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SUFFICIENT CONDITIONS OF BOUNDEDNESS
OF L-INDEX IN JOINT VARIABLES

A. 1. Bandura, M. T. Bordulyak, O. B. Skaskiv. Sufficient conditions of boundedness of L-index
in joint variables, Mat. Stud. 45 (2016), 12-26.

A concept of boundedness of L-index in joint variables (see in Bordulyak M.T. The space
of entire in C™ functions of bounded L-index, Mat. Stud., 4 (1995), 53-58. (in Ukrainian)) is
generalised for L(z) = (I1(2), ..., ln(2)), 2 € C™. We proved criteria of boundedness of L-index
in joint variables and established a connection between the classes of entire functions of bounded
l;-index in each direction e; and functions of bounded L-index in joint variables. We deduce
new sufficient conditions of boundedness of L-index in joint variables. The obtained restrictions
describe the behaviour of logarithmic derivative in each variable and the distribution of zeros.

1. Introduction. The papers of M. T. Bordulyak and M. M. Sheremeta ([1, 2|) are devoted
to the investigation of the concept of an entire function of bounded L-index in C" (n > 2)
(henceforth, an entire function of bounded L-index in joint variables). It is a multidimensional
generalization of the concept of an entire function of the bounded I-index ([4, 5]) in C. For
L = (1,...,1) entire functions of bounded index in joint variables have been studied in
n times

the papers of M. Salmassi, F. Nuray, R. F. Patterson (|6, 7, 8]). They found applications
of bounded index in joint variables to value distribution theory. Namely, F. Nuray and R.
Patterson investigated the relationship between the concept of bounded index and the radius
of p-valence (univalence at p = 1) of entire bivariate functions and their partial derivatives
at arbitrary points of C2. J. Gopala Krishna and S. M. Shah (|9]) introduced the concept
of an analytic in a domain (a nonempty connected open set) Q@ C C" (n € N) function
of bounded index and investigated the index boundedness of analytic solutions of partial
differential equations.

In the general case it is very difficult to prove multivariable analogues of characteri-
zations of entire function of bounded l-index from [5]. On the one hand, in ([1]) there are
formulated counterparts of the well-known theorems from [5] on properties of entire functi-
on of bounded L-index in C" (bounded L-index in joint variables) without proofs, except
[3]. On the other hand, nowadays we do not know a complete analogue of an important
criterion of [-index boundedness which has been established for the case of functions of one
variable. This assertion contains necessary and sufficient conditions that an entire function
has bounded [-index in the terms of the boundedness of its logarithmic derivative and zero
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counting function. Therefore, in the present article the following problem is considered: is
there a certain counterpart of the mentioned criterion for entire functions of bounded Li-index
in joint variables?

We remark that the concept of an entire function of bounded L-index in direction is more
flexible in some ways ([10]-[14]). In particular, Theorem 1 (for a complete proof see [10]) is
such a criterion in this case.

In this paper, we generalize a concept of bounded L-index in joint variables from [1].
Instead of L(z) = (I1(|z1]),l2(|22]), - - s Ln(|20l), 2 = (21,...,2,) € C" as in [1, 2, 3] we
consider L(z) = (l1(2),...,l,(2)), where [;(2) are positive continuous function of z € C™.
For this notion there are presented complete proofs of generalizations of some theorems
from [1]. They are Theorem 3, Theorem 4 and Corollary 1 in the present article. Using
these assertions we deduce that if an entire in C" function F' is of bounded [/;-index in every

direction e; = (0, ...,0, 1 ,0,...,0) then F' is of bounded L-index in joint variables

j—th place
(Theorem 6).
Employing Theorems 1 and 6 we deduct sufficient conditions of boundedness of L-index
in joint variables containing restrictions by the logarithmic derivatives in each variable and
by the distribution of zeros (Theorems 7 and 8).

2. Main definitions and notation. We need some standard notation. Let R, = [0, +00).
Denote

0=1(0,...,0)€R?, e=(1,...,1)€R", ¢=(0,...,0, _1_, ,0,...,0)€R".

