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For entire Dirichlet series and entire characteristic functions of a probability law in terms of
multi-term power asymptotics it is investigated the relation between the growth of the maxi-
mum modulus and the behavior of coeflicients and the function of the distribution respectively.
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st ienbix pajoB Jlupuxiie U 1eJIbIX XapaKTePUCTHIECKUX (DYHKINN BEPOATHOCTHBIX 3a-
KOHOB B T€PMHHaX MHOT'OYJIEHHOI CTENIEHHONW aCUMITOTUKHU WCJIEJOBAHA CBSI3b MEKJIY POCTOM
MAaKCHMyMa, MOJIyJIsi U MOBEIEHNEM COOTBETCTBEHHO KO3(MMUIMEHTOB U DYHKIUN PacIpeeie-
HUS.

1. Introduction. Let A = (\,) be a sequence of nonnegative integers increasing to +o0o
(Ao = 0), and S(A) be a class of entire Dirichlet series

F(s) = Z ane™,  s=o+it. (1)
n=0

For 0 € R and FF € S(A) we put M(o,F) = sup{|F(c + it)|: t € R}, and u(o) =
max{|a,|exp(cA,): n > 0} be the maximal term of (1). For entire Dirichlet series of the
R-order pg € (0,400) and the R-type Tr € (0,+00) in [1-2] it is obtained the conditions
on a, and \,, under which

In M(o, F) =Trexp{pro} + (T + o(1)) exp{pc}, o — 400,

where 0 < p < pr and T' € R\{0}. Multi-term exponential asymptotics of In M (o, F) is
investigated in [3-4].
Two-term power asymptotics for the maximal term of entire Dirichlet series of the form

Inu(o, F) =Tio" + (1 4+ o(1))o?, o — 400,
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where p; > 1,0 < p <p;, T} >0 and 7 € R, is indicated in [6]. In [6] it is established also
conditions on a, and \,, under which

Inp(o, F') = ThoP* + Tho?* + (1 + o(1))o?, o — 400, (2)
where p; > 1,0 <p < py < p1, T1 > 0, Ty € R\{0} and 7 € R\{0}. We put

15p;
Y =1y, _ - I _
T =Tl p>2ps—p1} (D) 2Tipr(pr — 1) {p: p<2p2-p1} (D),
where Ig(p) =1 for p € E and Ig(p) =0 for p ¢ E, in [6] the following theorem is proved.

Theorem A. In order that the relation (2) hold, it is necessary and in the case p+ p; > 2ps
sufficient that for every € > 0 the inequality

A max{p, 2pp—p1 }
n p1—1

Ap \P1/(p1—1) Ap \P2/(p1—1)
)+ n(g)

Inla,| < -T —1 (
l | 1(p1 ) Tipy Tip

+ (77 +¢) <T1p1

is valid and there exists a sequence (ny) of positive integers such that

p1+max{p, 2pg—p1}—2

U 0<Ank 211 ) k— 00, Inlan,| > —Ti(ps — 1)(

)\nk p1/(p1—1)
) +
Tipy

)\ max{p, 2p2—p1}
Nk

)
Tipy

Any, >p2/(p1—1)

4T (
? Tip1

+(7’*—5)(

Here we are going to find conditions under which In M (o, F') has the following asymptotics
InM(o, F) = ZT]-U”J' + (7 +0(1))o?, o — 400, (3)
j=1

where p1 > 1,0 <p <p, <--- <py<p form>2"T >0,T; € R\{0} for 2 < j <m
and 7 € R\{0}.

A non-decreasing function F' continuous on the left on (—oo, +00) is said (|7, p. 10])
to be a probability law if lim, ,,. F(z) = 1 and lim, , o, F(z) = 0, and the function
o(z) = fjozo e**dF (z) defined for real z is called (|7, p. 12]) a characteristic function of this
law. If ¢ has an analytic continuation on C, then we call ¢ an entire characteristic function
of the law F. It is known (|7, p. 37-38|) that ¢ is an entire characteristic function of the
law F'if and only if for every r > 0

We(z)=:1—F(z)+ F(—2z) =0(e™"), z — +oo. (4)

Hence it follows that
lim 1 In !
For 0 < r < +o0o we put M,(r) = max{|p(z)|: |z| = r}. Then |7, p. 45| there exists
lim, 400 7"t In My, (r) > 0, that is ¢ has the growth not below of normal type of the order

o = 1. Therefore, we can investigate conditions, under which

= +00. (5)

In M, (r) = Xm:Terj + (7 +0(1))r?, r— 400, (6)

Jj=1
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where o1 > 1,0 < 90 < 9, < -+ <2 <oy form>2 T >0,T; € R\{0} for 2 < j <m
and 7 € R\{0}.

