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The mathematical identity that connects three adjacent balancing numbers is well known
under the name Cassini formula, and is used to establish many important identities involving
balancing numbers and their related sequences. This article is an attempt to draw attention to
some of the unusual properties of generalized balancing numbers, in particular, to the general-
ized Cassini formula.

II. K. Pait, K. Tlapuma. Obobuenue gopmyasve Kaccunu 0as coarancuposannvix u coaiaHcupo-
sannux 6 cmoicae Jlykaca wucen // Mar. Crymil. — 2014. — T.42, Nel. — C.9-14.

MareMaTH4ecKoe TOXKIECTBO, COOTBETCTBYIOIIEE TPEM CMEXKHBIM COAJIAHCHPOBAHHBIM HHC-
JIaM, XOPOIIIO M3BECTHO KakK dopMmysa KaccHun u IpuMeHSeTCs K YCTAHOBIEHUIO MHOTUX BaXK-
HBIX TOXKJECTB, UCIOJIBb3YIONNX COATAHCUPOBAHHBIE YHCJIA U POJCTBEHHBIE I[I0CJIEI0BATEBHO-
ctu. B crarbe crenana monbiTka 06paTUTh BHIMaHUE Ha HEKOTOPBIE HEOOBIMHbBIE CBOICTBA 0600~
IEHHBIX COAJIAHCHPOBAHHBIX YNCEN U, B YaCTHOCTH, Ha 06001ennyo dopmyry Kaccunn.

1. Introduction. Recently, A. Behera et al. ([1]) introduced the sequence of balancing
numbers as follows. A positive integer n is called a balancing number with balancer r, if it
is a solution of the Diophantine equation

1+2+...+(n—1)=Mn+1)+n+2)+...+(n+7r).

The balancing numbers though obtained from a simple Diophantine equation, are very useful
for the computation of square triangular numbers. An important result about balancing
numbers is that, n is a balancing number if and only if n? is a triangular number i.e. 8n2 +1
is a perfect square. The square root of 8n? + 1 also generates a sequence of numbers which
are called the Lucas-balancing numbers. The balancing and Lucas-balancing numbers can be
generated by the recurrence formulas B, = 6B, 1—B,,_2, n > 2, C,, =6C,,_1—C,_5, n > 2,
with their respective initial terms By = 1, By = 6 and C; = 3, Cy = 17 (|1, 8|). The closed
forms which are also called as Binet’s formulas for balancing and Lucas-balancing numbers
are respectively given by

:Xf—)\?’ Cn:)\?+)\?, (1)

AL — Ao 2

where \; = 34 v/8 and \y = 3 — /8 are the roots of the auxiliary equation A2 — 6\ +1 = 0.
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G. K. Panda ([8]) established many important identities concerning balancing numbers
and their related sequences. In [4] K. Liptai et al. added another interesting result to
the theory of balancing numbers by generalizing these numbers. A. Berczes et al. (|2])
and P. Olajos (|5]) surveyed many interesting properties of generalized balancing numbers.
Recently, G. K. Panda et al. ([9]) introduced gap balancing numbers and established many
properties of these numbers. Some curious congruence properties of balancing numbers are
also studied in ([12]). In ([10, 11]), Ray established new product formulae to generate both
balancing and Lucas-balancing numbers. Recently, R. Keskin and O. Karaath ([3]|) obtained
some new properties of balancing numbers and square triangular numbers. Many interes-
ting properties of balancing matrices and identities involving congruences are also studied
in [13]-[16].

Among all the important identities for Fibonacci numbers, one of the most famous identi-
ty is the Cassini formula. The Cassini formulas for Fibonacci numbers and their related
sequences are available in the literature. They play an important role for finding new identi-
ties for these numbers. Cassini formulas for Fibonacci numbers, Lucas numbers, Pell numbers,
balancing numbers and Lucas-balancing numbers are respectively given by

Fn+1Fn—1 - qu = (_1)11’ Ln+1Ln—1 - Li = 5(_1)n71’
Py Py — P2 = (=1)", Byy1Bn1 — B2 =(—1), Cpy1Cpy — C* =38,

This article is an attempt to draw attention to some of the unusual properties of generalized
balancing numbers, in particular, to the generalized Cassini formula.

