeomorphic to {0}, R, R x R, or
z{ . Fix a polyhedral convex set C' € C. By Corollary 2, the component C coincides with the
intersection HNPConv g (X) where H is the component of the space Convy (X) containing C.
Since the set C' is polyhedral, its characteristic cone V¢ is polyhedral and its characteristic
linear subspace L¢ has finite codimension in X. Let Y = X/Ly be the quotient space and
qg: X — Y be the quotient operator. By Lemma 1, it induces an isometry q: H — H' from
‘H onto the component H' = H /Ly, of the space Convy(Y') containing the polyhedral convex
set ¢(C) C Y. By Lemma 3.3 of [1], this isometry maps the component C = HNPConvy(X)
onto the component C' = H' N PConvy(Y).

Now we consider four cases appearing in Theorem 1.

1. If C contains the whole space then we can assume that C' = X. In this case, since
Lx = X, the quotient space Y is trivial, and hence the components C’ and C are singletons.

2. If C contains a half-space then we can assume that the set C'is a half-space. In this case,
the characteristic space Lo has codimension 1 and the quotient space Y is 1-dimensional.
Moreover, the convex set C' = ¢(C) is a half-line, and hence its component H' = C' is
isometric to the real line. Then the isometric copy C of C’ is also isometric to the real line.

3. If C contain a hyperplane then we can assume that the set C' is a linear subspace
of codimension 1. In this case, the quotient space Y is 1-dimensional, the convex set C' =
q(C) = {0} is a singleton, and its component C' = H' N PConvy(X) = H' is homeomorphic
to the closed half-plane R x R, (see Case la in the proof of Theorem 1 of [2]).

4. Finally assume that the component C contains neither the whole space nor a half-space
nor a hyperplane. In this case, the quotient space Y has dimension > 2. By Lemma 3.1 of
[1], the set C = HNPConvy(Y) is dense in H and by Theorem 1 of [2], the component H is
infinite-dimensional. Now consider the isometric embedding ¢: H — [ (S* N V3;) discussed
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in Subsection 2.2. By Lemma 3, the sets §(H) and 6(C) are convex subsets of the Banach
space [ (S* N V3). The space 6(C), being a dense convex subset of the infinite-dimensional
convex set 6(H), is infinite-dimensional. By Lemma 7, the spaces C and §(C) are o-compact
and strongly countable dimensional. Applying a theorem of T. Dobrowoslki ([7] or [3, 5.3.12]
which says that, each convex infinite-dimensional o-compact strongly countable dimensional
subset of a normed space is homeomorphic to the pre-Hilbert space 15 ), we conclude that
the convex set §(C) is homeomorphic to lg . Then its isometric copy C is homeomorphic to 15
too.

4. Proof of Corollary 1. The cases (1) and (2) follow immediately from Corollary 2
of [2] (describing the topology of the space Convy (X)) because Convy(X) coincides with
PConvy(X) if dim(X) < 2.

So, assume that dim(X) > 2. The space PConvy(X) is locally connected and hence can
be written as the topological sum of its connected components. So, we can write PConvy (X)
as the topological sum {X} & A; & Ay & A3 where the set A; (resp. A) consists of all
closed convex sets whose component contains a half-space (resp. a hyperplane), and A3 =
PConvy(X) \ ({X} U A UA,). By Theorem 1, the spaces A, Ay, As are homeomorphic

to the products k1 x R, kg x (R x R}), k3 X lg for some cardinals ki, ko, k3 endowed
with the discrete topology. It remains to show that ky = kg = k3 = |X*|. Taking into
account that each polyhedral convex set is the intersection of finitely many half-spaces, we
conclude that the cardinality of the set PConv(X) does not exceed the cardinality of the
union [ J,,.,(X* x R)", which is equal to |X*|. So, max{k1, ra, K3} < [X7|.

To see that min{ky, ko, k3} > |X*|, consider the following families of finite sets: F; =
{{f} f € S&}? FQ = {{fa_f} f € S}k(} and f3 = {{f?g} fvg € S;ﬁf ¢ {gv_g}}
Observe that for every i € {1,2,3} and F' € F; the convex cone Cr = [cp 7 ((—00,0))
belongs to the set A;. Moreover, for two distinct sets F, £ € F; the cones Cr and C'r belong
to distinct components of the space PConvy (X), which implies that x; > |F;| = | X*|.
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