~—~
j—th place
For R = (r1,...,rn) € R} and K = (ki,...,k,) € Z7 denote ||R| = 1 + -+ + 1y,
K!'=Fk!-...- k). Fora=(a,...,a,) € C*", b= (by,...,b,) € C", we put
ab = (aiby, - ,aub,), a/b=(ai/by,...,a,/b,), b#0, a*=dlal-...alr, be 2,
and the notation @ < b means that a; < b; (j = 1,...,n); the relation a < b is defined
similarly.

The polydisc {z € C": |z;—2J| <rj, j =1,...,n} is denoted by D"(2°, R), its skeleton
{zeC": |z =2 =r;, j=1,...,n} is denoted by T"(z°, R), and the closed polydisc
{zeC": |z — 2| <rj, j=1,...,n} is denoted by D"[2°, R]. For K = (ky,...,k,) € Z}

and the partial derivatives of an entire function F(z) = F(z1, ..., 2,) we use the notation
OIEl 1t tkn
FE)(z) = = — / :
02K 9z Ozkn
Let L(z) = (l1(2),...,1,(2)), where [;(2) are positive continuous functions of z € C",

je{1,2,...,n}.
An entire function F(z), z € C", is called a function of bounded L-indez in joint variables,
if there exists a number m € Z, such that for all z € C* and J = (j1,j2,...,Jn) € Z"

FU(z FE) (2
’J!L—J((Z))lgmax{ﬁ: KeZ, HKHgm} (1)

If [; = 1;(|z;|) then we obtain the concept of entire functions of bounded L-index in the
sense of definition in the papers [1, 2]. If [;(z;) = 1, j € {1,2,...,n}, then the entire function
is called a function of bounded index in joint variables.
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The least integer m for which (1) holds is called the L-index in joint variables of the
function F' and is denoted by N(F,L).

If inequality (1) does not hold for any m then we set N(F,L) = oo and F is called a
function of unbounded L-index in joint variables.

Besides, by N(F, 2% L) we denote the L-index in joint variables of the function F at the
point 20, i.e. it is the least integer m for which inequality (1) holds with z° instead of z.
Clearly that N(F,L) = sup{N(F,z° L): 2° € C"}.

Remark 1. It is obvious that if F' is a polynomial in each variable then for any vector-
function L its L-index satisfies N(F,L) < oo. The function F(z1, 22) = €*** has bounded
L-index in joint variables with L(z1,22) = (22| + 1,]21| + 1) and N(F,L) = 0. But it is
impossible to find the L-index for this function in the case L(z1, z2) = (li(]21]), la(]22])) (i-e.
in the sense of the definition from [1]).

Let L: C" — R, be a continuous function. We need the following definition (see [10]-
[14]). An entire function F(z), z € C", is called a function of bounded L-index in a direction
b € C"\ {0}, if there exists mg € Z, such that for every m € Z, and every z € C"

1 |9"E() 1 |0FF(2)
< 0< k<
mlLm(z) |~ obr | = { RIFG) | bk | 0Sksmog, (2)
where
= . 0" F(2) -
b0 F(z) Z = (gradF,b), oo 6b( S >’ k> 2

The least such an integer my = mg(b) is called the L-index in the direction b € C™\ {0}
of the entire function F(z) and is denoted by Ny(F, L) = mg. If such mq does not exist then
F is called a function of unbounded L-index in the direction b and we write Ny (F, L) = 0.

If L(z) = 1 then F(z) is called a function of bounded index in the direction b and
Ny(F) = Np(F,1).

In the case of n = 1 we obtain the definition of an entire function of one variable of
bounded I-index (see [4, 5]); in the case of n = 1 and L(z) = 1 it is reduced to the definition
of a bounded index, proposed by B. Lepson ([15]).

If b = e; then we obtain the definition of an entire function F' of uniformly bounded
L-index in variable z;.

