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ON LOGARITHM OF MAXIMAL TERM OF DIRICHLET SERIES
CONVERGING IN A HALF-PLANE:
THREE-TERM POWER ASYMPTOTICS

Yu. V. Stets, M. M. Sheremeta. On logarithm of mazximal term of a Dirichlet series converging
in a half-plane: three-term power asymptotics, Mat. Stud. 41 (2014), 28-44.

We have found conditions on coefficients and exponents of Dirichlet series with null absci-
ssa of absolute convergence, under which the maximal term satisfies the asymptotic equality
Inu(o, F) = Tilo|~Pr+Tslo| P2+ (7+0(1))|o| ~*(o 1 0), where Ty > 0, T» € R\{0}, 7 € R\{0},
0<p<p2 <pr <—+o0.

0. B. Crenp, M. H. Illepemera. O nozapugme mMarxcumasbHozo 4ieHa CTOOAUE20CH 6 NOAY-
naockocmu pada Jupuzae: mpexusennan cmenennan acumnmomura // Mar. Cryail. — 2014.
—T.41, Nel. — C.28-44.

Haitnensr ycmoBusa ma xoaddunmenTtsl u nokasarenn psma Jlupuxie ¢ HysneBoit abcrimc-
coit abCOTIOTHON CXOJMMOCTH, [IPU BBINIOJHEHUN KOTOPBIX MAKCUMAJIBHBIN YJIeH yIOBJIETBOPSIET
acuMIToTHIecKoMy paseHcTBy In p(o, F) = Ty|o| =P + Talo| =72 4+ (7 + o(1))|o|~*(c 1 0), tae
Ty >0, T, e R\ {0}, 7 e R\ {0}, 0 < p < p2<p1 <+c0.

1. Introduction. For an entire function f of order p € (0, +00) and type 7 € (0, +00) Lin-
deldf ([1]) has found conditions on the Taylor coefficients, under which In max{|f(z)|: |z| =
r} = (1+o0(1))rr” as r — oo. For the functions of exponential type this result was obtained
independently by N. V. Govorov and N. I. Chernykh (|2]). A Dirichlet series

F(s) = Zan exp{sA,}, s=o0+it, (1)
n=0
where (A,) is a sequence of nonnegative numbers, increasing to +o0o (A\g = 0), is a di-

rect generalization of power expansion of an analytic function. If the abscissa of absolute
convergence of the series (1) is equal to o, € (—00,+00], then the growth of the series is
identified with the growth of the function M (o, F') = sup{|F (o +it)|: t € R} as 0 1 0,. The
maximal term u(o, F') = max{|a,| exp{cA,}: n > 0} plays an important role in the investi-
gation of connection between the growth of M (o, F') and the behavior of the coefficients.
For the entire (o, = +00) Dirichlet series (1) M. V. Zabolotskyi and M. M. Sheremeta
(|3]), generalizing Lindel6f’s Theorem, indicated necessary and sufficient conditions on a,, and
An, under which In pu(o, F) = (1 + 0o(1))®(0) as 0 — 400, where ® is a positive unbounded
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on (—o0, +00) function such that its derivative ¢’ is nonnegative continuous and increasing
to +00 as 0 — +o0o. Ya. Ya. Prytula ([4]) solved a similar problem for Dirichlet series with
an arbitrary abscissa of absolute convergence.

The study of connection between the growth of In (o, F') and the behavior of coefficients
in terms of two-term asymptotics originates from [5]. It was established there necessary and
sufficient conditions on a,, under which for the entire Dirichlet series F' In (o, F') has two-
term exponential asymptotics of the form In (o, F') = T exp{p10}+(14+0(1))r exp{po}, 0 —
+00, where 0 < p < p; < 400, T > 0 and 7 € R\ {0}. O. M. Sumyk solved a similar problem
for two-term power asymptotics of In u(co, F') both for entire Dirichlet series and Dirichlet
series with null abscissa of absolute convergence. In particular, in [6] she proved, that for
the Dirichlet series F' with null abscissa of absolute convergence the asymptotic equality
Inpu(o, F) =Ty /|ol* +7(1+0(1))/|o|” as o 1 0 was correct, where 0 < p < p; < +o00, T >0
and 7 € R\ {0}, if and only if for every € > 0

1) there exists a number ng(g) such that In |a,| < T1(p1 + 1)(T’Izl)pfﬁ + (1 + 5)(T)1‘Z1 )T

for all n > ng(e);

2) there exists an increasing sequence (ny) of positive integers such that In |a,, | > T1(p1 +

1) (72 )7t 4 (7 — ) ()7 for all k > ko and Auy,, — A, = o()\n,fl ) as k — oo,

Tk4+1

The general problem of exponential asymptotics for the logarithm of the maximal term of
a Dirichlet series was considered by O. M. Sumyk ([7]). The result of this investigation in
the case of three-term exponential asymptotics is specified in [8]. Finally, in [9] for entire
Dirichlet series connection between the growth of In u(o, F') and the decrease of a,, in terms
of three-term power asymptotics is established.

Here we are going to find conditions on coefficients a,, and exponents A, of the Dirichlet
series (1) with null abscissa of absolute convergence, under which its maximal term has the
following asymptotics

T1 T2 T+ 0(1)

1 F) = 0 2
where 77 > 0, T, e R\ {0}, 7€ R\ {0}, 0 < p < p2 < p1 < +00.
We put
(paT>)?

T =Tl p>2p0 -1} (P) — mf{p: p<2p2—p1} (D),

where Ig(p) is the characteristic function of a set E, i.e., Ig(p) =1 for p € E and Ig(p) =0
for p ¢ E.

