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In this paper we introduce and study a new topologo-algebraic structure called a (di)topo-
logical unosemigroup. This is a topological semigroup endowed with continuous unary opera-
tions of left and right units (which have certain continuous division property called the diconti-
nuity). We show that the class of ditopological unosemigroups contains all topological groups,
all topological semilattices, all uniformizable topological unosemigroups, all compact topologi-
cal unosemigroups, and is closed under the operations of taking subunosemigroups, Tychonoff
product, reduced product, semidirect product, and the Hartman-Mycielski extension.
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BBogurcs u usydaercd HOBasi TOIOJOMMYECKasd CTPYKTypa — (JIU)TOIOJIOrMYecKas YHOIO-
JIyTPyIIa. JTO TOMOJOTMIECKas ITOIYTPYIIa ¢ HEPEPHIBHBIMY OIEPAIMSAME JIEBOW M IIPABOI
eMHUIBI (MMEIOIUMI HEKOTOPOe CBONCTBO HEIlEPEPLIBHON JIJIMMOCTH, KOTOPAs HA3bIBAETCS
JIMHEIIePEePBIBHOCTS ). IloKazaHo, 4To KJIacC JUTOIOJIOIMYHUX YHOIIOIYTPYIII COJEPXKUT BCE TO-
IIOJIOTHMYECKUE I'PYIIIBI, TOIOJIOIIYeCKUe II0JIyPelIeTKH U PaBHOMEPHBIE TOIIOJIOTHYEeCKHe YHO-
[IOJIyTPYIIIBI, BCe KOMIIAKTHbIE YHOIIOJIYTPYIIIbI, U {BJIFETCS 3aMKHYTBIM OTHOCUTEJIBHO Olle-
paluit THXOHOBCKOT'O IIPOU3BEICHUA, MOJIYIPAMOrO U IIPUBEJIECHHOIO IIPOM3BE/ICHUI, a TaKxKe
HACJIE/LYeTCs MOy HOIIOIYTPYIIIAME U PACITUPEHUSAMI XapTMmaHa-MbIreascbpKroro.

1. Introduction. In this paper we shall introduce and study a new topologo-algebraic
structure called a [di|topological (left, right) unosemigroup. This is a topological semigroup
endowed with continuous unary operations of (left, right) units [having certain continuous
division property called the dicontinuity|. Introducing topological unosemigroups was moti-
vated by the problem of generalization of Hryniv’s Embedding Theorems (|7] on embeddings
of Clifford compact topological inverse semigroups into products of cones over compact
topological groups) beyond the class of compact topological inverse semigroups.

Topological and ditopological (left, right) unosemigroups will be introduced in Sections 2
and 3. In Sections 4 and 5 we shall study the class of ditopological unosemigroups and shall
show that it contains all topological groups, all topological semilattices, and all compact
Hausdorff topological unosemigroups. In Section 6 we shall introduce and study some operati-
ons over topological (left, right) unosemigroups.

2. Topological unosemigroups. In this section we shall introduce the notion of a topo-
logical (left, right) unosemigroup.

Let S be a semigroup (i.e., a non-empty set S endowed with an associative binary opera-
tion -: S x S — S). A unary operation \: § — S is called a left unit operation on S if
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Az)-x =z for all z € S. A semigroup S endowed with a left unit operation A\: S — S is
called a left unosemigroup.

By analogy we can introduce right unosemigroups. Namely, a unary operation p: S — S
on a semigroup S is called a right unit operation on S if x - p(x) = z for all x € S. A right
unosemigroup is a semigroup S endowed with a right unit operation p: S — 5.

A unosemigroup is a semigroup S endowed with a left unit operation A: S — S and
a right unit operation p: S — 5.

It should be mentioned that the class of left (resp. right) unosemigroups contains the
class of domain (resp. range) semigroups considered in [5].

Now we introduce topological versions of these notions.

A topological semigroup is a topological space S endowed with a continuous associative
binary operation -: S X S — S. A topological left unosemigroup is a topological semigroup S
endowed with a continuous left unit operation A\: S — S. A topological right unosemigroup
is a topological semigroup S endowed with a continuous right unit operation p: S — S.
A topological unosemigroup is a topological semigroup S endowed with a continuous left unit
operation A: S — S and a continuous right unit operation p: S — S.

Topological (left, right) unosemigroups are objects of the category whose morphisms are
continuous (left, right) unohomomorphisms. A function h: X — Y between two topological
left unosemigroups (X, Ax) and (Y, \y) is called a left unohomomorphism if h is a semi-
group homomorphism and hA(Ax(x)) = Ay (h(x)) for all z € X. By analogy we can define
right unohomomorphisms between topological right unosemigroups and unohomomorphisms
between topological unosemigroups.

3. Ditopological unosemigroups. To introduce ditopological (left, right) unosemigroups,
we first introduce two kinds of division operations on each semigroup. Namely, for two
points a, b of a semigroup S consider the sets

axb={reS:ar=>b} and bAKa={zre€S:xa=0}

which can be considered as the results of left and right division of b by a. Respectively, for
two subsets A, B C S the sets

ANDB = U axb and BAA= U bAa
(a,b)eAxB (a,b)eAxB

can be considered as the results of left and right division of B by A.

A continuous left unit operation A: S — S on a topological semigroup S is called di-
continuous at a point x € S if for every neighborhood O, C S of x there are neighborhoods
Uy, C S and Wy C A(S) of the points & and A(z) in S and A(S) respectively, such that
(Wa@ N Uz) NATH Wy (z)) C O,. A left unit operation A: S — S is defined to be dicontinuous
if it is dicontinuous at each point z € X.

A ditopological left unosemigroup is a topological semigroup S endowed with a diconti-
nuous left unit operation A: S — S.