2. Preliminary results. In [8] (see also [9]) the following result is obtained.

Lemma 1. In order that relations

InM(o,F) < ZTjJ”j + (1t +o0(1))o?, o — 400,

j=1

Inp(o, F) < ZTjapj + (1 +0o(1))o?, o — 400,

j=1
be equivalent for each F' € S(A), it is necessary and sufficient that Inn = O(Aﬁ/(m*l)) as
n — 0o. The condition is sufficient for the equivalence of the asymptotic equalities (3) and
Inp(o, F) = ZTjapj + (t+0(1))o?, o — 400, (7)

j=1

For an entire characteristic function ¢ of a law F we put p,(r) = sup{Wg(z)e™: z > 0}.
Then ([7, p. 55]) py(r) < 2M,(r). On the other hand ([7, p. 52]),

Mo(r) < /0 W) dn + 1+ Wi(0)

for all » > 0. Using this inequality we prove the following theorem.

Lemma 2. The relations

InMy(r) =Y Tyr% + (T +o(1))r?, r— +oo, (8)
j=1

Inpp(r) =Y Tyr% + (T +o(1))r?, r— 400, (9)
j=1

are equivalent.

Proof. At first we prove that if

In p1,(r) < ZTjrgj + (T +o(1))r%, 1r— +oo, (10)
j=1
then -
In My(r) <Y Tyr® + (7 +o(1))r?, 1 — +o0. (11)
j=1
Indeed,

My(r —re2) < / Wg(z)e™ exp{—r¢ % z}dx + 1+ Wp(0) < p,(r)re* ¢ + 1+ Wg(0),
0
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whence in view of (10)

In My,(r —r972) <Inp,(r)+ (1 +o(1))(e1 — o) Inr < ZTjré’j + (1 +0(1))r? r — +oo.
j=1

If we put r — 7972 =+t then r =t + (1 4 0(1))t¢" 2" as t — +o00. Therefore,

In M,,( Z (4 (14 0(1))t272)% + (7 + o(1))t2 = ZTt@ﬂ (14 (1 +o(1))te 2 1)+
+(1 4 o(1))te = ZT#)J (14 (1+o0(1))g;te 1)+
(T +o(1))t? = ZTjt"j + (7 +o(1)te,  t — +o0. (12)
j=1

Thus, (10) implies (11). In view of the inequality In p,(r) < In M,(r)+In2 (11) implies (10).
Hence it follows that (9) implies (8). We remark also that if (10) holds for some sequence
(r) increasing to 400 then there exists an increasing to +oo sequence (tx), for which (12)
holds. Hence we obtain that (8) implies (9). Theorem 1 is prowed.

Since Inp(oc) = max{In|a,| + oA,: n > 0} for Dirichlet series and Inpu,(r) =
= sup{ln Wg(x)+rz: x > 0} for characteristic functions, we need to investigate the connec-
tion between the growth of Young conjugated functions.

Thus, let Q(o) = sup{P(t) + ot: t > 0}, where P is an arbitrary function defined on
[0, +00) and # 400 (can take on the value —oo, but P # —o0). The functions @) and P are
said to be Young conjugated.

As in [10-11] by 2 we denote the class of positive unbounded functions ¢ on (—oo, +00)
such that the derivative @’ is positive, continuous and increasing to +o0o on (—oo, +00). For
O eQlet V(o) =0—P(0)/P'(0) be the function associated with ® in the sense of Newton
and ¢ be the inverse function to ®'. It is known ([10-11]) that the function ¥ is continuous
and increasing to +o0o0 on (—oo, +00), and the function ¢ is continuous and increasing to
+00 on (0, +00).