Theorem 1. In order that In (o, F') has three-term power asymptotics (2) it is necessary
and in the case p > 2p, — p; sufficient that for every ¢ > 0:

1) there exists a number ng(e) such that for all n > ngy(e)

max{p,2pa—p1}

Pl P2
A, \7it Ao \7T A, T e
ol <7+ (7)1 n(75) " A7) T

101 Tipy Tipy

2) there exists an increasing sequence (ny) of positive integers such that for all k > kg

max{p,2p2—p1}

P1 £2
)\n pI+L /\n PrEL * )\n Coar
In|an,| > Ti(p1 + 1) (Tlﬂkl) | b (T1Pkl> | T —e) (Tlpkl) | |
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p1tmax{p,2po—py }+2

Ao = A = O(Ank 2ot D ) k — +00.

To prove Theorem 1 and other statements we need results of the papers [3], [10], [11].

By ©(0) we denote the class of functions ® defined on (—o0,0), positive unbounded and
such that @’ is positive, continuously differentiable on (—o00,0) and increasing to oo as
o 1 0. For ® € Q(0) let ¢ be the function inverse to ® and ¥(0) = o — =2k

(o) be a function
associated with ® in the sense of Newton.

Lemma 1 (|10, 11]). Let ® € Q(0) and o, = 0. In order that Inu(o, F') < ®(0) for all
o € [00,0) it is necessary and sufficient that In |a,| < =\, (p(A,)) for all n > ny.

Lemma 2 ([3, 11]). For ® € ©(0) and positive numbers a, b, a < b, the following inequality
Gi(a,b,®) < Gy(a,b,®) holds, where

b [P D(p(t
G1<a7 b7 q)) = bcia/ (fg( ))dta

Gg(a,b,tb):@(%(a,b,@)), s(a,b, @) = — /abcp(t)dt.

Lemma 3 ([11]). Let ® € Q(0), 0, = 0, and In|a,, | > —X,, V(p(\,,)) for some sequence
(nx) of positive integers increasing to 4+o00. Then for k > ko and o € [p(X\y, ), (An,,,)] the
inequality In pu(o, F) > ®(0) — (Ga(An,,, A Q) — Gi(An,, A ®)) is valid.

Nk+17 Ng+1

Lemma 4 ([11]). Let ®; € Q(0) (j = 1,2), 0, = 0, and ®1(0) < Inpu(o, F) < Dy(0)
for all o € [09,0). Then In|a,| < —X\,Wa(p2(A,)) for all n > ny and there exists a se-
quence (ny) of positive integers increasing to +oo such that In |a,, | > —\,, V1(p1(A\n,)) and

Gty A ys B2) > By (5L [1755 op()dt).

k41 )‘"k+1 —Any, Ang,

2. Main lemma. Suppose ¢ € (0) and ® is a function of the form

B Tl + T2 i T + 5
aler ol oo ol

®()

) 0-0§0-<07 (3>

where T4, Ty, T, p, p2, p1 are the same as in the relation (2), s < p and § € R\ {0}. Set

p2—p1—1

x *ﬁ p21> x p1+I
Ulx) = ( ) + ( > .
(z) Tip mTi(pr+ 1) \Tipy

The following lemma is the main auxiliary statement in the paper.

Lemma 5. Suppose that & € Q(0) is of the form (3). Then the function ¢ admits the

following asymptotics as x — +00:
p—p1—1

(i) if s=p>2py —py and 7+ 6 # 0, then p(z) = —U(zx) — —(;;irpol(i)l))p(%m) ptt

(ii) if s = p < 2py — p1, then

2 2p9—2p1—1
2p2 — pP1 + 0(1) ( p2T2 €T p1+1
)

2 piT1(pr +1 Tip

p(r) = =U(z) +



ON LOGARITHM OF MAXIMAL TERM OF DIRICHLET SERIES 31

ooy Ts)? T
(iii) 1fs:p:2p2—p1,7#%and7+5%ﬁ then

2pp—2p1 -1

o(z) = ~U(x) M(TM_MM(D)( x) i

~ piTi(p + 1) 2p1Ti(p1 + 1) Tip

. . 2
(iv) if p = 2py — p1, s = 3pa — 2p1, T = %7 (3p2 — 2p1)(3p2 — 2p1 — 1) # 0 and

(3p2=2p1—1)(p2T»)*
07 pGQ(Pl%(pl-s-?;)f , then

3p2—3p1—1

= —Ulx 302 _ 201 (3p2 — 2P1 - 1)(p2T2)3 _ o x p1+1 ‘
#lo) = -Ule) + piTi(pr + 1) ( 6(p1T1(p1 +1))? 0+ (1)) (T1p1> ;

. T)? 3)( 6 T5)4
N (V)ifp=2ps—p1, s =A4py—3p1, 7 = 5B, 3y —2py = 0 and § # L 2NarOlel)
en

4p1+3

— 1 2p1(p1 +3)(p1 + 6)Ty z \ T
p(x) = -U(x) - Ty (o 1) ( ST Ty (s T 1) 5+ 0(1)) <T1,01> :

. . 2
(Vl) pr = 202 —pP1, S = 4P2 - 3/01; T = pr;?gl)Jrly 3 2101 _1 - 0 5 # (pgllﬁll)o(lpjl’ltjzgffg%)

and p; # 4, then

4p1—1

_ p1— 4 (p1 + 2)(p1 — 1)(p2T2)4 T IES .
o(z) =-U(x) — 3p1T1(p1 + 1) < 206(mTh(pr +1))3 o+ 0(1)) < ) ’

. . 2
(V11)1fp:2p2—p1,s:5p2—4p1,,01:4,7:#%, 3ps —2p1 — 1 = 0 and

J # TQ—”) then

5(T1p1(p1+1))4?