A trivial (but important) example of a ditopological left unosemigroup is an idempotent
topological left unosemigroup. A (topological) left unosemigroup (S, \) is called idempotent
if \(z) =z for all x € S. In this case z = A(z) -z = zz, which means that S is an idempotent
semigroup.

Proposition 1. Fach idempotent topological left unosemigroup (S, \) is ditopological.
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Proof. Given a point x € S and a neighborhood O, C S of x put U, = W), = O,
and observe that (Wyu) N Up) N A (W) C Wie) = O,, which means that the left
unit operation A is dicontinuous at z and hence the topological left unosemigroup (.S, \) is
dicontinuous. O

By analogy we can introduce the right and two-sided versions of these notions.

Namely, a continuous right unit operation p: S — S on a topological semigroup S is
called dicontinuous if for every point z € S and every neighborhood O, C S of x there
are neighborhoods U, C S and W, C p(S) of x and p(x) such that (U, £ W) N
p_l(Wp(m)) C O,. A ditopological right unosemigroup is a topological semigroup S endowed
with a dicontinuous right unit operation p: S — S.

A (topological) right unosemigroup (.5, p) is called idempotent if p(x) = x for all z € X.
By analogy with Proposition 1 we can prove

Proposition 2. Fach idempotent topological right unosemigroup (S, \) is ditopological.

A ditopological unosemigroup is a topological semigroup S endowed with a dicontinuous
left unit operation \: S — S and dicontinuous right unit operation p: S — S. So, a di-
topological unosemigroup carries the structures of a ditopological left and right unosemi-
groups.

A (topological) unosemigroup (S, A, p) is called idempotent if A(x) = p(x) = x for all
x € X. Propositions 1 and 2 imply that each idempotent topological unosemigroup is di-
topological.

4. Uniformizable topological unosemigroups. In this section we shall prove that the
dicontinuity of a continuous left (right) unit operation on a topological semigroup automati-
cally follows from the right (left) uniformizability of the topological semigroup.

We define a topological semigroup S to be left-uniformizable (resp. right-uniformizable)
if the topology of X is generated by a uniformity U such that for every entourage U € U
there is an entourage V' € U such that x - B(y,V) C B(zy,U) (resp. B(z,V) -y C B(zy,U)
for all points z,y € S. Here B(z,V) = {z € S: (z,2) € V} stands for the V-ball centered
at a point z € S.

Each topological group G is left (resp. right) uniformizable by its left (resp. right) uni-
formity generated by the base consisting of the entourages {(x,y) € G X G: y € xU} (resp.
{(z,y) € G x G:y € Ux}) where U = U~! runs over symmetric neighborhoods of the
idempotent in G.

Theorem 1. FEach continuous left unit operation A\: S — S on a right-uniformizable
topological semigroup S is dicontinuous. Consequently, each right-uniformizable topologi-
cal left unosemigroup (S, \) is a ditopological left unosemigroup.

Proof. Let U be a uniformity on S witnessing that the semigroup S is right-uniformizable.
To show that the left unit operation A: S — S is dicontinuous, fix a point z € S and a nei-
ghborhood O, C S of z. Since U generates the topology of S, the neighborhood O, contains
the ball B(z,U) = {y € S: (x,y) € U} for some entourage U € Y. Find an entourage V € U
such that VoV oV C U where

VoVoV={(x,y) €S xS:Fu,ves (z,u),(uv),(v,y) €V}

Since S is right-uniformizable by U, for the entourage V' there is an entourage W € U such
that W C V and B(s,W) -t C B(st, W) for all points s,t € S.
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We claim that the neighborhoods U, = B(x, W) and Wy, = B(A(z), W) N A(S) witness
that the left unit operation A is dicontinuous z. Indeed, take any point y € (Wy) X Uz) N
AT Wi))- Then A(y) € Wy, and wy € U, for some w € Wy. It follows from w, A(y) €
Wiy = B(A(x), W) that

{wy,y} = {wy, \(y)y} C BA(x), W) -y C B(A(x)y, V)
and hence (wy,y) € V oV, which implies
y € Blwy,VoV)cC B(U,,VoV)=B(B(x,W),VoV)C B(x,VoVoV)C B(x,U) C O,.

O
By analogy we can prove

Theorem 2. FEach continuous right unit operation A\: S — S on a left-uniformizable
topological semigroup S is dicontinuous. Consequently, each left-uniformizable topological
right unosemigroup (S, \) is a ditopological right unosemigroup.

Theorems 1 and 2 imply

Theorem 3. A topological unosemigroup (S, A, p) is ditopological if the topological semi-
group S is both left-uniformizable and right-uniformizable.

Each compact Hausdorff space X carries a unique uniformity generating its topology.
The uniform continuity of continuous maps defined on a compact Hausdorff space implies
the following assertion.

Corollary 1. Each compact Hausdorff topological (left, right) unosemigroup is ditopological.

Since discrete topological semigroups are (left and right) uniformizable by the discrete
uniformity, Theorem 3 implies

Corollary 2. Each discrete topological (left, right) unosemigroup is ditopological.

5. Ditopological inverse semigroups. Continuous left and right unit operations appear
naturally in topological inverse semigroups. Let us recall that a semigroup S is called inverse
if for each element = € S there is a unique element x=! € S (called the inverse to x) such that
ro tr = x and x7'zx~! = 271 By a topological inverse semigroup we understand an inverse
semigroup S endowed with a topology such that the semigroup operation -: .S x S — S and
the operation of inversion ()~': S — S are continuous.

Each topological inverse semigroup S possesses the canonical continuous left unit opera-
tion \: S — S, \: x +— zx~!, and the canonical continuous right unit operation p: S — S,
p: x +— x 'z, which turn S into a topological unosemigroup.

Observe that the sets A\(S) = {xz~': z € S} and p(S) = {z7'z: x € S} coincide with
the set E(S) = {x € S: xa = z} of idempotents of S. It is well-known that the set E(S) is
a commutative subsemigroup of the inverse semigroup S.