Forn>0,z2€C", teC,b=(by,...,b,) € C"\ {0} and a positive continuous function
L: C"— R, we define

. L(z+tb) n
A} (z,to, ) = inf {m |t —to] < m} (3)
M (z,m) = inf{\P(2,t0,m): to € C}, AP(n) = inf{A\P(z,n): 2 € C"}, (4)
b B L(z +tb) n
/\Q(Z,t(),?]) —sup{m ‘t_ 0| m}u (5>
A5 (z,m) = sup{A8(z,t0,m): to € C}, A3 (n) = sup{A9(z,7): z € C"}. (6)

By Qp we denote the class of functions L which satisfy the condition

(Vn>0): 0<AP(n) < A3(n) < 4oc. (7)
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For Re R%, j € {l,...,n} and L(2) = (li(2), ..., 1.(2)) we define

)}
Aoj(R) = sup sup

J
Li(z [ o R }}
czeD" |20, ——— | ¢,

20eCn l (ZO) L(ZO)

A1 (R) = (/\LJ'(R), ey /\1,n<R> s AQ(R) - (/\271(R), ey AQ’n(R))

>\1J(R) = inf inf

20eCn

—_——
S e~

- <l
2 ol
N

m

3

~—

By Q" we denote the class of functions L(z) which for every R € R and j € {1,...,n}
satisfy 0 < A1 ;(R) < Ag;(R) < +00.

3. Auxiliary propositions. For a given z° € C" we denote g.0(t) := F(z" + tb). If one has
g.o(t) # 0for allt € C, then GP(F,2°) := @;if g,o(t) = 0, then GP?(F, 2°) := {°+tb: t € C}.
And if g,o(t) #Z 0 and a) are zeros of the function g,o(t), then GP(F,2°) := Up{2° + tb: |t —
apl < s} 7> 0. Let

r
zo—l—agb

Ry = |J GhE ). 0

20eCn
We remark that if L(z) = 1, then GP(F) C {z € C": dist(z, Zr) < r|b|}, where Zp is the
zero set of the function F'. By n(r, 2. to, 1/F) = ng to|<r 1 we denote the counting function

of the zero sequence (a).

Theorem 1 ([10]). Let F' be an entire in C" function, L € Qp. F(z) is of bounded L-index
in the direction b iff the following conditions hold

1) for every r > 0 there exists P = P(r) > 0 such that for each z € C"\G?(F)

' L PG| pry, (9)

F(z) 0b

2) for every r > 0 there exists n(r) € Z, such that for every z° € C", satisfying F'(z° +
tb) # 0, and for all ty € C

r

N AN
n <|b|L(zO n tob)7z , to, F) < n(r). (10)

The following characterization of a function of bounded L-index in direction gives an
estimate of the maximum modulus on a greater circle by the maximum modulus on a lesser
circle.

Theorem 2 (|10]). Let L € Q}. An entire in C" function F(z) is of bounded L-index in
direction b iff for every ri and ro such that 0 < r; < ry < 400, there exists a number
Py = Py(r1,7m3) > 1 such that for each z2° € C" and t, € C

F(2° =ty = —2 L <
max {\ (27 4+ tb)|: |t —to| T+ tob)} <
SplﬂlaX{|F<ZO+tb)‘ |t—t0’IM} (11)

4. Behaviour of derivatives of function of bounded L-index in joint variables.
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Theorem 3. Let L € Q™. In order that an entire function F be of bounded L-index in
joint varibles it is necessary and sufficient that for every R € R, there exist numbers ng =
no(R) € Z, and py = po(R) > 1 such that for each 2° € C" and for some K = K°(2") € Z,
IE°]) < no,

[FUO(2)] o R [FED ()]
max{m. K| <ng,z€ E {z ’L(zo)}} Spom. (12)

Proof. Let F' be of bounded L-index in joint variables with N = N(F,L) < oco. For any
R = (r...r,) € R\ {0} we put py = pu(R) = min{A,(R): j € {L....n}}. po =
pa(R) = max{\y;(R): j € {1,....,n}}, ¢ = q(R) = [2(N + D)p¥py*||R||] + 1, and for
m=20,...,q and 2 € C" we denote

(K)
Sp(2°, R) :max{uz |K|| < N,ze D" {zo, mh }},

KILK(z) qL(29)
(K)
£ (0 P () o[ o mR
Sm(Z,R)—maX{mHKHSN,ZGD Z,qL(Z(]) .
Since D"[z" qL(ZO)] C D"[2Y, R 53], we have
|[FE)(z)] LE(2°) mR

