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inverse of a function whose derivative has a positive real part, Mat. Stud. 42 (2014), 54-60.

Let RT be the class of functions f univalent in the unit disk £ = {z: |2] < 1} such that
Re f'(z) > 0, (z € E) and Hs(1) the third Hankel determinant for inverse function to f € RT.
In the paper obtained the upper bound for Hs(1) in the terms of Toeplitz determinants.

1. Bamme Kpumna, B. Beakarecsapiy, T. PamPemu. Onpedeaumenn Iankeasn mpemuvozo no-
padka dan 06pamnoti PyHruuu K GYHKUUY, NPOUZEOOHAA KOTOPOT UMEET NOAOAHCUMEADHYIO
deticmeumenvhyto wacme // Mar. Crynii. — 2014. — T.42, Nel. — C.54-60.

IIycrs RT — Kuacc ofHOMCTHIX B equanaHOM Kpyre E = {z: |z| < 1} dyHKuumit Takbix, 9ro
Ref'(z) > 0, (z € E), a H3(1) — onpenenurens Fankens Tperhero mopsiaka s HyHKIUH,
obparnoit k dyukiuu f € RT. B crarbe nosydennl oneHKu cBepxy oupegenureis Hs(1) B
TepMUHAX ONpeJeuTe st TErmTuis.

1. Introduction. Let A denote the class of analytic functions f(z) of the form

f(z)=z+ Z anz" (1)

in the open unit disc £ = {z : |z| < 1}. Let S be the subclass of A consisting of univalent
functions. For a univalent function in the class A, it is well known that the n® coefficient
is bounded by n. The bounds for the coefficients give information about the geometric
properties of these functions. For example, the bound for the second coefficient of normalized
univalent function readily yields the growth and distortion properties for univalent functions.

The Hankel determinant of f for ¢ > 1 and n > 1 was defined by Ch. Pommerenke (|20,
21]) as

anp, Qpy1 - Qptq—1
Qpy1 OGpy2 -0 Qptq
Hq(n) = . . .
Up+q—1 Qntq " On42¢-—2

This determinant has been considered by several authors in the literature. For example,
J. W. Noonan and D. K. Thomas ([17]) studied about the second Hankel determinant of
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areally mean p-valent functions. K. I. Noor ([18]) determined the rate of growth of H,(n)
as n — oo for the functions in S with a bounded boundary. R. Ehrenborg (|7]) studied
the Hankel determinant of exponential polynomials. The Hankel transform of an integer
sequence and some of its properties were discussed by J. W. Layman in [13]|. One can easily
observe that the Fekete-Szegs functional is Ho(1). Fekete-Szegd then further generalized the
estimate |ag — pa3| with p real and f € S. R. M. Ali (|2]) found sharp bounds for the first
four coefficients and sharp estimate for the Fekete-Szegs functional |3 — 73|, where ¢ is real,
for the inverse function of f defined as f~'(w) = w+ > 7, y,w", when it belongs to the
class of strongly starlike functions of order o (0 < @ < 1) denoted by ST(«). Further sharp
bounds for the functional |asas — a?|, the Hankel determinant in the case of ¢ = 2 and n = 2,
known as the second Hankel determinant, given by

__|a2 as

2
= Q204 — Q@
a3 Q4 ¥

were obtained by the authors ([1], [5], [10-12], [22], [24-27]) for various subclasses of univalent
and multivalent analytic functions. For our discussion in this paper, we consider the Hankel
determinant in the case of ¢ = 3 and n = 1, denoted by Hj3(1), given by

ay as as
H3(1) — |y Q3 Q4.
as Q4 Gas

For f € A, a; = 1, so that, we have H3(1) = az(asas — a3) — as(as — asas) + as(az — a3) and
by applying triangle inequality, we obtain

|H3(1)] < |as||asas — a3| + |ad]|azas — aq] + |as||as — a3]. (2)

Incidentally, all of the functionals on the right hand side of the inequality (2) have known
(and sharp) upper bounds except |agas — ay|. The sharp upper bound to the second Hankel
functional Hy(2) for the subclass RT' of S, consisting of functions whose derivative has a
positive real part, studied by T. H. MacGregor (|16]) was obtained by A. Janteng ([12]). It
was known that if f € RT then |ay| < 2, for k € {2,3,...}. Also the sharp upper bound
for the functional |az — a3| was 2, stated in [4], for the class RT. Further, the best possible
sharp upper bound for the functional |asas — a4| was obtained by K. O. Babalola ([3]) and
hence the sharp inequality for |H3(1)], for the class RT.