For ® € Q and 0 < a < b < +00 we put

Gi(a,b, ®) = b‘iba /b (I)(‘fQ(t))dt, Ga(a, b, @) ( / ot dt)

It is known [10] that G1(a, b, ®) < Ga(a,b, ®), and in [11] the following lemmas are proved.

Lemma 3. Let ® € Q. In order that Q(o) < ®(o) for all 0 > 0y it is necessary and sufficient
that P(t) < —tW(¢(t)) for all t > t.

Lemma 4. Let ® € Q and P(ty) > —t,V(¢(ty)) for some sequence (ty) of positive integers
increasing to +oc. Then for all k > ko and all o € [¢(t), ¢(txs1)] the inequality

Q(U) Z (I)(J) - Gl(tkatk’+17 (I)) + Gg(tk, tk+1, (I)) (13)

is valid.
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Lemma 5. Let ®; € Q (j € {1,2}), ®1(0) < Qo) < ®y(0) for all 0 > o9 1 P(t) <
—tWo(po(t)) for all t > to. Then there exists a sequence (tk) of positive integers increasing
to +oo such that P(t) > —t;,W1(¢1(ty)) and

1 th+1
Gi(th, tryr, Do) > @ (—/ ¢2(t)dt>- (14)
ler1 — te Jy,
Suppose ® € Q2 and P is a function of the form
O(o) = ZTjapj + 70?0 > 0y, (15)
j=1

where p; > 1,0 <p <p, <---<py<pform>2"T >0,T; € R\{0} for 2 < j <m
and 7 € R\{0}.

3. Asymptotic behavior of ¢ and G, (tx, tx+1, ®). The following lemma is true.

Lemma 6. Suppose that function ® € Q is of the form (15) and 2ps < p; + p. Then

¢(x) =

1 m Pj—p1+1
:< v )“1_2 Tip, ( x ) _ (r+o()p ( v ) ot
Tipy = Tipi(p1 — 1) \Tipx Tipi(pr — 1) \Tipx

For m = 2 Lemma 6 is proved in [6]. In the general case the proof is analogous.
Since (zVU(p(x))) = ¢(x), from (16) it follows that

pj
—1

ZT (Tlpl) -

p1—1
> , & — +00. (16)

2¥(¢(z)) = Ti(pr — 1) (Tlpl)

x
Tip1

—(r+o(1)) (

Let (t;) be an increasing to +oo sequence of positive integers and 541 = (1 +6;)t. Since

/ab <I>(¢2(t))dt _ /ab (o(t))d (—%) = U(g(b)) — U(g(a)),

t

from (17) we can obtain that

1/(p1—1
tr )P/(p )1+0k ((1—1—9)1“’1 1) 1)_

Tipy Ok
pj/(pr—1)
J 1+ 6, _ _
— 1+ @, Pi—pr+1)/(p1=1) _ 1) _
Z (T1p1> 0 (< + 0) )

k

Gl(tkatk—i-h q)) = T1<p1 - ]') (

((L+ )2t/ 1) -k~ o0, (17)

t p/(p1—1) 146,
T1p1> O,

—7(1+o(1)) (
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Hence it follows that if there exists an increasing sequence (k;) of positive integers such
that 0y, — +00 as j — oo, then

£\ P1/(p1=1) B .
Gm%«1+@»@ﬁn:TMn—D(T2) 0" V(14 o(1), jroo.  (18)
1

If there exists an increasing sequence (k;) of positive integers such that 6, — 6 € (0, +00)
as J — oo, then

Gl(tk]'7 (1 + ekj)kj? QD) =
te. )pl/(Pll) 146

N T1(p1 B 1) <T1p1 0

(L +6)Ye=D —1) (14 0(1)), j— oo. (19)

Finally, we get 0, — 0 as k — oo. Then from (18) it follows that

G1(tg, (1 + Op)tg, ®) =
123 >p1/(p11)+ Tipy Qk( i )pl/(p11)+T1(2—p1)p192< 122 )pl/(pll)_
2(p1 — 1) " \Tips 6(pr —1)2 "\ Tipy

_ i Ti(pj =1 +1) ( t >pj/(p11) -~ Tpi(p; —pi + 1)9k ( te )pﬁ/(pll) B
Tip: 2(pyr — 1)? Tipy