K| <N, D" —| ¢ <
S maX{K'LK LiG) | K] z € qL(zO) <

(ZO) n m—R * (,0
<max{ Ok |IK|| < N,ze D { qL(zO)}}Sm( ,R) <
< 85,2 R)(minfAK(R): [ < N} < p VS5, (2, R) (13)
and similarly

I;((i)) . |K|| <N,z e D" {20, %] } S (2%, R) >

> 8;,(2%, R)(max{Ay'(R): [|K|| <N} = py V852" R). (14)

Sp(2°, R) > min{

Let K™ ||[K™| < N, and 2™ € D"[2°, be such that

» gL( ZO]

|F(K(’">) (2m)]

* 0 _
Sz ) = KmILE™ (20)"

(15)

mR

Since by the maximum principle 2™ € T7(2°, gL (0

AG07), we have 2m) £ 29 We choose

m—1

Then for all j =1,...,n we obtain

(16)

|z(A)—z(» )|:E|z§ )—zQ|: N (17)
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By (16), 2™ € T"(z ,%) and, thus,

[P (™))

* 0 > )
S22 R) 2 Jeip R (o)

From (15) by the definition of S (2°, R) we have

FE (2m)| — [FR™ ()]
0 — Sm<z ’R) Sm—l(z 7R) — K(m)!LK(m)(ZO)

1 td M) (m m m
- K(m)'LK(m)(Z())/O %’F(K )<Z>|(< )+t(z( )_Zi )))‘dt

But for every complex-valued function ¢(t), t € R, the inequality 4|p(t)| < [2L¢(t)| holds.
Then

* 0 * 0 (m
Sm(27, R) =S54 (2", R) < K(m)lLK(m) 20) / Z|Z N

oIE™I+1 1
(M) 4 (2 — )| dt = X
(m) (m) (m) (Z* * (m)I1T, K™ (.0
08" 02 Tl KEmILAT(E0)
= m m 8”K(m>”+1F m * m m
X Z ’zJ( ) - Z’(k] )l (m) k;(.m)—f—l (m) ( i ! +i (Z( - z£ ))) ’ <18>
j 8zf 0z Oz

where 0 < #* < 1. Hence, 2™ + t*(zm — 2™ e D[z qL(zo)] But as in the proof of

inequalities (13) and (14), in view of (1) for z € D"[z° qufo ] and ||J|| < N + 1 we have

PO v FVE) |FUO(2)]
< — ||| <N, <
JILY(29) =Py JILJ(Z) < py "' max KILE(2) K < <

)
N1 [F(2)] N1
<ot max { L2 i < ] <ot
Then
olIKlI+1p (m) % (m)
k<m) GO k(m)( +1 ( (m) _ Zx ))
8z,1 ..Aazjj .0z

< pl pNJrlS* ( R)7

(m) ¢ m
RS DR (20 T (20 (20)

j
and from (18) we obtain

Si (2% R) — Sy (2% R) < ppl 1S (2% R) Y (k™ 4+ 1)1 (2%)]24™ — 2] <

J *J]
1

j:
N+1 ox n N-‘rl * (0
plp Sr(2%, R) p1p2 (N+DR| . Sy (2%, R)
SO < y S (20, R) < 2
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It follows that S* (2%, R) < 2S* (2% R), and in view of (13) and (14) we have S,,(z°, R) <
2pV S* (2% R) < 2pVpl S,,1(2°, R). Then

[P (2)] o I 0
—: ||K|| <N D" — = <
maX{K!LK(z) |K|| < N,z e z L) Sq(2", R) <

“ ( )(ZO)|

< S, ) < - < oI ) = (2o )
This inequality implies (12) with py = (2pYpd)? and some K°, [|[K%|| < N = nq.

The necessity of condition (12) is proved.