o) = —U(z) + 2017’1 (522@; Ny 0(1)) (4%)_

Proof. Since ®'(0) = |UT|})fi1 + |JT‘§§L + |U|Tp”+1 + |gff+1, we need to solve the following equation

Tipy Trp2 TP i s
|U‘p1+1 ’0|,02+1 |O—|p+1 |0‘s+1

—u (4)

in order to find asymptotical behavior of . It is easy to see that the solution o = o(z) of
this equation satisfies the condition ‘Tl,ﬁfil X (14+o0(1)) =z (xr = +00). Thus, we will find

a solution of the form X
Tipy ) Pt
ol = ()™ 4 ato), 5)

X

where o = a(z) = 0($_ﬁ) (x — +00). Substituting (5) into (4), we obtain

pP2—P1

<1+< z )pll-i—l&)_(Pl'i‘l)_'_sz2< . ),,1+1 <1+< " ),{Ha)—(pz+1)+ .
Tipy Tipy \T1p1 Tip1 Tip1

P—pP1 Pl

(7)) (e () ) e () (e () )
x + e’ + + Q =1.
Tip Tipr Tipy \T1p1 Tip1
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Using the asymptotic expansion for the function (1 + ¢)” as t — 0, we can show that the
following asymptotic equality holds

2

(p1+2)a2< v )pll“_(p1+2)(p1+3)a3( z )++

2 Tip1 6 Tip1
_3 4
+(Pl +2) (4 3)(p+d) 4 @ N\ (it 2) (e 3)(p ) +5) s @ S
24 T1p1 120 Tlpl
p2=p1=1 p2=pr1

5 21y x P11 pTo(pa+1) [ =z P11
+0 a%ﬂﬁl) + ( > — a+
< piT(p1 +1) \Tips piTi(p1 +1) \Tipy

po—p1+1 pP2—P1+2

p2T(p2 +1)(p2 +2) ( z > it o pala(pa + 1)(p2 +2)(p2 +3) ( z ) SR
2pTh(p1 + 1) Tip1 60111 (p1 + 1) Tip

p2—p1+3

D2+ )2 +2)(p2 +3)(p2+4) (@ N AT g s et
24p1Th(p1 + 1) Tipy

p—p1—1 P—P1

TP ( T ) p1+1 Tp(p+1> ( T )p +
+ — a+
Tipi(p1 +1) \Tips Tipi(p1 +1) \Tipx
pP—p1+2

p—p1+1
Tp(p+1)(p+2) ( x ) i, plp+1)(p+2)(p+3) ( x ) NN
2Tp1(pr +1) \Tip 671p1(p1 + 1) Tip1

s—p1—1
p=p1+3 (1+0(1))ds ( T ) P11
+0( atz it ) + , & — +00. 6

( Tipr(pr + 1) \Tips ©)

[l
-

Since a(m)xﬁ — 0 (z = +00), (6) gives

p2—p1—1 p2—p1—1

To(1 1 p1+1 T p1+1
e B et O I T A
piTi(pr +1) \Tip piTi(pr +1) \Tips

p2—p1—1

where § = (z) = o(x ~F1 ), x — +o0. Substituting (7) into (6), we obtain the asymptotic
equality

2p3—2p1—1

ot = 22 (e Y () T

piTi(pr + 1) Tip1
3p2—3p1—1

(p1+2)(p1+3>—3(p2+1>(p2+2)( p2Ts )3< f’f ) SR
6 piTi(pr + 1) Tip1
4pg—4p1—1

(p1+2)(p1 +3)(p1 +4) — 4(p2 + 1)(p2 + 2)(p2 + 3) p21s o Pt
+ 24 <PlT1(P1 + 1)) <T1P1> -

_(p1+2)(p1 +3)(p1 +4) (1 +5) = 5(p2 + 1)(p2 +2)(p2 +3) (p2 +4) ( p2T )5
1)

120 piTi(p1 +
5pg—5p1—1 p—p1—1
( x ) p1t+1 7',0 ( x ) p1+1
X + —
Tip1 Tipr(pr + 1) \Tips
p2—2p1+p—1 2po—3p1tp—1

mplp+ DpaTy ( v ) A oo+ D (p+2)(paT)’ ( z ) S
(P Ti(pr +1))* \Tip1 2(p1Ti(py +1))3 Tip;
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3pg—4p1+p—1 s—p1—1

_7p(p+ 1) (p+2)(p + 3)(p2T5)° ( x )“ (1+0(1))ds ( x > P
6(pTi(pr +1))* Tipy Tipi(pr + 1) \Tipa

6pg—6p1—1 4po—5p1+p—1
+O(:v Pl )+O<x P11 ) (8)

Ilfs=p>2p—pithen p—p1—1>2(pa—p1)—1>3(p2a—p1)—1>...>6(pa—p1)—1
and from (8) we get

_|_

p—p1—1 p—p1—1

_ T ( v ) B +(1+o(1))5,0( v ) e oo
Tipi(p1 + 1) \Tip: Tipi(p1 + 1) \Tip: ’ ’

Blx)

and under the condition 7 4+ § # 0 we have

p—p1—1

p1+1
, T —» +00.

plr) =

(T+(5+0(1))p( T
Tipi(pr +1) \Tipy

Therefore, from (5) and (7) we get statement (i) of Lemma 5.
If 0 < s=p<2py— p1, then from (8) we obtain the asymptotic equality

2(p2—p1)—1

ﬁ(x):_(1+0(1))2p22_p1(Tlplﬁihﬂ))Q(Tfpl) S

and in view of (5) and (7) statement (ii) of Lemma 5 is valid.

