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In this paper we prove some analogue of Wiman’s type inequality for random analytic
functions in the domain T =D x C = {z € C?: |z;| < 1, |22] < +0o0}. The obtained inequality
is sharp.

1. Introduction. Let f be an analytic function in the disc {z: |z] < R}, 0 < R < +o0,
represented by the power series

) = e )

For r € (0, R) we denote M¢(r) = max{|f(2)|: |z| = r}, ps(r) = max{|a,|r": n > 0}.
It is well known ([1, p. 9], [2, p. 28]) that for each nonconstant entire function f(z) and
every € > 0 there exists a set E(e, f) C [1,400) such that Wiman’s inequality

My (r) < pp(r)(Inpp(r)) /24

holds for all r € [1,400)\FE(e, f) and this set E(e, f) has finite logarithmic measure, i.e.

Jeen & < to0.
Let f(z) be an analytic function in the unit disc D = {z: |z| < 1}. For such a function
f(z) and every 6 > 0 there exists a set E;(d) C (0,1) of finite logarithmic measure on (0, 1),

1.e.
/E :
< s
f((;) 1 T

such that for all » € (0,1)\E(J) the inequality

Myl < 0 s 110

holds ([3]). Similar inequality for analytic function in the unit disc one can find in [4].
Also in [3] it is noted that for the function g(z) = 3.7 exp{n°}2", € € (0,1) we have

n=1

My(r)

r 10 Ha(r) 1 1/2 Ke(r)
1-r

1—r

>C > 0.
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2. Wiman’s type inequality for analytic functions in T. We consider
f)=fl22) = ) anmaizy (2)

with the domain of convergence T = {z € C?: |z| < 1, 22| < +o0}.
By A% we denote the class of analytic functions of the form (2) with the domain of
convergence T and %f(zl, 29) Z0in T.

For r = (ry,m3) € T:=[0,1) x [0,+00) and a function f € A? we denote

Ay =A{(t1,t2) € Tty > 1y, ta > 1o}, My(r) =max{|f(2)]: |z1] <11, |20] <12},
o0

uy(r) = max{|anm|rirs': (n,m) € Z2}, My(r) = Y lamlrirs'.

n+m=0

Let Ds(r) = (D;;) be a 2 x 2 matrix such that

D=,

a( 0 i,j e {1,2}.

0
gy (i My ))= 00 mMy(r), 0 =iy~

37}’

We say that ' C T is set of asymptotically finite logarithmic measure on T if there exists

ro € T such that
drid
vn(E O A, // n ” < 400, (B€T)

1— 7”1 T2
ENlr,
i.e. the set ENA,, is a set of finite logarithmic measure on T'.
In [5] one can find analogues of Wiman’s inequality for analytic functions from the

class A°2.

Theorem 1 ([5]). Let f € A% For every 6 > 0 there exists a set E = E(d, f) C Y such that
forr € T'\ E we obtain

My(r) <9y (r) < (1@” Ef)’i%l e *ff_('? '/ . (3)

Also in [5] was proved that inequalite (3) is sharp. In particular for some f(z1, 22) € A*
we have

pp(r) o pg(r)
E={reT: M{r)> In T.
The aim of this paper is to prove the sharp Wiman’s inequality for random analytic
functions in T. We will prove that almost surely one can replace the exponent 1 4 § in
inequality (3) by % + 9, and this exponent cannot be placed by a number smaller than %

3. Wiman'’s type inequality for random analytic functions in the T. Let Q = [0, 1]
and P be the Lebesgue measure on R. We consider the Steinhaus probability space (€2, 4, P),
where A is the o-algebra of Lebesgue measurable subsets of €. In the sequel, the notion
“almost surely” will be used in the sense that the corresponding property holds almost
everywhere with respect to Lebesgue measure P on (2.
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Let Z = Z,m(t) be some sequence of random variables defined in this space.
Let X = (Xpm(t)) be multiplicative system (MS) uniformly bounded by the number 1.
That is for all n,m € N and ¢ € [0, 1] we have | X,,,(t)] < 1 for almost all ¢ € [0; 1] and

V(il,iQ,...,in)ENk, 1§i1<i2<"'<ik, : M(X“XQX%):O,

where M¢ is the expected value of a random variable €.

Let Z = (Z,m(t)) be a sequence of random complex variables Z,,,,(t) = X (t) + 1Yo (¢)
such that both X = X,,,,(t) and Y = Y,,,,,(¢) are real MS. We consider the class of random
analytic functions of the form

+oo

f(z,t) = Z nm Zn,m (8) 21 25" (4)

n+m=0
For such a functions we prove following statement.

Theorem 2. Let f € A%, Z be a MS uniformly bounded by the number 1, 6 > 0. Then
almost surely in t there exists a set E = E(f,t,6), E C Y such that for allr € T'\ E' we have

r r
My(r,t) = max{|f(z,t)] : |21] < 71, |20] < 7o} < % RV ff__<r)1 Ty (5)
Lemma 1 ([6]). Let X = (X,;n(t)) be a MS uniformly bounded by the number 1. Then for

each B > 0 there exists a constant Az > 0, which depends anly on [ only such that for all
N > 4n and {cpm: n+m < N} C C we have

1

Z o X () €101 1202 :we{0,2w12}>A55N1n2N} i ©

where 5% =312 [cam|?.
Let h: RZ — R, be an increasing function on each variable such that
400 +00
/ / duldu2
+o0.
h(ur, uz)

Lemma 2 ([5]). Let 6 > 0. Then there exists a set E C T of asymptotically finite logarithmic
measure such that for all r € T\ E we have