Now we prove the sufficiency. We choose R = 2 = (2,...,2). Then there exists ng € Z,
and py > 1 such that for every z° € C" and for some K° € Z", | K| < ng inequality (12)
holds. We put

+1

. noInmax{A,;(2): je{l,...,n}}+ lnpo}
0 pum

In2

and for every z" € C" and some K = K%(2%) € Z'} we write Cauchy’s formula

FEFS)(20) 1 / FI(2) "
"

Sl - (2mi)n

Hence in view of (12), we obtain that

U (E0)] (L<z°>)s Pl FEO(0)

Sl ) LR L 2

for every K € Z7, ||K|| < no, S € Z. It follows that

[FEF (9] po(p2(2))0 K1S! .
R T STES) < (7 1 sysmomagy )<

po(p2(2))n0 | KO)( )| ‘F(KO)(ZOH

- 2||S||K0!LK°(z0) = KO!LKO(ZO)

for all S, ||S|| > so, and for all K, || K| < ny.
Since || K°|| < ny, it follows from the previous inequality that for all J € Z7

F) (50 FE) (50
| <Z>|<max{| (")

JILI(20) — KILK(20) 1K < so +no},

where sy and ng do not depend on 2z°, i.e. the function F' has L-index in joint variables

N(F,L)SSQ—FTL(). L]

Corollary 1. Let L € Q™ and an entire function f be of bounded L-index in joint variables
with N(F,L) = N < oo. Then for each R € R’} there exists p = p(R) > 1 such that for
every z° € C" for a some K° € Z'}, || K°|| < N,

max{yF<K°><z>y; 2 e D" [20, %1 } < p|FEI (9. (19)
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Proof. The arguments from the proof of Theorem 3 imply that inequality (12) is true for
some KO [|[KY|| < N =ng. As in the proof of (14), we have

FK%) (0 FK?)
el R il P T A | S

KOILE?(20) KOILE(2) L(29)
[F&D ()] wlo I
Zmax{m. z€eD {Z’L@’O)}}X

min LKO(ZO), nlo R max{|F(K0)(z)|: 2 € D[, L(IEO)]}
" {LK°<z> 2ep [ ’L<z°>]} - KOLF (0 (pa(R)Y

where py(R) = max{A\y;(R): j € {1,...,n}}. The obtained inequality implies (19) with
p = po(p2(R))". O

5. Local behaviour of function of bounded L-index in joint variables. For an entire
function F'(z) we put

M(R,2°, F) = max{|F(2)|: z € T"(:°, R)},

where 2° € C", R = (r1,...,1,) € R}, T"(2%, R) = {2z € C": |z; —2}| =r;, j=1,...,n} be
the skeleton of the polydisc D"(2°, R) or of the closed polydisc D"[2°, R]. Then M (R, 2°, F) =
max{|F(z)|: z € D"[2°, R]}, because the maximum modulus for an entire function in a closed
polydisc is attained on its skeleton.

Theorem 4. Let L € Q". An entire function F' has bounded L-index in joint variables if
and only if for any R') R", 0 < R’ < R", there exists a number p; = p;(R';R") > 1 such
that for every 2 € C"

M (%,zo, F> <pM (%,AF) . (20)

Proof. Let N(F,L) = N < +oco. Suppose that inequality (20) does not hold i.e. there exist
R, R", 0 < R < R, such that for each p, > 1 and for some 2° = 2%(p,)

R// 0 R/ 0
M2 0 R spM (= 20 F). 21
(2t =) > (g 7) 2y
By Corollary 1, there exists a number py = po(R”) > 1 such that for every 2 € C" and some
K% e Zy, [|[K°|| < N, one has

R//
M (L(zO) 2 Fm)) < pol PO (20)]. (22)

We put
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and

Let 2% = 2°%(p,) be a point for which inequality (21) holds and K? is such for which (22)
holds and

R 0 RN 0 J) (J)
M F)=|F(:z)|, M F = |F i
([(ZO>’Z ’ ) | (Z )|7 ([(20)72 Y ) | (ZJ)|

for every J € Z%, ||J|| < N. We apply Cauchy’s inequality

Fe < (HE0) e (23)

for estimate the difference

|F(J)(Z:;,17 Z},Qv SR 72§,n) - FU)(’Z?? 23,27 R Z},n)| -
271 a”J”‘HF
= , , — (£, 279y, 27 )dE| <
/Zg Ao NG F (€23 )
Il o
. : — (20 1 : 24
T o0 oy 1) 11(29) (24)
Since (27, 235, ..., 2},) € D"[2°, %], for all k € {1,...,n} |25, — 2| = % and [ (z%) <
A2k (R")lk(z°) by Theorem 3 and in view of (23) with J = K° we have
. " S (20) Ty 1 (=) 0
PO )] < T Ll K o) <
J(50\ T ' K J(50\ T ‘
LR RY o (BN o I TG TR M)
= KOLA(z0) " R (R)A?
(25)