Suppose now that s = p =2py — p; and 7 # QTE%’%. Then the equality (8) implies

2(pa—p1)—1

(14 0(1))B(x) 2p2 — p1 (T (Tap2)? )< T )pl+1+

- Tipi(pr +1) B 2Tvpi(pr + 1) ) \Tip1

L (L+0(1))os ( x ) o 4
. T 00.
Tipi(pr + 1) \Tip

In the case 7+ 6 # % the last relation is equivalent to the following one

2(p2—p1)—1

202 — p1 ( (Tops)? ) ( x ) FFE=
)=——"—"" |74+ - —— _ +0(1 , T — 400,
pla) Tipi(pr +1) 2T1p1(p1 + 1) 1) Tip1

and in view of (5) and (7) assertion (iii) of Lemma 5 is proved.

(Tap2)* L then (8) can be rewritten as

If p=2py—prand 7 = 37225

3(pa—p1)—1
(3,2 —2p1)(3p2 — 2p1 — 1) ( Topa )3( T )91+1
(1+0(1))B(x) = G AR +

N ((pl +2)(p1 +3)(p1 +4) — 4(p2 + 1)(p2 + 2)(p2 + 3)
24
4(p2—p1)—1

(2p2—p1)(2p2—p1+1)(2p2—p1+2))( T>p2 )4( x ) pFl
4 Tipi(pr+1) ) \Tip

+

+
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_%

N ((Pl +2)(p1 +3)(p1 +4)(p1 +5) = 5(p2 + 1)(p2 + 2)(p2 + 3)(p2 + 4)
120
5(p2—p1)—1

(2p2 = p1)(2p2 — pr +1)(2p2 — p1 +2)(2p2 — p1 + 3)) ( Typ2 )5< z ) S
12 Tipi(p1 + 1) Tip1

s—p1—1
6(pa—p1)~1 (14 o0(1))ds ( x ) PIHI
1+ O g wt 4 , *—+oo. (9

( ) Tipi(p1 +1) \Tips ©)

_%

Under the conditions (3p2 — 2p1)(3ps —2p1 — 1) # 0 and s = 3ps — 2p; the second, third
s—p1—1 3

and fourth addends are o(x »1+T ) as x — +00. Moreover, if § # (3”62(;12;’ 11(_/)1&?)2)”22) , then

3(p2—p1)—1
3p2 — 2p1 <5 ~ (3p2 = 2p1 = 1)(Tipy)° of1 ) ( x pr¥l
6(Typ1(pr +1))2 Tip1

plx) =

= , T — 400,
Tipi(p1 + 1)

and in view of (5) and (7) we come to assertion (iv) of Lemma 5.

If (3p3 — 2p1)(3p2 — 2p1 — 1) = 0, then the first addend in the right-hand side of (9) is
equal to zero.

At first we consider the case 3ps — 2p; = 0. Then ps = 2p1/3 and 2py — p1 = p1/3.
Therefore, (9) implies

4(pa—p1)—1

Cplpi+3)(pi+6) [ Tapy N[ x \T oo
(1 o)sta) = A IO (LB ) (L) ;

s—p1—1
L0 (;p5(p291ill)1) n (1 + 0(1))58 < x ) p1+1 2 too,

Tipi(pr +1) \Tips
and so under conditions s = 4py — 3p; and § # £ 21;%1”;;2;)5?12)@%)4 we have
L (o1 +3)(pn +6)(Tapa)’ A
fle) = 3Ti(p1 +1) ( 216(Tip1(pr +1))? o 0(1>> (Tlpl) LT

and in view of (5) and (7) we obtain assertion (v) of Lemma 5.
Finally, let 3p; — 2p; — 1 = 0. Then py = (2p1 +1)/3, 2p2 — p1 = (p1 +2)/3 and (9)
implies
(1 4+ (o~ D~ 4 (T Yoa RS
P1 p1— L)(p1 — 202 x prtt
1+0(1))5(x) = +
( (1)) 648 <T101(P1+1)> (Tlpl>

s—p1—1
B(p2—pp) =1 (14 0(1))ds < x ) It
+0(x ~H + , T — +00. 10

( ) Tipi(pr +1) \Tip: (10)

If (p1 +2)(p1 — 1)(p1 —4) #0, s =4py — 3py, and § # (p§f6%¥fglz;3ﬁ5§)4, then from (10) we
get

4(p2—p1)—1

B(x) pr i <(p1 +2)(pr— 1) (Topn)* - 5+0(1)>< T )pm’

~ 3Tipu(pr + 1) 216 (Tip1(pr +1 Tipy
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as * — 400. We note that (p; + 2)(p1 — 1)(p1 —4) # 0 if and only if p; # 4, because if
p1 = 1, then p; = py = 1 which is impossible. Thus, we get statement (vi) of Lemma 5.

What is left is to consider the case p; = 4. In this case from (10) under condition
s =5Hpy —4p; = —1 we obtain

5(p2—=p1)—1
1 (Tsp2)’ )7 )
x) = — +0 +o(1 , T — 400,
B) Tipr(pr +1) (5(T1P1(Pl + 1)) @ Tip
and statement (vii) follows. O

) where P =p1,p2,0,8

Using Lemma 5, we can find asymptotics of the functions |¢(x)| ™
— ®(p(x)), asymptotics of

and hence asymptotics of ®(p(x)) and, since 2V (p(x)) = zp(x)
x¥(p(z)) also. Setting

e e

x p1+1 P2 €T p1t+1

Viz)=T + T (1 — ) ( ) ,
(=) ! <T101) ? p1+1)\Tipx

P1 P2

x p1+1 x p1+1
Wie) =Tilen+1) (Tlpl) i (m) 7

we come to the following lemma.