A topological inverse semigroup S is called a ditopological inverse semigroup if the
topological unosemigroup (.S, A, p) is ditopological.

The following proposition shows that the dicontinuity of the left unit operation on
a topological inverse semigroup is equivalent to the dicontinuity of the right unit operation.
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Proposition 3. Let S be a topological inverse semigroup. The left unit operation A\: S — S,
\: x — xzx~!, is dicontinuous at a point x € S if and only if the right unit operation
p: S — S, p: xw a1z, is dicontinuous at the point = € S.

Proof. Assume that the left unit operation A is dicontinuous at a point z € X. To show that
the right unit operation p is dicontinuous at the point 7!, fix a neighborhood O,-1 C S
of 1. Then O;,ll ={y':y € O,-1} is a neighborhood of the point z in S. By the diconti-
nuity of the left unit operation A on S, the points x and A(x) = xz~! have neighborhoods
U, C S and W,,-1 C E(S) such that (W,,-1 XU,) NA™H(W,,—1) C O, After the inversion
the latter inclusion turns into (U;' A W_1,) N p~'(Wyu-1) C Oy1. So, Uy = Uyt and
Woe-1y = W_ 1 NW,,—1 are neighborhoods of the points 27! and p(z~') = zz~! witnessing
the dicontinuity of the right unit operation p at x7!.

By analogy we can prove that the dicontinuity of the right unit operation p at 2! € S

implies the dicontinuity of the left unit operation A at the point x. n

By a topological semilattice we understand a commutative idempotent topological semi-
group S. Each topological semilattice is a topological inverse semigroup with = = z for all
res.

Theorem 4. The class of ditopological inverse semigroups contains all topological groups,
all topological semilattices, all compact Hausdorff topological inverse semigroups, and all
discrete topological inverse semigroups.

Proof. Let GG be a topological group. In this case A and p are constant operations assigning
to each x € G the unique idempotent e of the group G, so A\(G) = p(G) = {e} is a singleton.
By Proposition 3, to prove that G is a ditopological inverse semigroup, it suffices to check
that the left unit operation A is dicontinuous at each point x € G. Given any neighborhood
O, C G of z, put U, = O, and Wy, = {e} and observe that

Waiy NUp) N A Waw) = {3 XNU,) NG =U, = O,

which means that the left unit operation A is discontinuous at x. So, the topological group G
is ditopological. The same conclusion can be also derived from the right-uniformizabity of
topological groups and Theorem 1.

Each topological semilattice, being an idempotent topological unosemigroup, is a di-
topological unosemigroup according to Propositions 1 and 2. Corollaries 1 and 2 imply
that the class of ditopological inverse semigroups contains all compact Hausdorff topological
inverse semigroups and all discrete topological inverse semigroups. O]

Now we present a simple example of a locally compact commutative topological inverse
semigroup S which is not ditopological.
Example 1. There exists a commutative topological inverse semigroup S such that
1) S is countable, metrizable, and locally compact;

2) the idempotent semilattice E(S) of S is compact and each subgroup of S has cardinality
<2

3) the left unit operation A\: S — S, A\: x — xz~!, is not dicontinuous, which implies that
the topological inverse semigroup .S is not ditopological.



124 T. BANAKH, I. PASTUKHOVA

Proof. Let H be a two-element group and T' = {0} U {+},en C R be a convergent sequence
endowed with the semilattice operation

x, ifx=uy;
Ty = .
0, otherwise.

Then the product T' x H is a commutative inverse semigroup whose idempotent semilattice
coincides with the set £ =T x {e} where e is the idempotent of the group H. Let h be the
non-identity element of the two-element group H.

Endow the inverse semigroup S = T x H with the topology 7 which induces the original
(compact metrizable) topology on the set T' x {e} and the discrete topology on T'x {h}. It is
easy to see that the topology 7 is metrizable, locally compact, and turns S into a topological
inverse semigroup.

We claim that the left unit operation A\: S — S, A\: x +— xx™", is not dicontinuous at
the point = = (0,h) € T x H. Assuming the opposite, for the neighborhood O, = {z} we
would find neighborhoods U, C S of x and W)y C A(S) of the idempotent A(z) = (0,e)
such that (W) N Uy) NATH (W) C O, = {x}. By the definition of the topology on S, the
neighborhood W), contains a point (%, e) for some n € N. It follows from (0,e) - (%, h) =
(0,h) =z € U, and A((2,h))) = (£, €) € W) that
(5:h) € Wa@y N Ux) NAT (W) € {2} = {(0,h)}

n?

1

and hence % = 0, which is a desired contradiction. O

6. Operations over ditopological unosemigroups. As we know from Theorem 4, the
class of ditopological unosemigroups contains all topological groups, all topological semilatti-
ces, and all compact Hausdorff topological inverse semigroups. In this section we shall show
that this class is stable under many natural operations over topological unosemigroups.

6.1. Subunosemigroups of topological (left, right) unosemigroups. Let (S, \) be
a topological left unosemigroup and X C S be a subsemigroup such that \(X) C X. Then
AX: X — X is a continuous left unit operation on X, which implies that (X, A|X) is
a topological left unosemigroup. Such a left unosemigroup will be called a left subunosemi-
group of (S, \).

By analogy we can define right subunosemigroups of topological right unosemigroups and
subunosemigroups of topological unosemigroups.

Since the dicontinuity of a left or right unit operation u: S — S on a topological semi-
group S implies the dicontinuity of the restriction u|X to any subsemigroup X C S with
u(X) C X, we obtain the following result.

Proposition 4. If a topological (left,right) unosemigroup S is ditopological, then so is any
its subunosemigroup X C S.