From inequalities (24) and (25) it follows that

HlII+1 _ (")

1 +17 """ -
aZ{H 82%2 o 82# (J1+1,52,-50n) ‘ Tlll

> ll (Z?) |F(J) (Z*)| _ poJ!L(lerl’Jé """ an) (ZO) HZ:Z AJQI,Ck(RH) | (Z*)|
- Tlll 7 7,,/1/(R,)[(O

IFOE)] = [FO (0, 250 25} 2
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Then
1(2°) ANECI-1 ¢
F(KO) * > A * _
el 2 02110zt o (2g-143...400)
po(KY — UKL ROILE® (20) [T, M (RY)
- T//(R’)KO |F(z )l Z
1
[%(20) allKoll—Qf i
= (r1)? kY—2 o k3 50 \F(K)—2,k9.... kg)) -
17 |0zt "0zy° ... 0zn"

polKY — 21 KOILK” (20) [T, A (R”)

TRV F ()~
n KO
po(k:? - 1)”‘73! S kg!LKO(ZO) Hi:Z )‘2fi(7"§/> F(25) >
- Tll/(R/)KO ’ (Z )l -
1M (20) anKOn K f
= O |0 g o]~
Ry (HM 1 ) - ’f“‘Z Pl 2
( J1=1
(1) 17(:0) |l
) A e [od o oo )] =
lk‘o( )p L(O kO ..... k.O n o .
- ( //)k(’(R/ H>‘2z R” k L k0|2 )l_
= io=1

(kY — ] .
“et (H%z”’)kg' sy B

J1=1

b

> (45) 1P = 1 2o

where in view of the inequalities Ay ;(R"”) > 1 and R"” > R’ we have

n K .
7 Po K% 0 K2 /o 0 0 (k(l]_jl)! -
b= Rl () EAM(R )) k2!...kn!jz:1—(r/{)j1 =

() () (o < (5)

Jj1=

n kS . K
7 Po K9, 0 k? k’g' ce ]{Jg' = (/{Jg — ]2)! L(ZO)
by = KOL (’Z ) (l l )‘2,73(R”>> (rlll>k? Z (T’Q’)jz < R b2,

Jo=1

21

(26)
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bt = B LR (), () — !
(R)K* P ()

n 1 KO
2 : _]n 1)' L(ZO)
X Jn 1 S ( R bn—17

]nl 1
by = L) e S et R (M,
(R)K GO G e G r

Thus, (26) implies that
PGz (B2) 1R {:?E;: - ij}-

But in view of (21) and a choice of p, we have l?gz"gl > p. > i bj. Thus, in view of (22)
and (23) we obtain

el 2 (M) o {p* - Zb} >
> (B2) - oo el s () - el

n

Hence, we have p, < po(%)N(N!)” + Z?:l b;, but this contradicts the choice of p,. The
necessity of (26) is proved.

Now we prove the sufficiency. Let 2° € C" be an arbitrary point. We expand a function F
in power series

=Y bk(z=2) = D b (a =) - 2 (27)

F(K) 0
where bK = bk1 77777 k, = &

Kl
Let u(R, 2% F) = max{|bx|R": K > 0} be the maximal term of series (27) and N'(R) =
()(R),... ,Vg(R)) a set of indices such that

(R, 2, F) = |byr)| BV, NV (R)|| = max{[|K]|: K >0, |bx|R" = u(R, 2", F)}.
Then in view of inequality (23) we obtain

W(R,2°, F) < M(R,2°, F) < Z bic|(2R)> 5 < 2"u(2R, 2, F),

K>0

Inu(R, 2°, F) = In{|by R>|(2R> 27 MY <Inp(2R, 2°, F) — [V (R)[ In2,
IM(R)| < E{lnu(%, 2 F)—In(R,2°, F)} <
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n2

1
<1—{1nM(2Rz F)— lnM(%,zo,F)}—I—n. (28)

Now let N(F,2° L) be the L-index of function F' in joint variables at a point 2°. It is easy
show that

N(F,2°,L) < HN (L(io),zO,F> H (29)

We put in (20) R” = 2 and R’ = §. Then M (g, 2" F) < piM (555, 2% F). Using (28),

(29), we obtain that N(F,2° L) <n + lnpl — 2= 2 for every 2° € C", which implies that F has
bounded L-index in joint variables. O]

Using the arguments of the proof of Theorem 4, one can prove the following theorem.