Lemma 6. Suppose that ® € Q(0) and ® has a form (3). Then functions ®(p(z)) and
2V (p(z)) admit the following asymptotics, as © — +00:
(i) under conditions of Lemma 5 (i)

B(p(a)) = Vo) + (TEARZLED o) (4 )

p1+1 Tipy

P
€x p1+1

Tip

’

2V (p(x)=-W(z)—(T+0+ 0(1))(

(ii) under conditions of Lemma 5 (ii)

2p2—p]

. 2p2 — 2p1 —1 <p2T2)2 €T p1tl
d(p(x)) = V(x) + . <2p1T1(p1 ) + o(1)> (Tlpl) ,

2p2—p]

U (p(a)) = ~W(2) + (ﬂﬂmx v ) At

20111 (p1 + 1) T p

(iii) under conditions of Lemma 5 (iii)

2p2—p]

() :vm—MQM Mmu))( z ) n

p1+1 201 Ti(py + 1) Tip:
z s
2 (p(x)) = —W(z) — <¢ PR (1 Y 0(1)> ( ) o
Tipy

(iv) under conditions of Lemma 5 (iv)

(p(z)) = V(z) + 3p2 —3p1 — 1 <(3p2 —2p1 = D(pTn)* i 0(1)> ( N

p1+1 6(p1T1(p1 +1))2
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300 — 201 — 1)(p2T2)? et
— — p1+1

(3p2 — 21 )(0222) _5+0(1)>< x
6(mTi(p1 +1)) Tip

(v) under conditions of Lemma 5 (v)

U (o) = —W(a) + (

B(o(2) = V(@) + gt =
4p1+3 (2p1(p1 +3)(p1 +6)T3 r \ "I
_3(01 +1) ( 2187(T1(p1 +1))? -0 0(1)> (Tlpl) ’

B 40, T3 <2p1(p1 +3)(p1 + 6)T 54 0(1))< x )s(pilﬂ)'
81(Ti(p1 4+ 1))? 2187(T1(p1 + 1))3 Ty ’

w¥(p())=-W(z)

(vi) under conditions of Lemma 5 (vi)

dpr =1 ((p1+2)(p1 — D(psTo)* z \ it
¥oto) = Vo) - 3 (P e —5+o)) (7)™

(p1 +2)(p1 = 1)(pTo)* I CEDN
x‘If(gO(:L‘)) B —W(x) " ( 216(/)1T1(p1 + 1>>3 mot 0(1)) (Tlpl) 7

(vii) under conditions of Lemma 5 (vii)
1 (BT 6/ (3Tr)° T -3
(p@)=Viw) = 33 (2OT1)3+5(5(20T1)4 +0+ 0(1)) (E) :

1 (3L [ (3D)° z \7F
2V (p(x)) = —W(x) + ERCALE <5(20T1)4 +0+ 0(1)) (4_T1> :

3. Asymptotic behavior of quantities Gi(tx, tx11, P) and Ga(ty, try1, D). Let 0 < tp T
+00 (k — 400) and tg1 = tx(1+6). Using Lemma 6, it is easy to prove the following three
lemmas.

Lemma 7. If there exists an increasing sequence (k;) of positive integers such that 0, — oo
as j — oo, then for the function (3)

P1

Gt 1,14 000 = (L o) + 1) (7)™ G 0

and

P1 & bk, P e .
G, (140, ) = 1+ o) (25) T (2o (o o)

for this sequence (0,;) under assumptions of any statement of Lemma 5.

Lemma 8. If there exists an increasing sequence (k;) of positive integers such that 0, —
0 € (0,+00) as j — +o0, then for the function (3)

tr. %1 0 1
kj) + (1—=(1406) »+ 1) (j — +0o0)

G]_(tk:jatkj(]‘ _|_9kj)7 ®) = (1+o0(1)T1(p1+1) <T1P1 A
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and

p1+1

t, )+ (((1 + )T — 1))‘/’1
Tip 0 ’

Gz(tkj,tkj(lJr@kj),@):(1+0(1))T1< . )”1<

for this sequence (0;) under assumptions of any statement of Lemma 5.

Lemma 9. Suppose that ® € Q(0) and ® has a form (3). Let (t;) be such sequence as
defined above and ), — 0 (k — +00). Then

Pl P2

Gi(tp, tu(1+6;),®) = A*(ty, 0;) + O<t£1+192)+0 <t;1+19,§> 491 (tr, k), k — +00,

where

tk )Pf‘lH—i_ Tlplﬁk ( tk )Pf‘lH T1p1<p1+2)02< tk )/J1+1
2

A*(tg, 0y) =Ty | =—— +
(te.61) = Th (Tlpl (p1 + 1) \Tip: 6(p1 +1)2 Tip
_P2 _P2
+Tz(Pl +1—po) ( (7% ) it Thpa(pr + 1 — pa) ( 173 ) p1+19
ks
p1+1 Tip1 2(p1 +1)2 Tip
and g (ty, 0x) has the following asymptotics as k — +o0:
(i) under conditions of Lemma 5 (i)
pr—p+1 23 )’”“
le, O) = ——(7+ 0+ o(1 ;
i) = 5 o)
(ii) under conditions of Lemma 5 (ii)
2p2—p1

91(tk, Or) = 22— 21 ] < (oo To) ) + 0(1)> < i ) "

p1+1 2pTi(p1+1

(iii) under conditions of Lemma 5 (iii)

2p2 . 2p1 —1 ( (p2T2)2 ) < tr ) p1+1
g1 (tr, Ox) oL+ 1 201Th(p1 + 1) @)

(iv) under conditions of Lemma 5 (iv)

3ps —3p1 — 1 [ (3ps —2p1 — 1)(p2T3)? t P11
p2 — 3p1 (( p2 — 2p1 )(/)222) _5+0(1))< B
pr+1 6(mTr(p +1))
(v) under conditions of Lemma 5 (v)
Ap T3 _ 4pi+3 (2,01(,01 +3)(p +6)Ty 5 0(1)) ( t >3<p’?+1>_
SITi(p+ )2 3(;m + 1)\ 2187(Ty(p1 + 1))? Tip ’