6.2. Tychonoff products of topological (left, right) unosemigroups. For any family
of topological left unosemigroups (Sa,Aa), a € A, the Tychonoff product S = [] .4 Sa
carries the natural structure of a topological left unosemigroup endowed with the left unit
operation A\: S — S, A: (Za)aca — ()\a(xa))aeA. By analogy we can define the operation of
the Tychonoff product of (right) unosemigroups.

The dicontinuity of left (right) unit operations on the topological semigroups S,, a € A,
implies the dicontinuity of the left (right) unit operation on their Tychonoff product. This
proves our next proposition.
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Proposition 5. The Tychonoff product of ditopological (left, right) unosemigroups is a di-
topological (left, right) unosemigroup.

6.3. The reduced product of topological (left, right) unosemigroups. Let X,Y be
topological semigroups and I C X be a closed two-sided ideal in X. By the reduced product
X x;Y of the semigroups X and Y over the ideal I we mean the set T U ((X \ ) x Y)
endowed with the smallest topology such that

e the map (X \ /) xY — X x;Y is a topological embedding;

e the projection 7: X x;Y — X is continuous.

z, if z €I,
m(z) = .
z, ifz=(z,y) e (X\I)xY,

Here

for any 2z € X x; Y.
The semigroup operation on X x;Y is defined as a unique binary operation on X x;Y
such that the projection ¢: X xY — X x;Y defined by

(2.7) x, if x € I
x,y) =
Y (z,y), otherwise

is a semigroup homomorphism.

If the semigroups X and Y carry continuous left unit operations Ax: X — X and
Ay Y — Y such that Ax(I) C I, then the reduced product X x;Y carries a natural left
unit operation A\: X x;Y — X X;Y defined by the formula

Az) = {)\X(z), if z €I
Oxl@) M (y)), i 2 = (2,9) € (X\ 1) x Y.

This formula is well-defined since for every x € X \ I the equality x = Ax(z) -« ¢ I implies
that Ax(z) ¢ I.

The semigroup X x; Y endowed with the left unit operation X is a topological left
unosemigroup called the reduced product of the topological left unosemigroups (X, Ay) and
(Y7 /\Y)

Theorem 5. If the topological left unosemigroups X = (X, Ax) and Y = (Y, \y) are
ditopological, then so is their reduced product X x; Y = (X XY, ).

Proof. Assume that the topological left unosemigroups X = (X, \x) and Y = (Y, \y) are
ditopological. To show that X x ;Y is a ditopological left unosemigroup, fix a point z € X x;Y
and a neighborhood O, C X x;Y of z. We divide the proof into two parts.

First assume that z = (z,y) € (X \I) x Y. In this case we can assume that O, = O, x O,
for some open neighborhoods O, € X \ I and O, C Y of the points x € X \ I and
y €Y, respectively. Since X and Y are left ditopological unosemigroups, there are open
neighborhoods U, C X, Wi, (s) C Ax(X) of the points x, Ax(x) and Uy, C Y, Wy, C
Ay (Y) of y, Ay (y) such that

(W)\X(x) PN Um) N )\Ql(WAX(x)) c O, and (WAy(y) N Uy) N A};l(WAy(y)) C Oy.
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It follows from Ax(x) -z = x ¢ I that Ax(x) ¢ I. So, we can assume that the sets U,
and Wy () are contained in X \ 1.

We claim that the open sets U, = U, X U, and W,y = W) () X W, (y) Witness that the
left unit operation A on X x;Y is dicontinuous at the point z. Given any point u € X x;Y
such that u € (Wi X U,) N A7 (Wy,)), we need to show that u € O,. It follows that
Au) € Wy and wu € U, for some w € W)(,), which implies that w,u ¢ I and hence
w = (Ty,Yw) and u = (z,,y,) for some points z,,x, € X \ I and y,,y, € Y. Since
WU = (Tyy, Yolu) € Uz, = Uy x Uy and AN(u) = (Ax(24), Ay (Yu)) € Waz) = Wi @) X Wy )5
we obtain x,x, € Uy, YuYu € Uy and Ax(zy) € Wi (@), Ay (Yu) € Wi, ). Hence

Ty € W@ N Us) NAY (Wig(@) € Op and gy € (Wi, ) XN Uy) N A (W) C O,

and thus v € O, x O, = O,.

In the case where z € I, we can assume that O, is of the form O, = 771(0’), where
O’ is an open neighborhood of the point z € I in the left unosemigroup X. Since Ax is
left dicontinuous at z, there are open neighborhoods U, C X and W, C Ax(X) of
the points z € X and Ax(z) € Ax(X) such that (W} N U.)N /\)_(I(ng(z)) C O.. The
latter inclusion implies that for the open neighborhoods U, = 7=}(U!) C X x; Y of z and
Wi = MX <1 Y)Na (W) CAMX x1Y) of A(2) we get

(Wa@y N Uz) NATH (W) C ﬂ-_l((W),\X(z) NUD)N /\}l(Wﬁx(z))) cn Y(0,) =0,

which witnesses that the left unit operation A on X x;Y is left dicontinuous at z. Thus, the
reduced product X x;Y = (X x;Y,\) is a ditopological left unosemigroup. ]

By analogy we can introduce the reduced product of topological right unosemigroups.
Namely, if X = (X, px) and Y = (Y, py) are topological right unosemigroups and I C X is
a closed two-sided ideal with px () C I, then the reduced product X x;Y carries an induced
right unit operation p: X x;Y — X Xx; Y defined by

oz :{px(z), if z € I
(px (), py(y)), ifz=(z,y) € (X\I)xY.

The reduced product X x;Y endowed with the right unit operation p is a topological right
unosemigroup called the reduced product of the topological right unosemigroups (X, Ax) and
(Y, \y).

By analogy with Theorem 5, we can prove

Theorem 6. If the topological right unosemigroups X = (X,px) and Y = (Y, py) are
ditopological, then so is their reduced product X x; Y = (X x;Y,p).