Theorem 5. Let L € Q™. An entire function F' is of bounded L-index in joint variables if
and only if there exist numbers R', R", 0 < R’ <e < R”, and p; = p;(R', R") > 1 such that
for every z° € C" inequality (20) holds.

6. Boundedness of L-index in every direction e;. The boundedness of /;-index of
a function F'(z) in every variable z;, generally speaking, does not imply the boundedness of
L-index in joint variables (see example in [1]). But, if a function F' has bounded [;-index in
every direction e;, j € {1,...,n}, then F' is a function of bounded L-index in joint variables.

Theorem 6. Let L(z) = (l1(2),...,1.(2)), where l; € Q¢, (j € {1,...,n}). If an entire in
C" function F' has bounded l;-index in a direction e; for every j € {1,...,n}, then F is of
bounded L-index in joint variables.

Proof. Let an entire in C" function F' be of bounded [/;-index in every direction e;. Then by
Theorem 2 for every j € {1,...,n} and arbitrary 0 < r’ < r” < oo there exists a number
p; = p;(r’,r") such that for every z? € C and for all (21,...,2j-1,2j41,---,2) € C*7*
inequality

rY

mx { [P s - 01 = | — b <nitat)x

0
li(Zh ceey Rl By s Ridly - e e

/

xnlax{]F(z)]: 2 — 29 = & 7%)} (30)

0
li(z1, .., 2ie1, 2, Zig1s - -

holds.
Obviously, if for every j € {1,.. n} l; € Qg then L € Q". Let 2% be an arbitrary

point of C", and a point 2* € T™(2°, L( )) is such that M ( }({z/;), 20, F) = |F(z*)]. We choose

R" > e and R’ < Aj(R"). Then inequality (30) implies that

R// 7,,//
M(L(z) 2° F)§max{|F(z1,z§,z§,...,z;;)|: ‘21—Z?|=l - 1*.” )}§
rlll 11(2?,25,...,2’:)}<

I1(29, 23, ..., 2%) 11(29)

’n

< max{|F(zl,z§,...,z;§)|: |21 — 20 =

r{ A1 (R
< m {F(an, 25 2l [ ol = R

1(2172«/2,72:;/

/
. 0] _ "1 _
gpl(rllarlll)\Zl(R”))maX{’F(zlvz;w"’z:;)" ’Zl - 21’ - ll(z(l],z;7 o Z*)} -
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—p (r r /\ (R”))max |F(Z ok Z*)| ’Z —ZO| _ Tll ll(zo) <
1\, 1121 b =20 =n /- ! ! ll(ZO)ll(Z?vz;w'WZ:z) N
* * r _
<p1(T17T1)\2 1(R"))max{|F(zl7z2,...,zn)|: |Zl _Z?| = /\11(R//1)l1(20)} -

- pl(r;7 Tlll)‘Q,l(R”))|F(Zik*7 Zikv s 7Z*>| < pl(T;, Tlll)‘Q,l(R”»X

7,,/I
xmax 3 [F(21%, 20, 20)|s 22 = 2] = =250 ¢ = ma(r], 71 A2 (R")) %
12(2°)
rh lo(2}%, 29, ...
F *ok * . .0 — 2 1 972 <
X max{\ (217 22,5 2p)| |22 — 29 (2, 28, ..., %) 1(29) =
/! ok * >\22 R,
<, P Ao (RY)) max { |F(2, 20, ., 25)|: 20 — 29| = N <
1 9 2’.--
< H ( T'j J)‘QJ(R ))maX ’F(Zl 7'227"'7211)’ |22 _Z2| = (Z** -0 Z*) <
]:1 1 9”2y ”p
- 0 Ty
< N (R maX{FZ S | Bl PO :—}:
_]1_[1]) ( A 2]( )) | ( 1 2 >| | 2 2| )\172(R”)l2(2’0)
2 n
:H ( T ])‘2](R/))’F(Z>1k*7z>2k*72§7'"7 n H H>‘2] R”))
=1 j=1
rl
. 0] — ; _
><H1&X{|F(Zl,zz,...,zn)]. |z — 2] _W])lj(zo)d € {1,...,n}} =
n R,
_ " 0
= Lot (o 7).
Hence, by Theorem 5 f is of bounded L-index in joint variables. O]