Motivated by the result obtained by K. O. Babalola (|3]) in finding the sharp upper
bound to the third Hankel determinant |H3(1)| for the class RT, in the present paper, we
obtain an upper bound to the functional |tot3 — t4] and hence for |[Hs(1)], for the inverse of
the function of f given in (1), when it belongs to the class RT', defined as follows.

Definition 1. A function f(z) € A is said to be in the class RT, consisting of functions
whose derivative have a positive real part, if it satisfies the condition

(Vze E): Re{f'(2)} > 0.
Some preliminary lemmas required for proving our result are as follows.

2. Preliminary Results. Let &7 denote the class of functions consisting of p, such that

p(’z>:1+Clz+0222—|—6323—|—__‘:1+chzn’ (3>
n=1
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which are regular in the open unit disc F and satisfy Re{p(z)} > 0 for any z € E. Here p(z)
is called the Caratheodory function (|6]).

Lemma 1 ([19, 23|). If p € &, then |c¢x| < 2, for each k > 1 and the inequality is sharp for
the function (112)

Lemma 2 ([9]). The power series for p(z) = 1+ Y ¢,2™ given in (3) converges in the
open unit disc E to a function in &2 if and only if the Toeplitz determinants

2 c1 Co N
c_1 2 c1 S Cpeq
D, = |¢-2 €-1 2 o G2, mE N, c =70,
C.n Copy1 Copy2 - 2

are all non-negative. They are strictly positive except for p(z) = > ", ppPo(e"*2), pr. > 0,
t, real and ty, # t;, for k # j, where Py(z) = (ﬁj), in this case D,, > 0 forn < (m —1) and
D, =0 forn > m.

This necessary and sufficient condition found in [9] is due to Caratheodory and Toeplitz.
We may assume without restriction that ¢; > 0. On using Lemma 2, for n = 2, we have

2 C1 Co
Dy=1¢ 2 ci|=[8+2Re{cicr} —2|co|? — 4|e1] >0,
Cy C1 2
which is equivalent to
2¢; = {c] +z(4 - 1)} (4)

for some z, |z| < 1. For n = 3,

2 ¢ ¢ c3
2 C1 C2

and is equivalent to
|(4es — dereg 4+ ¢3) (4 —cf) + 1200 — )] <2(4 — c3)? —2](2¢co — ). (5)
Simplifying the relations (4) and (5), we get
des ={A 42014 — Dz —c1(4 — cD)a® +2(4 — &) (1 — |2} 2} (6)

with |z| < 1. To obtain our results, we refer to the classical method initiated by R. J. Libera
and E. J. Zlotkiewicz ([14], [15]) and used by several authors in the literature.
3. Main Result.
Theorem 1. If f(z) = 24+ > >, a,2" € RT and f~'(w) = w+ > 7, t,w" near w = 0 is
the inverse function of f, then
3
|[tats — ta] < L (1337
s —ll =3\ 5 )
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Proof. Since f(z) = z+> ., a,z" € RT, from Definition 1, there exists an analytic function
p € & in the open unit disc F with p(0) = 1 and Re[p(z)] > 0 such that

f'(z) = p(2). (7)

Replacing f’(z) and p(z) with their equivalent series expressions in (7), we have

1+ inanzn_l =1+ i 2"
n=2 n=1

Upon simplification, we obtain
205 + 3aszz + dagz? +5az2> + ... =1 ez + 32t + e+ (8)

Equating the coefficients of like powers of 20, z, 22 and 23 respectively on both sides of (8),

we have

C1 Co C3 Cy
—, a3 = —, Q4 = —/—, a5 = —.
2’ 3’ 4’ 5

Since f(z) =z+ > ., a,z" € RT, from the definition of inverse function of f, we have

a9 =

(9)

w=f (7 w) = )+ a ()" e w =t Yt + Y an (w3t
n=2 n=2 n=2 n=2
After simplifying, we get

(tQ + ag)wz + (tg + 2a2t2 + ag)w3 + (t4 + 2a2t3 + thg + 3&3t2 + ay U}4‘|—
0.