(vi) under conditions of Lemma 5 (vi)

g1(tk, Ox) =

%1 (tk, ek) =

—p1+4

_ A =1 (4 2)(p1 = 1)(p2T)" ty O\ et
g1(tk, O) = T3+ 1) ( N6 Tulpn L 1) o+ 0(1)) <T1p1) :

(vii) under conditions of Lemma 5 (vii)

1 (B 6/ (31)° te \
080 =35 o+ (s +0) (757)




38 Yu. V. STETS, M. M. SHEREMETA

Lemma 10. Suppose that ® € Q(0) and ® has a form (3). Let (t;) be such sequence as
defined above and ), — 0 (k — +00). Then

Golt, tr(1+01),®) = B*(ty, 0k) + O(t“l“ef”) + O(t"1“92) + go(tr, 0k), k — +oo, (11)

where
P1 Pl 1
te Nt e < t )"1“ Tipi(pr +5) 2( th )ﬂl“
(8, 61) ' <T1P1) 2(p1 + 1)\ T1p; 24(p1 4+ 1)2 "\ Tipy
_po o
+T2(p1 — ( Y > art Topa(pr+ 11— po) ( L ) "
ks
p1+1 Tip1 2(p1 +1)2 Tip1

and gs(ty, 0x) has the following asymptotics as k — +00:
(i) under conditions of Lemma 5 (i)

pr—p+1 te O\ e
O = 22— (1 45+ o(1 :
i) = P45+ o) (7

(ii) under conditions of Lemma 5 (ii)

2p2—p1

2p2 —2p1 — 1 ( (p2T2)? ) ( ty ) PIFI
tiy O) = +o(1 — ;
92(t: 1) p1+1 201Th(p1 + 1) @ Tip

(iii) under conditions of Lemma 5 (iii)

201 — 29 + 1 T,)? N
gz(tk,ek):%QM_(m—ﬂ)H(l))( k> ;

p1+1 2pTi(p1 +1 Tip1

(iv) under conditions of Lemma 5 (iv)
305 — 3p1 — 1/ (3ps — 201 — 1)(paT)? e
P2 — 3p1 — p2 —2p1 — 1)(pads e )
9l 00 p1+1 ( 6(mT(p1 +1))? A

(v) under conditions of Lemma 5 (v)

Api T3 4p1 +3 (2p1 (o1 +3)(p1 + 6)T ) ( th )—3(;;11)
t ’9 - — 0 +o(1 ;
g2l Or) = 81(Ti(p1 +1))2  3(pr+ 1)\ 2187(Ty(py + 1)) (1) Tipr

(vi) under conditions of Lemma 5 (vi)

—p1+4

__Ap =1 (e +2) (1 — D (pTn)" by \ 56D
92(tg, 0r) = _3(/)1 +1) ( 216(p1 Ta(p1 +1))3 -0+ 0(1)) <T1/)1) :

(vii) under conditions of Lemma 5 (vii)

1 3Tm)* 6/ (3Ty)° B\
92(e:9%) = =13 o5 + 5 (WM ! 0(1)) (T1p1> |
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_P1
Since B*(ty, 0x) — A*(tg, Ok) = T:Qlil_l)(%fol) ”1}”0,%, Lemmas 9 and 12 imply the following

statement.

Lemma 11. Suppose that ® € Q(0) and ® has a form (3). Let (tx) be such sequence as
defined above and 0, — 0 (k — +00). Then

T f \ et
Gotr, te(1 + 6k), P) — Gi(tg, ti(1 + 0), ) = 8(plil 0 (Tkp ) 07+
1 1M1

+O(0:7 ) + OO ) + g(tr, Ok), Kk — +oo,
k

and g(t, 0y) has the following asymptotics as k — 400:
_P
(i) under conditions of Lemma 5 (i) g(tx,0x) = o(t,’;”l);

2p2—p1
(ii) under conditions of Lemma 5 (ii) g(ty, 0y) = O(tkpl+1 );

2p2—p1
(iii) under conditions of Lemma 5 (iii) g(ty, 0x) = 0<tklerl );

(vi) under conditions of Lemma 5 (vi) g(tg,0r) = o(tk

(vii) under conditions of Lemma 5 (vii) g(ty, k) = o(tk 5).

We will also need the following lemma.

Lemma 12. Let ®(0) € Q(0) and ®5(0) € 2(0) be such functions that

Tl T2 T 0 T1 TQ T )
@1(0’): + + — s @2(0’)2 + + + s 0'0SO'<O,
oler o2 fale of® loler ol ole " ol®
where § > 0 and s < p. We suppose that t;11 = (1 + 0x)ty and for all k > kg
G (ty, ts1, Pa) > @1 (oe(ty, tysr, P2)). (12)
Then 6, — 0 (k — +o0) and
166(py + 1)< t )Zlﬂ
62 < + " (i, 0k), 13
bS 7T T 9" (tx, Ok) (13)

where the following asymptotic equalities are valid as k — 400:

p—p1
i)if s=p>2py—p; and 7+ 8 # 0, then g*(t,0r) = o| t7* );
k

2(p2—p1)
(ii) if s = p < 2py — p1, then g*(ty, O) = O(tk " );
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(iii) if s = p = 2py — p1, T # %%i—% and T £ # % then g*(tx,0r) =