=2

. 1 1+ 1 t p/(p1—1) _ _
_T(p pl;_)(l O( )) (Tll;l) _i_O(tgl/(pl 1)9]%)—1-0(1;22/(171 1)‘9]%)

as k — oo.
Now we consider an asymptotic behaviour of Gy (tg, tx1, ). At first we put se(tg, tyy1, P) =
—L_ %+ ,(z)dx. Then in view of (16) (or (17))

ter1—tk Jtk

1 t p1/(p1—1)
st (ty, (1 + Op)ty, @) = — ¢ Ti(p1 — 1) ( ) ((1+gy)rr/r=) — 1) —

Ortr Tipy

m t pj/(p1—1) Jor—1)

_ T 1 9 pj/(P1— _1 _
Z ’ (T1P1) ((1+80) )
7j=2
t p/(p1—1)
oo () v b ks (20)

Tipr

Hence it follows that if there exists an increasing sequence (k;) of positive integers such that
Or;, — +00 as j — oo, then

pr—1 [ty \/®Y 1/(p1—1)
se(ty;, (14 04 )y, @) = - (Tpl) 0,71 +0(1), j— oo,

and since Ga(ty, tpr1, D) = P(se(ty, tir1, P) and ®(0) = (140(1))T10"* as 0 — 400, we have

o — I\ [ te p1/(p1—1) 1)
%WAHﬂMWQZE(ZH) Q@) /P14 o(1)), f - oo, (21
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If there exists an increasing sequence (k;) of positive integers such that 6, — 6 € (0, +00)
as j — 00, then

_ /(pl 1) 1/ 1 1)_
p1—1 [ ty (14 @)p/» 1 ,
te,, (140 )y, @) = — 1 1 — 00
%( kj’( + k]) kj» ) D (Tlpl) 0 ( +0( ))7 J )

and, thus,

G2(tkj7 (1 + ekj)tkja (I)) =
NP /ot \PY/@D s gy /(=) 1\ P
_T <p1 ) <L> (( +9) ; ) (14+0(1)), j— 0.

D1 Tip

Finally, if 6y — 0 as k — oo then from (22) we obtain

st () = (o) L O B o)

Tipy pr—1)  6(p1 — 1)
(pj—p1+1)/(p1—-1)
t 3 - 1)0
_Z Tip; ( k ) {1_|_(p] b1+ >k+0(91%)}_
Tipi(pr — 1) \Tipy 2(p1 — 1)

_Tp(1—|—0(1)) ( t )(pp1+1)/(p11)
Tipi(p1 — 1) \Tipy

Hence for ¢ > 0 we have

te Y { 0% (2 —p)b; 3
try (1 + 0, 1+ + + 06—
ol (1+ O)t, @) = (Tlpl) 20p1—1)  6(p1—1)? (0)

B " U < by )“’f e 3~ Lnsdlrs i+ 1)f ( t )@j—m)/m—n .
=2 Tipi(pr = 1) \Tipy j=2 2Tipi(pr — 1) Tipy

rqp(1 + o(1)) ( t )(pm)/(ml) N qlq — 1)92_
Tipi(pr —1) \T';m 8(p1 — 1)

m (pj—p1)/(p1—-1)
q — 1)0y ]qu e \ 2(p2—p1)/(p1—1) 3
E Ot 0l

1) = T1 pl — 1 Tlpl + ( k ) + ( k) ’

. k— oo (22)

+ O(eitl(cpjfpl)/(plfl)) .

as k — oo
Therefore,

123 P/l T1p10k ( tr )Pl/(ml)
e (14010, 8) = ) e (e
Tipy(3p + DO} ( ty )”1/@1‘” N~ =t 1) ( by )pj/m—n B
24(pr = 1) \Tipn pi—1 Tipy
_ i Ti(p; — p1+ 1)6; ( b >”j/(p1_1) _Tp=pi (1 +0(1)) < t )(p—pl)/(pl—l)
2(]91 — 1)2 Tip p—1 Tips

_i_O(@zt?/(mfl))_i_O(eztiz/(prl))+O(t’(€2pzfp1)/(prl)>, k- 0o, (23>

Jj=2

_l’_
j=2

The following lemma is a consequence of (21) and (26).
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Lemma 7. Suppose that ® € Q2 and ® has a form (15) and 2ps < py+p. If 0, — 0 (k — o0)
then

Tips 9,% t p1/(p1—1)
Gt tr(1+ 05). ®) = Galti, a1+ 64). ®) = g =5 | 72 i
1 — 1M1

+0 (egtil/(pl_1)> +0 <9ztil/(m—1)) +o (tz/(m—l)) .k — 0.
We will also need the following statement.