The above discussion implies that for topological unosemigroups X = (X, \x, px) and
Y = (Y, Ay, py) and a closed two-sided ideal I C X with Ax(I) U px(I) C I, the triple
X x;Y = (X x;Y, A, p) is a topological unosemigroup. This topological unosemigroup will
be called reduced product of the topological unosemigroups X and Y. Theorems 5 and 6
imply

Corollary 3. If topological unosemigroups X and Y are ditopological, then so is their
reduced product X x;Y.
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Now we present some important examples of reduced products.

Example 2. Let G be a topological group and let 2 = ({0,1}, min) be a two-element
semilattice endowed with the discrete topology. By Theorem 4, the semigroups G and 2
endowed with the canonical left and right unit operations are ditopological inverse semigroups
and by Corollary 3, so is their reduced product G = 2 X0y G called the 0-extension of G.

Example 3. Let G be a topological group and let I be the unit interval [0, 1] endowed with
the semilattice operation of minimum. By Theorem 4, the semigroups G and I endowed
with the canonical left and right unit operations are ditopological inverse semigroups and
by Corollary 3, so is their reduced product G = I X 10y G called the cone over G.

The 0-extensions and cones of topological groups will be essentially used in the forthco-
ming paper [2]| devoted to constructing embeddings of Clifford ditopological inverse semi-
groups into Tychonoff products of topological semilattices and cones over topological groups.

6.4. Semidirect products of topological unosemigroups. In this subsection we shall
consider the operation of a semidirect product of topological (left, right) unosemigroups. Let
us mention that semidirect products of semigroups were studied in Chapter 2 of [4].

By a continuous action of a topological semigroup F' on a topological semigroup S we
understand a continuous function a: F' x S — S having the following two properties:

e for each f € F the function af: S — S, ay: & +— a(f, x), is a semigroup homomorphism
of S;

® oy, = oy foreach f,g e F.

The action a: F'x .S — S induces a continuous associative binary operation (s, f)- (¢, g) =
(s-ag(t), f-g) on the product S x F. The product S x F' endowed with this binary operation
is denoted by S x, F and called the semidirect product of the topological semigroups S
and F.

We shall say that the action a: FF x S — S

e respects a (left, right) unit operation u: F' — F on F if a(u(f),s) = s for all (f,s) €
F xS,

e respects a (left, right) unit operation u: S — S on S if a(f,u(s)) = u(s) for all
(f,s) e Fx8S.

If (F,\r) and (S, \g) are topological left unosemigroups and a continuous action a: F' x
S — S of F on S respects the left unit operation Ag, then the unary operation A: S x, F' —
S Xo Fy A (s, f) = (As(s), Ar(f)), is a continuous left unit operation on the semidirect
product S x, F' as

(As(s), Ar(f)) - (5,) = (As(s) - aAr(f),8), Ae(f) - ) = (As(s) - 5, f) = (s, f)

for all (s, f) € S x F.
Therefore, S x, F = (S x, F, ) is a topological left unosemigroup, called the semidirect
product of the topological left unosemigroups S = (S, Ag) and F = (F, \r).

Theorem 7. Let S = (S,\s) and F = (F,\p) be topological left unosemigroups and
a: F xS — F be a continuous action of F' on S, which respects the left unit operation \p
of the left unosemigroup F'. The topological left unosemigroup S X, F is ditopological if and
only if the topological left unosemigroups S and F are ditopological.
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Proof. To prove the “only if” part, assume that S x, F is a ditopological left unosemigroup.
We need to prove that the topological left unosemigroups S and F are ditopological.

To prove the dicontinuity of the left unit operation \g, fix any point s € S and a neigh-
borhood Oy of s in §. Fix any point f € I and consider the neighborhood O, 5y = Oy x F
of (s, f) in the topological semigroup S x, F. The dicontinuity of the left unit operation
Aon S X, F yields the existence of neighborhoods U, 5y C S xo F' and Wy ) C A(S X4
F) = Xs(S) x Ap(F) of (s, f) and A(s, f) = (As(s), Ar(f)) such that (Wyi,pn N Ui ) N
/\_I(WA(SJ)) C O,p)- Clearly, we can assume that these neighborhoods are of the form
Ui,y = Us x Uy and W5 5y = Wigs) X Wi (p) for some open sets Ug C S, W) C As(5),
Uf C F, and W)\F(f) C /\F(F)

We claim that the neighborhoods Uy and W) witness that Ag is dicontinuous at s.
Let t € (Wigs) N Us) N )\gl(WAS(S)). This implies Ag(t) € Wiy and wt € U for some
w € Wiy(s). Then for the elements (¢, f) € S xq F and (w, Ap(f)) € W(s,5) we get

(W, A\p(f)) - (t, f) = (w - arpp)(t), Ar(f) - f) = (wt, f) € Us x Uy = U py,
A(s, f) = (As(8), Ar(f)) € Wigs) X Wap(r) = W)

Here we used the fact that the action « respects the left unit operation Ap. The choice of
the neighborhoods U, sy and Wy, ) guarantees that (¢, f) € O, sy and hence t € O;.