2. The balancing A-numbers. For any real number A > 0, consider the recurrence relation
By(n+2) = 6AB\(n+ 1) — Bx(n), (2)

with initial terms B5(0) = 0, By1) = 1. Recurrence relation (2) generates an infinite number
of numerical sequences for any A. For A = 1, (2) reduces to the recurrence relation for
balancing numbers. For A = 2, (2) reduces to the following recurrence relation

Ba(n+2) = 12By(n + 1) — By(n), By(0) =0, By(1) =1,

which generates the sequence 12,143, 1704, 20305, 241956 and so on. Table 1 shows the four
expanded sequences of the balancing A-numbers corresponding to the values A € {1,2,3,4}.

n 0121 3 4 5 6
Bi(n)|0|1] 6 | 35 | 204 1189 6930
Bi(n) |0 1] 6 | 35| 204 1189 6930
By(n) |0 1|12 | 143 | 1704 | 20305 | 241956
By(n) |0 112|143 | 1704 | 20305 | 241956
Bs(n) | 0| 1|18 323 | 5796 | 104005 | 1866294
Bs(n) [0 ] 1|18 ]323| 5796 | 104005 | 1866294
By(n) [ 0] 1|24 | 575 | 13776 | 3300489 | 7907400
By(n) | 0| 1|24 | 575 | 13776 | 3300489 | 7907400

2.1. Generating function for balancing A-numbers. In this section, we will first find
the generating function for the balancing A-numbers and then using this function, we will
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establish Binet’s formulas for these numbers. Let
r) =Y By(n)a" = By(0) + Ba(1)z + Br(2)2” + ... + Bx(n)a" + . ..

be the generating function for balancing A-numbers. By simple algebraic manipulation, we
obtain G(r) — 6AzxG(z) + 2*G(x) = x, which implies that G(z) = =5t
Using the generating function for balancing A-numbers, we can find Binet’s formula as
follows: rewrite the factor 1 — 6 z + 22 as 1 — 6Az + 22 = (1 — az)(1 — Bz), where o =
3A+vV9A2 — 1, B =3\—+V9\2 — 1. Therefore, G(z) can be written as
x A B

G p— p—
(z) 1 —6\x + 22 1—a$+1—ﬁx’

which implies that * = A(1 — fz) + B(1 — ax) = (A + B) — z(AB + Ba). Therefore,
A+ B=0and A+ Ba = —1.
Solving these two equations, we get A = 5 \/91/\27_1, B = \/9’/\12;_1. Thus, we have

x 1 1 1 1 o
G<x):1—6)\x+x2:a—ﬁ[l—ax_l—ﬁx}:&—ﬁz(a — Bz

hence B, = O‘Z:gn, which is Binet’s formula for balancing A-numbers. It can be observed

that a + 8 =6\, a — 5 =2v9A2 — 1 and af = 1.

2.2. The Cassini formula for the balancing A-numbers. The Cassini formula can be
generalized for the case of the balancing A-numbers.

Theorem 1. If By(n) is the n'* balancing A\-numbers then the generalized Cassinni formula
is

Bi(n) — Bx(n+1)Byx(n — 1) = 1. (3)
Proof. 1dentity (3) can be proved by mathematical induction. Recurrence relation (1) takes
the following values By(0) = 0, By(1) = 1, By(0) = 6\, which implies that B}(1) — By(2)x

x B, (0) = 1, and therefore the base of the induction is proved. We assume that identity (3)
is valid for any positive integer n and prove the validity for the case (n+ 1); i.e. the identity

Bi(n+1) — Ba(n+2)Bx(n) = 1, (4)
is valid too. In order to prove identity (4), we represent the left hand part of (4) as follows
Bi(n+1) — Bx(n+2)Bx(n) = Bi(n + 1) — Bx(n)(6Bx(n + 1) — By(n)) =
= Bi(n+1) = (Ba(n+1) = 6Bx(n)) + Bi(n) = Bi(n) — By(n+ 1)Bx(n — 1) = 1,
which completes the proof. O

Example 1. Consider the examples of the validity of identity (3) for various sequences
shown in Table 1. Consider the balancing 2-number By(n) for the case of n = 4 to get
By(4) = 1704, By(5) = 20305, By(6) = 241956.

By performing calculations over them according to (3), we obtain the following result
B3(5) — By(4)By(6) = 203052 — (1704 x 241956) = 1. Further, consider the Bs(n) sequence
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from Table 1 for the case n = 3. For this case, we should choose the following balancing
3-numbers Bs(n), B3(3) = 323, Bs(4) = 5796, B3(5) = 104005. By performing calculations
over them according to (3), we obtain the following result: B2(4) — B3(3)Bs(5) = 1. Finally,
consider the By(—n) sequence from Table 1 for the case n = 4 : for this case, we should choose
the following balancing 4-numbers By(—n). By(—4) = —13776, B4(—3) = —575, B4(—2) =
—24. By performing calculations over them according to equation (3), we obtain the following
result B}(—3) — By(—2)4(—4) = —575% — (=24 x —13776) = 1.