2(p2—p1)
0<tk i );
. . 2
(iv) if p = 2py — p1, s = 3pa — 2p, Ti% (3p2 — 2p1)(3p2 = 2p1 — 1) # 0 and
pP2—P1
(3p2—2p1—1)(p2T) arresul
5 S then g (1, 0) = o1, )
e . _ (p2Tn)? +3)(p1+6) (p2T2)*
(V) lfp - 2/)2 - /)142 S —)4/)2 - 301, T_Qplgﬂ?(jl_,_ly 3p 2/)1 =0andd 7é ,02116(/)1,0:,111(/)1_512); ’
P2—P1
then g*(ty, 0) = 0<tk e >;
AT IS _ __ (pTr)? (p1=1)(p1+2) (p2T>)*
(Vl) pr - 2/02 —pP1, $= 402 —4?017 T_ma 3p 201 1= 0 0 7£ 02116 plpjlﬂl(pl_ff))%
P2—P1
and py # 4, then g*(ty,, 0y) = O(tk it );
.o . 2
(vii) if p = 2ps — p1, $ = Bpy — 4p1, p1 = 4, T:%, 32

et 5(921371)
) 7é W, then g*<tk70k) = O(tk - )

—2p1 —1 =0 and

Proof. Since ®1(0) = ®a(0) = i35, ©1(52(ti, ths1, P2)) = Gati, tisr, Po) — gy from
(12) we have

20
|2¢(th, thrr, Po)|*
We suppose that E;H%O 0, = +oo. Then there exists an increasing sequence (k;) of

positive integers such that 6, — 4oo (j — +4o00) and for this sequence according to

Lemma 7, and the asymptotics |s¢(tg, tpr1, P2)|* = (1 + 0(1))(%)5 : (#’;1)_@ -0,
(k — +00) we have

P1 Pl
tr. \ 1+t A =
Tl 072 )" 2w onn (S ) ()T

Tipy p1+1 Tipy

Gl (tlw tk+17 (I)Q) > G2(tk> tk+1> (I)Q) - (14)

which is impossible.
If limy_, o 0 = 6 € (0,+00), then there exists an increasing sequence (k;) of positive
integers such that 0y, — 6 (j — +o00) and for this sequence according to Lemma 8, and

P1

. s s 0 +1 _ _Ss
the asymptotics [s¢(tr, tis1, ®2)|" = (1+0(1)) ()" (FHF—)" (75) 717 (k= +oo)
we obtain

Tipy

p1
t. \t1146 1
T1(;01+1)( b ) —Z (1—(1—}-9) p1+1> >
P

p1 tL _1,_1 2 P1
2(1+0(1))T1( fr ) (—) ( . ) . o oo,
p1+1 Tipy (1+0)m+T —1

whence it follows that
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Similarly, using the inequality G (tg, tgr1, P2) < Gao(tk, tpr1, P2) and Lemma 8, we obtain
the opposite inequality, i.e. we can put an equal sign in (15). In [6] it is shown that such
equality is possible only if 8 = 0.

Thus, 0, — 0 (k — +00), and we get the asymptotics |»(tx, tpr1, P2)|° = (1 + o(1))
(Tf’;l)fﬁ as k — 4oo. In this case, for example, according to Lemma 11 (i) in virtue

of (14)

P1

Tipy ( 7% )p1+1 2 20 ( 2 p~2+1) ( 3 pil) ( il)
0; < + 0|0 + 0|0 + ol t?
8(p1 + 1) \Tip1 P ety tis, o) ok ok g

as k — +o00. So if s = p, then

P1 o
Tlpl(l —+ 0(1)) Ty Pt tk P11 £
0 < 20 o kE—

S(pi+1)  \Tipy e=\Tp ) o (k= +o0),

whence the assertion (i) of Lemma 12 follows. The rest of the assertions of this lemma can
be proved similarly. O

4. Proof of Theorem 1 and other results. It is easy to verify that Theorem 1 follows
from the following four theorems.

Theorem 2. If p > 2py — py, then for In u(o, F) to have three-term power asymptotics (2)
it is necessary and sufficient that for every € > 0:
1) there exists a number ny(e) such that for all n > ng(c)

A, \ 7 A\ HT A\
In |a,| STI(p1+1)(T1p1) +T2(T1P1> +(T+€)<T1p1) /

2) there exists an increasing sequence (ny,) of positive integers such that for all k > kg

Aoy \ 7170 Ao )7 doy )7
In |a7’bk| > Tl(pl + 1) Tip s Tip; - (T - 6) Tipy /

ptp1+2
and Ay, ., — A\p, = 0(x\ﬁ§fl+1)), k — +o0.

Theorem 3. If p < 2ps — p1, then for In (o, F') to have three-term power asymptotics (2)
it is necessary that for every ¢ > 0:
1) there exists a number ny(¢) such that for all n > ng(e)

2p2—p1

A \ 71 Aa Y71 (p2T3)" An )
Inla,| < T 1 T 20 ilpi+1) |
na,| < Ti(pr + )<T1p1) + 2(T1p1) <2p1T1(p1+1) ) \Tip,

2) there exists an increasing sequence (ny,) of positive integers such that for all k > kg

2p2—p1

P1 P2
)\n Pl /\n Pl (P2T2)2 /\n P11
Inla, | >T 1) Lm T, 2 S Vo) : :
wlan| = Tilpr+ ><Tlp1) " 2(T1;01) (2p1T1(p1 +1) e Tip

p2+1

and A, — An, = O(Aﬁi“), k — +00.
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Theorem 4. Let p = 2ps — p; and 7 # %f%—% Then for In p(o, F') to have three-term

power asymptotics (2) it is necessary and sufficient that for every € > 0:
1) there exists a number ny(¢) such that for all n > ngy(e)
2p2—p1

Pl L2 _
A, \ A Ap ) 710 (p2T2)° Ao\ 1T
Inla,| < T, 1 T - ;
nlan| < Ta(py + )<T1P1) * 2(T1P1) - (T e 2pTi(p +1) ) \Tip (
16

2) there exists an increasing sequence (ny,) of positive integers such that for all k > kg

2l P2 2p2—p1
Ang | P1H Amy | (paTs)? An P11
| > T 1 k T k P k
n|an, | > Ti(p1 + )(Tlpl) + Q(Tlpl) + (7‘ € R IAGT ’
(17)
po+1
Anjir = Ay = 0<A£i+1>, k — +oc. (18)
(p2T12)?