Lemma 8. Let ®; € 2 and ®, € Q) be such functions that

®i(0) = ZTjapj + (1 —=0)d", Py(0) = ZT]»U”J' + (14 6)o”
j=1

j=1

for o > oy, where 6 € (0, |7|). We suppose that p > 2py — p1, tgy1 = (1 + i)ty and for all
k> ko
Gl(tk, tk+l> (DQ) 2 (I)l<%<tk7 (1 + Hk)tk, (I)g)) (24)

Then 6, — 0 (k — o0) and

16(1?1 - 1)
—757—®+ou»(

Proof. Since ®1(0) = @3(0) — 2607 and Po(se(ty, (1 + Op)ty, P2)) = Ga(te, tu(1 + bi), P2),
from (33) we have

i

IN

t (p—p1)/(pP1-1) .
) +o (t,(j"pl)/(pl‘ )> .k — oo. (25)

Tipy

Gl(tk, tk-i—l; (I)Q) Z Gg(tk, tk(l + Qk), Cbg) - 2(5%(tk, (1 + Qk)tk, (I)g>p. (26)

Using (29) and (19), (23) and respectively (20), (24), as in [6], it is easy to show that
0 — 0 (k — o0). Therefore, from (25) we get the asymptotics

tk p/(p1—1)
At (U 000,00 = (o) (5) L ko
1M1

and in view of Lemma 7 from (29) we have

T1p19;3 ty )(ppl)/(pll) .

&m—w>§%1+“””(ﬂm

+0 (63) + 0 <9,3t,§p2"“)/(’“‘”> +o (t;p"’l)/@l‘”) koo,

whence we obtain (28). O

4. Main results. At first we prove the following main theorem for Young conjugated fun-
ctions.

Theorem 1. Let py > 1,0 < p < pp < -+ < pg <pg form >2,Ty >0,T; € R for
2<j<m,7€Randp+ p; > 2py for m > 3. Then in order that

Qo) =) Tjo" + (T +0(1))o?, o — +ox, (27)

J=1
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it is necessary and sufficient that for every € > 0 the inequality

¢\ P/ m £\ P/ 1)
Pit) < -T —1 + T; (—) +(7+¢ (
0= -Tin-1) () >0 (7 (r+2)

p/(p1—1)
) . (28)

for t > ty(e) is valid and there exists an increasing to +oo sequence (ti) of positive integers
such that

t pi/(p1—1) m t p;/p1—1) t p/p1—1
PWJZ—EQH—U( ) +§jn( ) 447—@( ) . (29)
j=2

Tipy

Tip1 Tipy

(t](cp1+p—2)/2(p1—1))

tk+1 —tr=o0 , k — oo. (30)

Proof. We begin with the necessity. Asymptotics (36) implies for every ¢ € (0, |7|) and all
o > 0¢(0) the condition of Lemma 5 is true with

0)227}0“—1—(7’—5)0”, Dy (o ZTU”J—F(T—F&?)

7j=1

Therefore, according to this lemma the inequalities P(t) < —tW(¢(t)) for all t > t, and
P(ty) < —txV(o(ty)) for an increasing to +o0o sequence () of positive integers such that
(14) and, thus, (33) holds. But by (17)

pj P

Zm; (T1p1> B <T+5+0<1)>(T1;1)p1_1

tWa(a(t)) = Ti(p1 — 1) <T1p1>

as t — +oo and

Pj P

as k — 0o, and by Lemma 8 we have

(p—p1)/(p1—-1)
o —te >, 16(pr — 1) 178
") =0 < —2(6 k —
( 123 ) Y= Tip 0+ o)) Tipy ’ >

le.
thpr —tp, < 4 (\/_+ o(1 ))(Tlpl)(pfpl)/2(p171)t,(€P1+P*2)/2(p171)’ k= oo,

Taking into account arbitrariness of ¢ these relation imply (31)—(33).
We will now prove the sufficiency of conditions (31)—(33). Using Lemma 4 and equa-
lity (17), it is easy to show that condition (31) implies the asymptotic inequality

