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ON THE UNIVALENCE OF ENTIRE FUNCTIONS
OF BOUNDED [-INDEX
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For an entire function f it is established a relation between the [-index boundedness of the
derivative f’ and the existence for each zy € C of the derivative f(*) univalent in the disk

{z: |z — 20| <6/U(|20]) }
M. M. Ilepemera. O6 odnosucmmocmu yeavs Gyrruuts ozpanuiennoezo l-undekca // Mar. Cry-
qii. — 2015. — T.43, Ne2. — C.185-188.

s nestoit byHKIMU f ycTaHOBJIEHA CBSI3b MEXKJy OrPaHMYeHHOCTBIO [-MHJeKca IIPOU3BO/I-
Holt f' u cymecTBoBanueM st Kaxkaoro zg € C ogaosmucTHol B Kpyre {z : |2 — 29| < 0/1(|20])}
npoussosmoii ).

Let [ be a positive continuous function on [0, +00). An entire function f is said ([1; 2,
p. 71]) to be of bounded I-index if there exists N € Z, such that for alln € Z, and z € C
e {|f(k)(2)|

I Rl DT (I N} ' o

The least such integer N is called the [-index and is denoted by N(f,1). Denote

1
n(r, zo,?> = Z 1,
lag—z0|<r

where ay, are zeros of f. The function f is said [2, p. 49] to be of bounded value {-distribution
if there exists p € N such that for all 2o € C and w € C

”<Z(|i0|)’ w0 - o) <»

i. e. the equation f(z) = w hasin {z : |z — 29| < 1/I(]20])} at most p solution and, thus, f
is p-valent in {z : |z — 20| < 1/I(]20])}-

Asin [1; 2, p. 71| by @ we denote the class of positive continuous functions [ on [0, +00)
such that I(z+O(1/l(z)) = O(l(x)) as x — +o0. The following statement is true (|2, p. 49]):
an entire function f is of bounded value l-distribution with | € Q iff its derivative f' is of
bounded [-index. Here we investigate the univalence of entire functions of bounded [-index.
Suppose that [ € @ if | € @ and I(zy(z)) = O(l(x)) as © — +oo hold for an arbitrary
continuous function ~ satisfying the condition 0 < A < y(z) < B < 40 for all x > 0. We
prove the following theorem.
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Theorem 1. Let f be an entire function and | € Q. Then f" is of bounded l-index if
and only if there exist an integer N > 0 and a number § > 0 such that for every z; € C
there exists an integer k, 0 < k < N such that the derivative f*) is univalent in the disk

{z: |z — 20| < 3/l(|20])}
For the proof of this theorem we need the following three lemmas.

Lemma 1 ([1]). If] € ), and an entire function f is of bounded [-index then for each a € C
and b € C the function f(az + b) is of bounded l-index.

The condition [ € (); can not be replaced by the condition I € @, because N (fo,lo) =0
for fo(z) = exp{e*} and ly(z) = €” but fy(az) is of unbounded l-index for each a > 1.

Lemma 2. Let F(z) = z 4+ Y 7, b;27 be an analytic function in Dp = {2 : [2| < R}. If
Y il <1 (2)
=2

then I is univalent in Dpg.
Indeed, let |z1| < R, |22| < R and z; # z2. Then

2 — 2

—z1\(1—2|b\ )=

> |2 — 211(1 . Zybjuz;’*l + 22 +...+Z{*11) > |2 —zl\(1 . Z\bj\j}zjfl) >0,

j=2 j=2

F ) - <zz>|—1Z2—z1+Zb

2
22 — 21

that is F(ZQ) §é F(ZQ).

Lemma 3. If a function ®(2) = z — 2o + 3.2, bj(2 — %)’ is analytic and univalent in
{z: |z — 20| < R} then |b;| < j/RI™! for all j > 1.

Indeed, the function F(2) = 243772, b;2 is analytic and univalent in {2 : |2| < R} and,

thus, the function
F(Rz) = R(z + Z bjijlzj)
=2

is analytic and univalent in {z : |z| < 1}. Therefore, by Bieberbach’s conjecture (proved in
[3]) |b;| BRI~ < j for all j > 1.

Now we prove Theorem. Suppose that [’ is of bounded /-index and [ € ;. By Lemma, 1
the function ¢(z) = f'(22) is of bounded I-index N = N(¢,!) and for each z,

(n)
f(z)—zf (2o )(z—zo)".

Hhen 0] 1) (22)] O] f41(22)|
—  <max4 —————: 0< k<N
nlln(|z]) klk(|z])
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for all z € C and, thus,

27|+ ()] k] F1) (z0)|
Al ([20/2]) SM{ R (20/2])

whence it follows that there exists 0 < k < N such that for j > 1

[ @) o 2D ()|

:OSkSN},

k! (k)N (20/2])
That is
| fEH) (z0)] S V(k+j+1)  |fET ()] 9i | fEHH (2)] (3)
(k+1)! — k+1 (k+74+DW(|20/2]) = (K+7+1D(]20/2])
Clearly,
k+j
YR (k) _ [ z)
8 (z) = F(z0) + F19)(z0) (2 zO+Z g e ) (4)
Counsider the function
f(kﬂ (20)
Z+Z SLFOD () o= Z+szj (5)

We choose d, such that
00 N 5j
Z j + 1 5* < 1

7=1
Since (ﬁz;jjll)),' <G+ 1< (j+1)N from (3) we obtain
00 A 5. j 00 ’f(k+j+1)|<20) 5, j
220+ Dl (i) =200+ VG e (i) <

- k+g+1'5] (j+ 1)No!
< G E <X s
j=1

Therefore, by Lemma 2 the function F' is univalent in {z : |z| < 0./1(]20/2|)} and, thus,
f®)(2) is univalent in {z : |z — 20| < 8./1(|20/2])}. If I € Qy then I(]z0/2|) =< I(|20]) and in
view of Lemma 1 the necessity is proved.

Conversely, if there exist an integer N > 0 and a number 6 > 0 such that for every
29 € C there exists an integer 0 < k < N such that the derivative (4) is univalent in the disk
{2 |2 — 20| < 6/1(]z])}. Then fU+*)(2) # 0 and the function (5) is univalent in the disk
{z: |z] <8/l(]20])}, that is by Lemma 3 |b;| < j(I(]20])/6)’~" and, thus,

D )| izl yit
e < s )

for all 7 > 1. Hence

|f#49) (z0))
(k + 7)1 (]z0)

IN

(LY e )
(e ) e+ DI (Jz0]) = &7 (e + DU (o))’
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that is ‘ A
ot [fH ()| [f D (20))

R max{w + DI (Jz0])

for all j > 1 and all zy € C. We choose A € (0,400) such that (Ad)’~! > j for all j > 1.
Then for 2z € C

:OSk;gN}

|0+ (Azy)| £ (Az)|
(ke + )03 (|z0]) — max{<k+ DI ([z])

:OSkSN}

and, thus,

[f™(Az)] [fED (Az)]

AL - A 0<k<N
nr(zol) =k D ()

for all n > 1 and all z5 € C. Hence it follows that the function f'(Az) is a function of

bounded /-index and by Lemma 1 f’(z) is of bounded Il-index. The proof of Theorem 1 is

complete.
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