3. Lucas-balancing-\ numbers. For any real number A > 0; consider the recurrence
relation

C)\<n + 2) = 6/\0,\(n + 1) — C’,\(n), C)\(O) =1, C)\(l) = 3. (5)

The recurrence relation (5) generates an infinite number of new numerical sequences for any
real number A. For A = 1, (5) reduces the following relation C(n + 2) = 6C}(n + 1)Cy(n),
C1(0) =1, C1(1) = 3, which generates the Lucas balancing numbers. For A = 2, \ = 3, and
A = 4, we have the following sequences:
1,3,35,417,4969, 59211, .. .,
1,3,53,951, 17065, . . .,
1,3,71,1701, 40753, . ...

Table 2 shows four expanded sequences of the Lucas-balancing A-numbers, corresponding to
the values A\ € {1,2,3,4}.

n 0]1] 2 3 4 5 6
Ci(n) | 13|17 ] 99 577 3363 19601
Ci(n) | 1|3 [17] 99 d77 3363 19601
Co(n) | 13|35 417 | 4969 | 59211 705563
Co(n) | 13|35 417 | 4969 | 59211 705563
Cs(n) | 1|3 [53] 951 | 17065 | 306219 | 5494877
Cs(n) | 1|3 [53] 951 | 17065 | 306219 | 5494877
Cy(n) | 13|71 ]1701 | 40753 | 976371 | 23392151
Cy(n) | 1|3 | 71| 1701 | 40753 | 976371 | 23392151

3.1. Generating function for Lucas-balancing A\-numbers. In this section, we first find
the generating function for Lucas-balancing numbers and then with the help of this function,
we find Binet’s formula for these numbers. Let

g(z) = Z Cx(n)z"

be the generating function for Lucas-balancing A-numbers. By simple algebraic manipulation,
we get g(z) — 6Azg(z) + z%g(x) = 1+ x(3 — 6)), which implies that g(z) = %. Using
this generating function and the previous described method, we can find Binet’s formula

for Lucas-balancing A-numbers as C} = (3= )O‘Z:(ﬁg_o‘)ﬁ = where @ = 3\ + V922 — 1 and
B =3\—+vI\ — 1.
We notice that a4+ =6\, a — =2V9X\? — 1 and af = 1.

3.2. Cassini formula for Lucas-balancing A\-numbers. The Cassini formula can also be
generalized for the case of the Lucas-balancing A-numbers.
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Theorem 2. If Cy(n) is the n'* Lucas-balancing A-numbers then the generalized Cassinni
formula for Lucas-balancing A\-numbers is

Cx(n+1)C\(n — 1) — C3(n) = 18X — 10. (6)

Proof. Once again induction comes into picture. According to recurrence relation (5) we
have Cy(0) = 1,C\(1) = 3,C\(2) = 18\ — 1, follows that identity (6) for the case n =1 is
equal to

C(2)CA(0) — C3(1) = (18X — 1) — 9 = 18X\ — 10.

Thus, the result is true for n = 1. For the inductive assumption, suppose that identity (6)
is valid for any given positive integer n. We notice that

Ca(n)Cx(n+2) — Ci(n+ 1) = Cx(n)(6Cx(n +1) — C\(n)) — Cx(n+1) =
= Oy(n + 1)(6C\(n) — Cx(n+ 1)) — C3(n) = Cx(n + 1)Cx(n — 1) — C3(n) = 18X — 10,

from which the proof follows. O]

Example 2. Consider the examples of the validity of identity (6) for various sequences
shown in Table 1. Let us consider the Cy(n) sequence for the case n = 3. For this case,
we should choose the following Lucas-balancing 2-numbers Cy(n) as follows Cy(4) = 4969,
Cy(5) = 59211, C5(3) = 417.

By performing calculations over them according to (6), we obtain the following result
Co(5)Cs(3) — C2(4) = (59211 x 417) — 4969% = 26. And the right hand side is 18\ — 10 =
18(2) — 10 = 26.

Consider C5(n) sequence for the case n = 4. For this case, we should choose the following
Lucas-balancing 3-numbers C3(n), C3(6) = 5494877, C5(4) = 17065,C5(5) = 306219. In
a similar way, we obtain the following result C3(6)C3(4) — C2(5) = (306219 x 17065) —
5494877% = 44, and the right hand side of it is given by 18\ — 10 = 18(3) — 10 = 44.
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