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We describe the Riesz measures of multiplicatively periodic d-subharmonic functions in
R™\{0}, m > 3 and give their integral representations.
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OnmcpiBaloTCa Mepbl Prcca MyJbTUIIMKATABHO HMEPUOJUICCKUX O-CyOrapMOHHYECKHX B
R™\{0}, m > 3 dynkmit. Hafiiensl naTErpasbHble TIPEICTABICHNS TAKUX (DYHKIAI.

1. Introduction. Multiplicatively periodic (loxodromic) meromorphic functions in the punc-
tured complex plane C* = C\{0} are closely related to elliptic functions on C ([1]-[3]). Their
natural extensions are multiplicatively periodic d-subharmonic functions in C* which were
studied in [4].

It was proved in [4] and [5] that each multiplicatively periodic subharmonic function in

R™ =R"™\{0}, m > 2, is constant.

In this paper we consider multiplicatively periodic d-subharmonic functions in R™, m >
3, that is, the differences u = u; — us of two subharmonic functions u; and us satisfying the

condition u(qz) = u(z) for some ¢, 0 < ¢ < 1, and all x € R™.
The main problems are:

(e}

1. to describe the Riesz measures of multiplicatively periodic é-subharmonic in R™ functi-
ons;

2. to represent each multiplicatively periodic d-subharmonic in R™ function.

2. The Riesz measures of multiplicatively periodic §-subharmonic functions. Let
u be a subharmonic function in a domain. The positive measure

1
Moy = —A’U,,
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where ¢, is the area of the unit sphere in R™, A is the Laplace operator in the sense of the
Schwarz distributions, is called the Riesz measure of u (|6]). For a é-subharmonic function u
the distribution %Au is the difference of positive measures.

Denote by B the class of bounded Borel sets in R™ whose closures are contained in R™.
For B € B put
gB={qx:z€ B}, 0<gqg<l.

Definition 1. Let p be a measure on R™. Fix ¢ty > 0 and a value v(¢y). The function

(t) v(to) + p{x: to < |z| < t}, to < t,
UV =
vty) —p{z: 0 <t <lz| <to}, t<to,

is said to be the distribution function of the measure p (|7]).

Such a function is right hand continuous, nondecreasing and determined up to a constant.
The difference v(t2) — v(t1) gives the measure of the ball layer {z: t; < |z| < to}.
For a J-subharmonic in R™ function u denote

Ir) = — /S . u@o()

Crpr™ 1
where S(0,r) is the sphere of radius r centered at the origin.

Lemma 1. Let u be a d-subharmonic function in R™ and v be the distribution function
of pi,. Then v(r) = Tm_l]jr(r) + C, where I’ (r) is the right hand derivative of I(r), C' is
a constant.

m—2

Proof. 1t was proved in 7] that

m — 2 /T U(t)dt_ m — 2 /TO V(t)dt:_f(r)—l(ro)_I(ro)—l(s) (1)

m—1 2—m __ 2—m m—1 2—-m _ ,.2—-m 2-m __ n2—m’
o b S o t o r S T

2—m 2—m

where 0 < s <rg <r < 1.
Multiplying (1) by (s> ™ — r3~™) and taking the right hand side derivative with respect

to s2~™, we obtain
m — 2 " u(t) I(r)—I(ro smt
dt — = — 1 . 2
ra=™ — p2-m /m tm—1 v(s) reT™ —p2mm o — 2 +(s) (2)

Multiplying both sides of equality (2) by (rg~™ — r>~™) and proceeding similarly, we

deduce
m—1 , 7,m—l ,
v(s) —v(r) = — 51+(s) = mh(ﬂ

which completes the proof. O

S

The next theorem solves the first problem.

Theorem 1. A measure p in R™ is the Riesz measure of a multiplicatively periodic ¢-
subharmonic functions of multiplicator q if and only if
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(i) u(qB) = ¢"?u(B) for each B € B;

(i) fr dvlt) — 0 for all r > 0, where v(t) is a distribution function of .

r tm— 2

Proof. Let u be a multiplicatively periodic §-subharmonic function of multiplicator ¢. Put
0 (r) = plgz). If ¢ € C(R™), then Ap,(z) = ¢*Ap(gr). Substituting = = tr =
(1, s ZTm), Yy = (Y1, - -, Ym), We obtain

dyy . .. dym,
ﬁ u(z)Ap,(z) dey ... dey, :ﬁ u ( ) Ap(y )% =
RrR™ R q q
" [ el du . dy,
R
That is the distribution T, = éAu has the property

Tup = q" Ty (3)

If o(x) #0, z € B, then p(qz) #0,x € %B. That is, if supp ¢ = K, then supp ¢, = %K.
By the process of extension [6] of T;, to the measure p, we have ,uu(%B) = ¢* "y (B) for
each B € B. Taking ¢B instead of B in this equality we obtain ().

Now we are going to prove property (ii). Let v be the distribution function of .
Integrating by parts, we obtain

[ s s m ) [ M (4)

tmfl

dv( t)

Since the function v(t) is determined up to a constant, the integral [ 7% does not
depend on this constant. Therefore, we can put C' = 0 in Lemma 1. Then it 1mphes

WO = 1), )
)
(m—2)/5 St = 1(r) — I(s) (6)

Using equalities (5) and (6), we can rewrite (4) as follows

[ 9 = L ) = 1 09) + 1)~ 16

If we put s = qr, then the previous equality can be rewritten in the form

"du(t 1
[ = ) — ) + 1)~ Tar). )
qr
Since the function u is multiplicatively periodic of multiplicator ¢, we have I(qr) = I(r).
Using also the equality ¢I’ (¢r) = I'.(r), we see that (7) implies (7).

Now let u be a Borel measure in R™ satisfying properties (i) and (ii), where v is its
distribution function. We are going to construct a multiplicatively periodic d-subharmonic
function of multiplicator ¢ such that u, = u.
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Consider the function

K(z,a) = < — — ) - )
5 (s o) D
where x € R™, ¢ < |a] < 1.
It is easy to verify ([5]) that
1
K(gr,a) :K(La)—m- (8)

We will show that

v(x) = /q<|a<1 K(x,a)du, 9)

is multiplicatively periodic d-subharmonic function of multiplicator q.
The function v(x) can be represented as follows

+o0 1 ] oo d,u
( = Jor<lai<gn \Ja[" 2 |z — a2 2 gi<lal<qn [T — a2 (10)

n n=1

due to property (i). The function v(x) is d-subharmonic in R™ as the sum of the Riesz
potentials.

Using equality (8), we obtain v(gz) = v(x) — fq i

<|a|<1 [aJm=2"
Then property (ii) implies

djig Ldu(t)
m—2 = m—2 = 0.
q<|al<1 |a| q t

Thus, v(qx) = v(z), z € R™. O

3. Representation of multiplicatively periodic d-subharmonic functions. The fo-
llowing theorem solves the second problem.

Theorem 2. Each multiplicatively periodic §-subharmonic in R™ function u of multiplicator
q has the representation

u(z) =C+ /<| - K(z,a)du,(a),

where C is a constant.

Proof. Let u be a multiplicatively periodic d-subharmonic in R™ function of multiplicator q.
Theorem 1 shows that u, satisfies conditions (i) and (%i). Consider the function v(z) given
by (9) with g = p,. It follows from representation (10) that p, = p, since v is the sum of
uniformly convergent potentials of measure p,. So the difference h = u — v is a harmonic
function. Since both u and v are multiplicatively periodic, the function A is as well. Therefore,

(|5]) the function h is a constant. Hence, u(z) = C+wv(x), z € R™, where C'is a constant. [
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