To check the dicontinuity of the left unit operation \gp: F' — F', take any point f € F
and a neighborhood O C F of f in F. Fix any element s € S and consider the neighborhood
O(s,p) = %Oy of (s, f) in Sx,F. The dicontinuity of the left unit operation A on Sx ,F yields
neighborhoods Uy, 5y C S Xo F and W5 5y C A(S %o F) of (s, f) and A(s, f) = (As(s), Ar(f))
such that (Wi X U.p) N AT (Wi, ) C Ogs,p)- We lose no generality assuming that
Ui,y = Us x Uy and W5 5y = Wigs) X W) for some open sets Ug C S, W) C As(5),
Uf C F, and WAF(f) C /\F(F>

We claim that the neighborhoods Uy and W), (y) witness the dicontinuity of Ar at the
point f. Given any point g € (Wi sy X Ur) N AR (Wa,(p)), observe that Ar(g) € W,.(y) and
wg € Uy for some w € Wy, sy C Ap(F'). Taking into account that the action a respects the
left unit operation Ap and w € Ap(F), we conclude that ., (s) = s. Then for the elements
(s,9) and (As(s), w) € Wig(s) X Wap(p) = Wis,p) we get

(As(s), w) - (s,9) = (As(s) - aw(s), wg) = (As(s) - s,wg) = (s,9) € Uts p)

and A(s, g) = (As(5), Ar(9)) € Wigs) X Wi,(r) = Wis,f), which means that (s, g) € (W, p™
Us,p)) N A H(Was.p)) € Ops,py = S x Op and hence g € Oy. This completes the proof of the
“only if” part of the theorem.

To prove the “if” part, assume that the topological left unosemigroups S and F are
ditopological. We need to check that the left unit operation A: (s, f) — (As(s), Ar(f)) on
S X o F is dicontinuous at every point (s, f) € S x, F. Fix any open neighborhood O sy of
(5, f) in S x4 F. We lose no generality assuming that it is of basic form: O 5y = Os x Oy
where Oy and Oy are open neighborhoods of s and f in S and F', respectively.

By the dicontinuity of the left unit operation A at f, there are neighborhoods Uy C F'
and Wy,(p) C Ap(F) of f and Ap(f) such that (Wi, X Up) N AR (Wan)) C Oy. By
the dicontinuity of the left unit operation Ag at s, there are neighborhoods U; C S and
Wig(s) C As(S) of s and Ag(s) such that (Wyg N Us) N Ag' (Wag(s)) C Os.

We claim that the neighborhoods U sy = Us x Uy and Wis 5 = Wiy X Wi,(p) of
(s, f) and A(s, f) witness that the left unit operation A is dicontinuous at (s, f). Given
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any pair (t,9) € (Wi X Uis.py) N A (Ws,p)), we need to show that (¢,9) € O p). It
follows that (w,h) - (t,g) € U for some pair (w, h) € Wy, p). Taking into account that
the action o respects the left unit operation Ap and h € Wy, 5y C Ap(F'), we conclude that
(w,h)-(t,9) = (w- an(t), hg) = (wt, hg) and hence (wt, hg) € U5y = Us x Uy and

(t,9) € (Wag) N Us) N A (Wag(s)) X (Wapny N Up) NAZ (Wag(p)) € Os X Of = O py.
0

Now, given two topological right unosemigroups S = (5, ps) and F = (F, pr) and a conti-
nuous action a: F' xS — S of F' on S, we shall define a right unit operation on the semidi-
rect product S X, F. This can be done under the additional assumption that the action « is
ps-invertible in the sense that for every f € F' the restriction &y = ay|ps(S) is a bijective
map of ps(S) and the map a™: F x ps(S) = ps(S), a: (f,s) — d;l(s), is continuous.

In this case the map p: S X, F' — S X, F defined by p(s, f) = (@;l(pg(s)),pp(f)) =

(= (f, ps(s)), pr(f)) is continuous.
Since

(5,f) p(s. f) = (s, f) - (a7 (ps(s)), pr(f)) = (s ay 0 a7 (ps(s)), | - pr(f)) =
= (s-agoay (ps(s)), f) = (s ps(s), f) = (s, f),

the map p is a continuous right unit operation on S X, F. Therefore, S x, F = (S X, F, p)
is a topological right unosemigroup, called the semidirect product of the topological right
unosemigroups S = (5, ps) and F = (F, pp).

Let us observe that if the action « respects the right unit operation pg, then for every
f € F the restriction &y = ay|pg(S) is an identity map of pg(S) and hence the action « is
ps-invertible. Moreover, in this case p(s, f) = (ps(s), pr(f)) for all (s, f) € S x F.

The following propositions will help us to detect pgs-invertible actions.

Proposition 6. A continuous action a: F' x S — S of a topological right unosemigroup
(F, pr) on a topological right unosemigroup (S, ps) is ps-invertible if

1) « respects the right unit operation pg;
2) ay(ps(S)) = ps(S) for all f € F;

3) there is a continuous unary operation ()~': F — F such that pp(f) = f~'f for all
fekrF.

Proof. Taking into account that the action a preserves the right unit operation pp: F' — F,
pr: [ — f7'f, we conclude that for every f € F and s € S we get s = a(pr(f),s) =
a(f~1f,s) = ap-1;(s) = ay-1 o ay(s), which implies that the homomorphism ay: S — S is
injective and hence has the inverse 04]71 cap(S) = S. It follows from af(ps(S)) = ps(S) that
the restriction &y = ay|ps(S) is a bijective map of pg(S).

It remains to check that the map a=: F x pg(S) — ps(S), a: (f,s) — d;l(s), is
continuous. For this purpose, observe that the function o~ coincides with the continuous
function 8: F x ps(S) — ps(S), B(f,s) = a(f~1,s). Indeed, given any f € F and s € pg(S),
we can find a unique point x € pg(S) with s = ay(z) = ay(z) and conclude that

B(f.s)=a(f,s) =api(s) = ayroap(z) = ay1p(x) =
= (1) =z =a;'(s) =a (f,s).
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Now we study the semidirect products of ditopological right unosemigroups.

Theorem 8. Let S = (S,ps) and F = (F,pr) be topological right unosemigroups and
a: F'xS — S be a pg-invertible continuous action of F' on S. The semidirect product S X, F
is a ditopological right unosemigroup if and only if the topological right unosemigroups S
and F are ditopological.