+(t5 + 2a2t4 + 2(12t2t3 + 3a3t3 + 3&31% + 4a4t2 + CL5)U)5 +...= (10)

Equating the coefficients of like powers of w?, w?, w* and w® on both sides of (10), respecti-
vely, further simplification gives

t2 = —Aag; t3 = {—a3 + 2(13}; t4 = {—(14 + 5&2&3 — 5&3};
ts = {—as + 6asay — 21adas + 3a2 + 14a3}. (11)

Using the values of ay, as, as and a; in (9) along with (11), upon simplification, we obtain

— 1 1
ty = %; ts = { =202+ 3l }; ta = o {~6cs + 20010, — 15}
1
ts = m{—m% 4+ 90c1c3 — 210c3 ¢y + 40c3 + 105¢; ). (12)

Substituting the values of ¢, t3 and t4 from (12) in the functional |tats — t4| for the inverse
function of f € RT, after simplifying, we get

1
|t2t3 — t4| = ﬂ X |6Cg — 16C1C2 + 9C?| (13)

Substituting the values of ¢ and ¢3 from (4) and (6) respectively from Lemma 2 on the
right-hand side of (13), we have

1
6c3 — 16¢1co + 962 | = |6 x Z{C? +200(d -z —c1(4—ca* +2(4 - &) (1 — 2Pz}~
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1
—16¢; x 5{0? +x(4—c)} +9¢c).

Using the facts |z| < 1 and |pa + gb| < |p||a| + |¢||b|, where p, ¢, a and b are real numbers,
on the right-hand side of the above expression, after simplifying, we get

2|6¢3 — 16¢1co + 9¢i| < |56 +6(4 — ¢2) — 10(4 — ) |z| — 3(cr + 2)(4 — &2)|z]?.

Choosing ¢; = ¢ € [0,2], applying triangle inequality, using the property (¢ +a) > (¢ — a),
where a > 0 and replacing |z| by p on the right-hand side of the above inequality, we have

2|6c3 — 16¢1c0 + 965 | < [5¢® 4+ 6(4 — ) + 10c(4 — A+ 3(c — 2)(4 — A)p’] =
= F(e,p), for 0 < p= [z <1, (14)
where
Fe, ) = [6¢ 4+ 6(4 — &%) +10c(4 — )+ 3(c — 2)(4 — ) p?). (15)
We next maximize the function F'(c, ) given in the left hand side of (14) on the closed region
0,2] x [0, 1]. Differentiating F'(c, 1) in (15) partially with respect to u, we get

OF

— = [10c+ 6(c — 2)u] x (4 — c*). (16)

op
For 0 < p < 1, fixed ¢ with 0 < ¢ < 2, from (16), we observe that g—i > (. This implies that
F(c,p) is an increasing function of p and hence it cannot have a maximum value at any
point in the interior of the closed region [0,2] x [0, 1]. Further, for fixed ¢ € [0, 2], we have

max F(c,p) = F(c,1) = G(c). (17)

0<u<1

Therefore, simplifying the relations (15) and (17), we obtain

G(c) = —8¢% + 52c, (18)
G'(c) = —24¢® + 52, (19)
G"(c) = —48c. (20)
For extreme values of G(c), consider G’(¢) = 0. From (19), we have

13
—24*+52=0&c = < € [0,2]. (21)

Substituting the value of ¢* from (21) in (20), which simplifies to G”(c) = —104 < 0. By
the second derivative test, G(c) has maximum value at ¢, where ¢? given in (21). Using the
obtained value of ¢? in (18), after simplifying, we get

max G(c) = 104 1—3 (22)

0<c<2 3 6

Considering, the maximum value of G(c) only at ¢, simplifying the relations (14) and (22),
we obtain

592 /13
‘663 — 16C1C2 + 90:1)" < E E (23)

From (13) and (23), after simplifying, we get |tats — t4] < £ (1)

3
2

]
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The following theorems are straight forward verification on applying the same procedure
as described in Theorem 1.

Theorem 2. If f(z) € RT and f~'(w) =w+ > ", t,w™ near w = 0 is the inverse function

of f, then [tats — t4] < 3¢

Theorem 3. If f(z) € RT and f~'(w) =w+ Y, t,w™ near w = 0 is the inverse function
of f, then [t5 — t3] < 2 and is sharp for the values ¢, = ¢ =0,¢3 =2 and z = 1.

Theorem 4. If f(z) € RT and f~'(w) =w+ Y~ , t,w™ near w = 0 is the inverse function
of f, t?gen we have the following inequalities: (i) |to| < 1; (id) |ts| < 3; (i11) [ta] < 25 (iv)
Its] < 3.

Proof. Using the fact that |c,| < 2,n € N, with the help of ¢, and ¢z values given in
(4) and (6) respectively together with the values in (12), we at once obtain all the above
inequalities. O

Using the results of Theorems 1, 2, 3 and 4 in (2), we obtain the following corollary.

Corollary 1. If f(z) € RT and f~'(w) = w+ Y-, t,w" near w = 0 is the inverse function

of f, then
5
1]181 13\ 2
H:(1)| < = | — —_
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