Note that if an entire function F' in C" has bounded index in the direction e; for every
j€{l,...,n}, then F is of bounded index in joint variables.

Using Theorem 6 and Theorem 1 it can be obtained sufficient conditions of boundedness
of L-index in joint variables.

Theorem 7. Let F'(z) be an entire in C" function and for every j € {1,2,...,n} l;(z) € Qg,
and C"\ Gy’ (F) # @. If for each j € {1,2,...,n} conditions

1) for every r > 0 there exist P; = P;(r) > 0 such that for all z € C"\G}’ (F)

] L 9P| _ py . (31)

F(Z) 8ej

2) for every r > 0 there exists n;(r) € Z, that for all z2° € C", such that F(z° + te;) #Z 0,

and for all ty € C
r 0 1 ~
e\ 77 0 1 - 7t>_ <n; ) 32
v (p o ) <0 (32)

hold then F(z) has bounded L-index in joint variables.
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Proof We remark that |b| = |e;| = 1, L(2° 4 tob) = L(2° + toe;) = L(2),...,2) 1,20 +

t, 2901, 25) = (2% 4 te;), then by the assumptions of this theorem and Theorem 1, F(2)
is of bounded ; 1ndex in the direction e;. Hence, applying Theorem 5, we obtain that F'(z)
is of bounded L—index in joint variables, where L(z) = (I1(z1),la(22), ..., . (2n))- O

After introducing new notations this theorem can be paraphrased. For a given point
X e H; = {(z(f,..., Z; 1,0, jH,...,zn): 2z, € Cok=1,...,7—1,7+1,...,n} we denote
Go(t)=F(29, ... 2, t, 200,y zy) I gt t) # 0 and @ are zeros of the function g.o (%)
then

e r
GJFZ :U{Z +tej |t—ak’_m}:
k™

r
= (207"'7 g 7Z +t7 7722)|(20+t) (Z +a>|——}:
ij{ 1 “j-1 j+1 J k l (z0+akej)

—U{ Lo 2 1,t,z]+1,...,z2):\tN ak]_+}7
- 1j(2° + aje;)

where t = 20 +t, @) = 20 + a.
As above, if for all £ € C one has F(z?,... zi 1”57%“7---7 2%) # 0, then we put
Gy (F,2%) = @. If §.o(t) = 0 for a given 2°, then we put

G (F,2%) = {(29,..., 29 zj 17t72]+1a---a 20): te C}.
Denote Gy’ (F) = Usoen, Gy (F,2°), and n(r, 2,0, 1/F) = D@tz L
The following theorem is valid.

Theorem 8. Let I'(z) be an entire in C" function and for all j € {1,2,...,n} [; € Qg and
C"\ GY(F) # @. If for every j = 1, 2, ..., n conditions
1) for every r > 0 there exists P; = P;(r) > 0 such that for all z € C"\G,’ (F)

1 0F(z)
< Pili(2);
| < Bty (33
2) for every r > 0 there exists @(7’) € Z, such that for all 2° € Hj, F(2, ..., 2 4, t,
z?H, o, 20) #£0, and for all ty € C

n (%,ZO,%}, %) < 71(r), (34)

j 20 + toej>
hold then F(z) has bounded L-index in joint variables.

Remark 2. We do not know whether the converse proposition is true, i.e. does the boun-
dedness of L-index in joint variables imply (31) and (32). This problem is reduced to the
question of does the boundedness of L-index in joint variables imply the boundedness of
l;-index in the direction e;, i.e. the uniform boundedness of /;-index in each variable z;. The
problem has been open since the early 90’s when these functions began to be studied in
1, 2|.
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