Proof. To prove the “only if” part, assume that the topological right unosemigroup S X, F =
(S X4 F, p) is ditopological. We need to show that the right unit operations pg and pp are
dicontinuous.

To prove the dicontinuity of the right unit operation pg, fix any point s € S and a neigh-
borhood Oy C S of s. Fix any point f € pp(F) C F and consider the homomorphism
ap: S — S, whose restriction a; is a bijective map of the set pg(S). We claim that &y is
the identity map of pg(S). It follows from f € pp(F) that f = pr(g) for some g € F. The
equality g = ¢ - pr(9) = gf implies that &, = a4 o &y, which is possible only in the case of
the identity map ay.

Now consider the point (s, f) € S X, F' and its neighborhood O 5 = Os x F. It
follows that p(s, f) = (d;l(ps(s)),pg(f)) = (ps(s), pr(f)). The dicontinuity of the right
unit operation p on S x, F' yields the existence of neighborhoods U5y C S X, F and
Wi,y C p(S %o F) = ps(S) x pp(F) of (s, f) and p(s, f) = (ps(s),pr(f)) such that
(Uts,ry AWis, ) N HWis. ) C O,y We lose no generality assuming that U, 5y = Us X Uy
and W55y = Wygs) X Wyp(p) for some open sets U C S, W) C ps(S), Up C F, and
Worn) C pe(F).

We claim that the neighborhoods Uy and W, (5) have the required property: (Us AW, 5))N
Ps (Wpg(s)) C Os. Given any point t € (Us KW ,4(5)) Npg (Wog(s), find a point w € W,y C
ps(S) such that tw € U,. Consider the point (¢, f) € S xo F and (w, pr(f)) € W) X
Wor(r) = Wiys,p) and observe that (¢, f)-(w, pr(f)) = (t-ap(w), f-ps(f)) = (tw, f) € UsxUy.

Since

p(t, f) = (@7 (ps(t), pr(f)) = (ps(t), pr(f)) € Wos(s) X Wor(r) = Wois.p)s

we get the desired inclusion (¢, f) € (Ugs.p) A W) N~ HWois,p)) C Os.py = Os X F, which
implies ¢t € O.

Next, we show that the right unit operation pz on F'is dicontinuous at every point f € F.
Fix any neighborhood Oy of f in F. Fix any point s € S and consider the pair (s, f) and its
neighborhood O, 5y = S X Of in S x, F'. The dicontinuity of the right unit operation p on
S Xq F yields the existence of neighborhoods Uys sy C S Xo F and Wy ) C p(S X F) =
ps(S) x pp(F) of the elements (s, f) and p(s, f) such that (U, py A W) N p (Wys.p)) C
O(s,f)- Consider the point r = égl(ps(s)) and observe that p(s, f) = (r, pr(f)). Without loss
of generality we can assume that W 5y = W, x W, sy and U, yy = Us x Uy for some open
sets W, C ps(S), Wy C pr(F), Us C S and Uy C F.

Consider the continuous functions 8: F' — pg(S), B: g — @, (ps(s)) = a (g, ps(s)),
and v: FF — S, v: g s-alg,r), and observe that 5(f) = r and

Wf) = s-ap(r) =s- ayoa; (ps(s) = s ps(s) = s.

Using the continuity of the functions 3 and v, find a neighborhood U} C Uy of f such that
B(U%) C W, and ~(U;) C Us.
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We claim that the neighborhoods U’ ¢ and W, () have the requlred property: (U ji A
Wor5) N P (Won(p)) € Oy. Given any point g € (Uf /< Wor5) N P (Won(p), find a point
h € Wy.p C pr(F) with gh € Uj. Consider the points (s,g) € S X4 F and (r,h) €
W x Woniry = Wys,p). Since h € pp(F), the map &y, is an identity homeomorphism of
ps(S). Hence, ay,(r) = r and

5+ ay(r) = s~ ag(an(r) = s - agu(r) = y(gh) € 4(U}) C Us,

Also oy, = a4 0 @, = &y implies that

p(s,9) = (0, (ps(5)), pr(9)) = (ay, (ps(s)), pr(g)) =
= (B(gh), pr(9)) € BU}) X W5y CWo X Wiy = Wis p)-

Since (s,g) - (r,h) = (s - ay(r),gh) € Us x U} C U, ), we get
(5,9) € (Usuy AWs,) N o~ (Wiispy) € Oty = S x Oy

and hence g € Oy, which completes the proof of the “only if” part of the theorem.
To prove the “if” part, assume that the topological right unosemigroups (5, ps) and
(F, pr) are ditopological. We need to check that the right unit operation

p: S X0 F— SxXoF, p: (s, f) — (@;1(p5(3))7pF(f))7

is dicontinuous at each point (s, f) € S x, F.

Fix any neighborhood Oy sy of the point (s, f) in the topological semigroup S x, F.
We lose no generality assuming that this neighborhood is of the basic form O sy = O, X
Oy, where O, and Oy are open neighborhoods of s and f in S and F, respectively. The
dicontinuity of the right unit operation pg yields the existence of neighborhoods U, C S and
Wos(s) C ps(S) of s and pg(s) such that (Us K Ws(s) N pg' (We(s)) C Os.

Now consider the point r = 64]71(p3(5)) € ps(S) and observe that

a(f,r) = ap(r) = agoaz (ps(s)) = ps(s) € Wg(s)

The continuity of the action a|(F x ps(S)) yields the existence of a neighborhood O’ C Oy
of f and a neighborhood W, C ps(S) of r such that a(O} x W;) C W)

Since the right unit operation pp is dicontinuous at f, there are neighborhoods Uy C F
and W,,(y) C pr(F) of f and pp(f) such that (Us K W,,(5) N pp' (Wopip) C OF.