Z Tjo? + (1 +)o", o =>0(), (31)
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for an arbitrary positive §. Further by Lemmas 4 and 7 for k > ko and o € [¢1(tx), ¢1(tks1)]
in view of condition (32) we obtain

Qo) > @1(0) — (Gaolty, tgs1, 1) — Gi(ty, thr1, P1) = 1(0) Tup:6; ( t )p1/(p1 1)+
’ ’ ’ ’ ) g)—
> P 2(lk, th 1(Tks te 1 o= \ T

+0 (0,3;7521/(1’1‘”) +0 (9,§t§1/(p1‘1)) +o (ti/(p1‘1)> =®y(0) 40 (ti/(pl‘l)) , k— 00, (32)
because in view of (33)

t —t
g, = 1 =l
178

= o(tépfpl)/z(plfl)), k — oo.
Since ¢, (tk) <o< ¢ (tk+1)7 we have t;, < (I)/(O') < g1 and from (40) we obtain
Qo) > @1(0) + 0 (P'(0 ))p/(pr”) = ®y(0) + o ((oP~HP/P1=1) =

= ®y(0) 4+ 0(a?) ZTUP7+ T—0)of, o >0(0), (33)

for arbitrary positive d;. According to arbitrariness of 6 and 0, (34) and (35) imply (30). O

If we choose for an entire Dirichlet series (1)

~JInfa,|, t=X,(n€Zy),
P(t)_{_oo, t=c (0 +00)\ {\.}’

then Q(o) = In u(o, F'), and from Theorem 1 we obtain the corresponding corollary. Uniting
it with Lemma 1 we get the following statement.

Theorem 2. Let py > 1,0 <p <pp < -+ < pp <p form >2,Ty >0,T; € R for
2<j7<m,7€Randp+p > 2ps for m > 3. Suppose that for entire Dirichlet series (1)
Inn = o(lﬁ/(pl_l)) as n — oo. The asymptotic equality (3) hold if and only if for every ¢ > 0
the inequality

A p1/(p1—1) m A pj/(P1—1) A p/(p1—1)
Inla,| < —Ty(p; — 1 - +>y T - +T—|—6< ”) ,
| | 1(p1 ) (Tlpl) ]22 ’ (Tlpl) ( ) Tip

for n > no(¢e), is valid and there exists a sequence (ny) of positive integers such that

A, p1/(p1—1) pj/p1—1) \ p/p1-1
In|a,, | > -Ti(p; — 1 T; +(r—e¢ ~k ) :
@ 1(pr ) (T1P1) Z <T1p1) ( ) <T1P1

— A, = O()\giﬁrp 2)/2(p1— 1)), E— 00.

A

MNk+1

Since In p,(r) = sup{In Wg(t) + rt: x > 0} for the entire characteristic function ¢ of
a probability law F', choosing P(t) = In Wg(t) we have Q(r) = In pi,(r), and thus, Lemma 2
and Theorem 1 imply the following statement.
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Theorem 3. Let oy > 1,0 < 0 < 0y, < -+ < 02 < o1 form > 2, Ty >0, T; € R\{0} for
2 <j<m, 7€ R\{0} and ¢ be the entire characteristic function of a probability law F.
The asymptotical equality (6) hold if and only if for every ¢ > (0 the inequality

¢ p1/(p1—1) m " pj/(p1—1) " p/(p1—1)
InWg(t) < —T; -1 + T-( ) +T+€( ) ,
F( ) 1(p1 ) (T1p1) ; ! Tipy ( ) Tipy

for t > ty(e) is valid and there exists an increasing to +oo sequence (tx) of positive integers
such that

t p1/(p1—1) m t pj/p1—1) t p/p1—1
In Wg(ty) > —T; —1 T; —
nWe(te) > —Ti(pr — 1) (T1p1) +> T <T1p1> +(r—¢) (T1p1) :

=2

tk+1 - tk = O(t](cp1+p_2)/2(p1_1)), k? — OQ.
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