Theorem 5. Let p = 2p; — p; and T—m Then for In (o, F') to have three-term

power asymptotics (2) it is necessary and sufficient that for every € > 0:
1) there exists a number ny(e) such that for all n > ngy(e)

2p2—p1

o1 P2
A, \ 7T Ap ) 1T Ap | FT
In|a,| STl(’01—1_1)<T1P1> +T2(T1,01) +6(T1p1) |

2) there exists an increasing sequence (ny) of positive integers such that for all k > ko

2p2=p1

1 P2
Ay Pt Ang ) 71T Any | A
Infan, ZTI(pH_l)(kal) +T2(T1;1) _g(T“;l) |

pat1l

and \p, ., — Ap, = O()\F), k — +oo0.

On account of analogy we focus only on the proof of Theorem 4. We begin with the

necessity. Asymptotics (2) implies for every 0 < § < min{\ﬂ |7 — %]} and all o €
[00(5) 0) the condition of Lemma 4 is true with @, (o) = IU\"l + |;‘T§,2 + 57 3 and ®y(0) = |$1 +

|0| 2 +m§ . Therefore, according to this lemma the inequalities In |a,| < —A, WUa(p2(A,)) for all
n > ng and In|a,, | > —A,, VU1(p1(Ay,)) for an increasing sequence (ny) of positive integers
such that Gi(An,, Anyry, P2) > O1(—— ;\n:"'“ @2(t)dt) hold. But by assertion (iii) of

Ank+1 —Any,
Lemma 6 with s = p = 2py — p; we obtain

Ay \ 7 A, \ A
Anw2<¢2<An>>=—T1<pl+1>( ) —n( ) .

Tip1 Tip1

2p2—pP1

(p2T5)? )( An > Pl
—(r4+6-—P2 101 . n— +oo,
( 2pTi(p1 + 1) @ Ti;

Ao \ 7150 Aoy \ 7T
M V1(p1(Any)) = —Th(p + 1) T1p1 — Ty _

2
<p2T2)2 ) ( )\nk ) p1+1
—\ 70— —"——= +o1 , Kk — +o0o,
( 2p1T1(p1 + 1) M) Tip;
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and by assertion (iii) of Lemma 12 we have

)‘n _/\n 2 1 1 n 291121
( k+1 k) :ng 6(/01+ )(5+O<1))<)\k) .k — +oo,
g

A

—2p9— p2+1
. Ay — A < AP IV + (1)) (1) For%5 ML as & — +oo.

Taking into account arbitrariness of ¢ these relations imply (16)—(18).

We will now prove the sufficiency of conditions (16)—(18). Using Lemma 1 and assertion
(iii) of Lemma 6 with s = p = 2py — py, it is easy to show that condition (16) implies the
asymptotic inequality

T1 T2 7'+(5
Inp(o) < o + o] + o o € [01,0) (19)

for arbitrary positive §. Further by Lemma 3 and assertion (iii) of Lemma 11 with s = p =
2p; — p1 from the inequality (17) for & > ko and o € [p1(An, ), ©1(An,., )] in view of condition
(18) we obtain

(o) > @1(0) = (Ga(Anys Anpyr > P1) — Gi(Angs Angyy, 1)) = Pa(0)—
p1
Tip1 >\nk it 2 =} 3 ) 292;/;1 2p2?1)1
— 0 O(0; M2 O(0; M2 Antt >0 —0 - A2t
8(p1+1)(T1p1 kT (k k )_'_ (k k )+0( k )— 1(‘7) k

for arbitrary positive 9, as k — 400 and, thus,

, 2p3—p1 ~ 1 2‘;’21:1)1 ~ 1
Inp(0) 2 @(0)=8 - (2(0)) 7 201(0) = Ty ) = Bl
Since p = 2py — p1, we have
Tl T2 (7'—51)
Inp(o) > o + BE o o € [02,0) (20)

for arbitrary positive §;. On account of arbitrariness of § and d; (19) and (20) imply (2).
Theorem 4 is proved.

Finally, we note that similar results can be obtained in cases which correspond to the
statements (iv)—(vii) of Lemma 5. For example, the following theorem is correct.

Theorem 6. If 2p; — p; > 0 and (3py — 2p1)(3p2 — 2p1 — 1) # 0, then for

T T: T5)? 1 1
Inp(o, F) = Ly =2 (p2T3) —I—o( ), c10,

Tlolr ol T 20T+ DfoPr T\

it is necessary and sufficient that for every ¢ > 0:
1) there exists a number ny(e) such that for all n > ng(c)

P2

A, \ 7 A, \ 7iiT
inleal < Tipr + ()" 4 (72)" -

3p2—2p1

() )




44

Rl

7.

9.

Yu. V. STETS, M. M. SHEREMETA
2) there exists an increasing sequence (ny,) of positive integers such that for all k > ko

Ang \ 70T Ang \ 70T
ln|ank| Z T1(,01+1) T1,01 +T2 T1p1 -

3p2—2p1

(3p2 — 2p1 — 1)(poT2)° An, | 1 B
A — A, =0 A ., k— :
< 6<p1T1(p1 I 1))2 +e T1p1 ) k41 k o k +00
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