The pg-invertibility of the action o guarantees that

p(S xa F) = {(a; (ps(s)), pr(f)): (5, f) € S xa F} = ps(S) x pp(F),

which implies that the product W, s = W, x W, ) is a neighborhood of the point
p(s, f) = (@7 (ps()). pr(f)) = (r,pr(f) in p(S xo F) = ps(S) x pr(F). We claim that
the neighborhoods U 5y = Us X Uy and W 5y = W, x W,y have the required property:
(Uts.p) AWois.) N0~ (Wis ) C Ops p)- Fix any point (¢, 9) € (Uts,p) AWp(s,)) V0™ (Wis ).
It follows that (¢, g)(w, h) € Us x Uy for some (w, h) € W, 5).

Observe that W, x W,y = W5y 2 p(t, 9) = (@, (ps(t)), pr(g)) implies pr(g) € Wy, (s
and a; ' (ps(t)) € W,. Also (w, h) € W5y = Wy X W,,(p) yields w € W, and h € W,y
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It follows from pr(g),h € W,,.(s) and gh € Uy that g € O C Oy. Then

ps(t) = agoay (ps(t)) = alg, a, (ps(t))) € (O x Wy) C Wy (o).
By the same reason, ay(w) = a(g, w) € a(0} x W,) C W, ,). Observe also that
(t : ag(w)7gh) = (tag) ' (wvh) € U(s,t) - Us X Uf

yields gh € Uy and t - ag(w) € U,. The choice of the neighborhoods U, and W, ) D
{ps(t), ag(w)} guarantees that ¢t € O,. So, (t,9) € Os x Of = O, p). O

The above discussion implies that for topological unosemigroups F = (F, Ap, pr), S =
(S, As, ps) and a Ap-respecting pg-invertible continuous action a: F' x S — S of F on S,
the triple S x, F = (S X, F, A\, p) is a topological unosemigroup. This topological unosemi-
group will be called the semidirect product of the topological unosemigroups F and S. By
Theorems 7 and 8 the topological unosemigroup S x,, F' is ditopological if and only if so are
the topological unosemigroups S and F.

6.5. Hartman-Mycielski Extension. Given a topological space X, for every n € N by
HM, (X) we denote the set of all functions f: [0,1) — X for which there exists a sequence
0=ay<a <---<a,=1such that f is constant on each interval [a;, a;11),0 < i < n. The
union HM(X) = U,,ey HM,(X) is called the Hartman-Mycielski extension of the space X,
see (6], [3].

A neighborhood sub-base of the topology of HM (X) at f € HM(X) consists of the sets
N(a,b,V,e), where

1) 0<a<b<1, fisconstant on [a,b), V is a neighborhood of f(a) in X, and € > 0;

2) g € N(a,b,V,e) means that |{t € [a,b): g(t) ¢ V}| < e, where | -| denotes the Lebesgue
measure.

If X is a topological semigroup then HM (X) also is a topological semigroup with respect
to the pointwise operations of multiplication of functions. Moreover, for any continuous
left (right) unit operation ux: X — X on X, the unary operation ugn(x): HM(X) —
HM(X), upmex): [ — uo f,is a continuous left (right) unit operation on HM (X), see [1,
Proposition 2].

Theorem 9. If X = (X, A\x) is a ditopological left unosemigroup then so is its Hartman-
Mycielski extension HM (X) = (HM(X), Agm(x))-

Proof. For simplicity of notation, we write A instead of Agar(x). Assume that X is a di-
topological left unosemigroup. To show that the topological left unosemigroup HM (X)) is
ditopological, fix any element f € HM(X) and its sub-basic neighborhood in HM (X)
O = N(a,b,Of(a),€) such that f is constant on the half-interval [a,b) C [0,1) and Oy, is
an open neighborhood of f(a) in X. Since the topological left unosemigroup X is ditopologi-
cal, there are neighborhoods U, C S and Wy ) C Ax(X) of the points x = f(a) and
Ax () = Ax(f(a)) such that (Wi @) X Uz) N AY Wiy @)) C O
Consider the open neighborhoods Uy = N(a,b,U,, 5) C HM(X) of f and

Wiy = MHM(X))N N<a, b, Wiy (a). g) c MHM(X))
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of A\(f). We claim that each function g € (Wypy X Uy) N AH(Wy(p)) € HM(X) belongs to
the neighborhood Oy. The inclusion A(g) € Wy = N(a,b, W, (), 5) guarantees that the
set A= {t€[a,b): Ax(f(t)) ¢ Wiy} has Lebesgue measure < 5. On the other hand, the
inclusion wg € Uy = N(a,b,U,, 5) implies that the set B = {t € [a,b): w(t) - g(t) ¢ U}
has Lebesgue measure < £. Finally, the inclusion w € W)y implies that the set C' = {t €
[a,b): w(t) € Wiy ()} has Lebesgue measure < . Then the union AU B U C has Lebesgue
measure < ¢ and for each t € [a,0) \ (AU BUC) we get Ax(9(t)) € Wiy (a), w(t) € Wi, (o)
and w(t)g(t) € U,. Then the choice of the neighborhoods U, and W), () guarantees that
g(t) € Oy = Of(q) and hence g € N(a,b, Oy, €) = Oy. O

By analogy we can prove the following result.

Theorem 10. If X = (X, px) is a ditopological right unosemigroup then so is its Hartman-
Mycielski extension HM (X) = (HM(X), prm(x))-

Theorems 9 and 10 imply

Theorem 11. If X = (X, Ax, px) is a ditopological unosemigroup then so is its Hartman-
Mycielski extension HM (X) = (HM(X), Agnm(x), prm(x))-

Since the Hartman-Mycielski space HM (X)) is contractible ([6]), Theorems 9-11 imply

Corollary 4. Each topological (left, right) unosemigroup is topologically isomorphic to the
(left, right) subunosemigroup of a contractible topological (left, right) unosemigroup.
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