0
G M) < h(In My (r), 7)), (7)
0 1 146
—InM —— - (InM . 8
Gy M) < s (M5 (0) (8)
Proof of Theorem 2. Without loss of generality we may suppose that 7 = X = (X,,,,(¢)) is

a MS (see |7]).
For k,m € Z, and [ € Z such that k > —[ we denote

1
Grim = {r: (ri,m) € T: k’glnl

<k+1 I <lnpsr) <l+1, mSlnT2§m+1},
-1
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—+00 400

+o00o
Gu= () Gum GiH=JJGu
m=1

i=k j=l

Remark that

@)<1}:{ e 1) <e}exy

1—7‘1

Eoz{reT:

because there exists 1y such that Ey N A,
By Lemma 2 with h(r) = ri ™0rs™ there ex1sts a set By D Ey, By € T such that for all
r € T\ E; we have

“+o0o
0 0
7 (et m) g = () (ry - (M1, 72)) + 1= (M (4, 72)) ) <
n+m=0 " "2
T 146 146 T2 146
< —1 1 —1 <
< My(r) (1 o My (r) I ry + (=) ™ mf(?“)) <
2
< —imf(r) In'+? M (r) In'*ory <
1-— T1
iy (r) 16 Br(T) 1 1248 1
< — —_— .
< (1_r1)2+5ln 1_Tlln r2<3lnuf(r)+31n1_rl>
Therefore
n-+m 1
Z |G| T7T3" < Z d ———|anm|riT3" < d Z (n 4+ m)|anm|riry" <
n+m>d n+m>d n+m=0
1 py(r) ats M (1) 1 pg(r) 5o 1s(r)
< = -1 1 <= -1 <
T d(1—ry)? BT 2 d(1—rp)%to T s (), (9)
where . -
_ _ 1 3+5 M
d=dir) = g 57 -7

Let G}y = Gu \ Bz, I ={(i;j): G}; # &},

~so( U a)

Then #I = +oo. For (k,1) € I we choose a sequence 1! € G, such that M(r*D) =
min My(r). So, for all » € G}, we get

rEle
pp(r®0) < pg(r) < epp(r®h), (10)
1 1 < 1 < 1 (11)
—_ < < e ,
€1 — 7{’“”) I—r 1-— r%k’l)
(k1) 2 (k1)
Upg (™D opg(r) o Epp(r™?) (1)

51_r§’“’l) IR Sk SR BEPELS
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and also

400
U Gu= U Gu\E:= | Gu\E:=T)\ E.

(k1)el (k1)el kl=1

Denote Ny = [2d;(r*D)], where

2
d(r) = — e S0
I(T) (1 — T1)2+5 1 1 — T

For r € G}, we put

Wi, (r,t) = maX{ > apmrpryem T X, ()] 1 € 0, 27]2}.
n+m< Ny
For a Lebesgue measurable set G C Gy, and for (k,l) € I we denote vy(G) = mn;z?(GG*)),
kl

where meas denotes the Lebesgue measure on R2.
Remark that vy is a probability measure defined on the family of Lebesgue measurable
subsets of G}, ([7]). Let @ =, ey Gy and

kilij: (ki liy) €1, ki <kipq, Lij <lijyr, Vi,5 € Zy.

For Lebesgue measurable subsets G of €2 we denote

o= 330 ()" )

=0

liix1—li s
N, i 1 ,J+ 2,
- 217;’0 (1 <_> >
> :

2y () et

I/ki+lli+1,j+1 (G m G2j+1li+1’j+1)) ? (13)

§=0
where N; = max{j: (ki,l;j) € I}. Remark that vy, 1, (G} ) = v(Q) = 1.
Thus v is a probability measure, which is defined on measurable subsets of 2. On [0, 1] x

we define the probability measure Py = P ® v, which is the direct product of the probability
measures P and v. Now for (k;1) € I we define

Fry = {(t,7) €[0,1] x Q: Wy, (r,t) > ASy,, () In*/? Ny},
Fr(r) = {t € [0,1]: Wy, (r,t) > ASy,, () In*/? Ny},

where S (r) = S0 laum|*r¥ 3™ and A is the constant from Lemma 1 with 8 = 1.

Using Fubini’s theorem and Lemma 1 with ¢, = a,7™ and 5 = 1, we get for (k1) € I

PO(Fkl)=/< / dP)dy:/P(sz(r))dug NLMV(Q):NLM.

Q Fri(r) Q

Note that o
1 1n3+5 Mf<r( ’ ))

(1 — rEDy2rs 1 — D

Ny, > > e (1 + k)3
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Therefore
+oo “+o00
ZPOF“<ZZ 2kl+k:
(keI k=1 l=—Fk+1

By Borel-Cantelli’s lemma the infinite quantity of the events {Fy,: (k,[) € I} may occur
with probability zero. So,

+00 +oo

P(F)=1, F=JJ ) Fucloixq

s=1m=1k>s, I>m
(k)el
Then for any point (¢,7) € F there exist ko = ko(t,r) and lp = ly(t,7) such that for all
k> ko, 1> 1o, (k,1) € I we have Wy, (r,t) < ASy,, () In'/? Ny.
So, v(F™(t)) =1 (see [7]).
For any t € Fi([7]) and (k,l) € I we choose a point r(()k’l)(t) € Gy, such that

w

W (rS80 (1), 1) > 2 My (1), My(t) E sup{Wh,, (r,1): r € Gyy}.

N

Then from vy (F"(t) N Gy;) = 1 for all (k,l) € I it follows that there exists a point
r®B0 () € G, N F/(t) such that

|WNkl( % l)( )7t) - WNkl (T(kl)(t)’t” < ZMkl(t)
M) < W (90, 2) < Wi, (50 (0),8) + { Mot

Since (t,r*D(t)) € F, from inequality (13) we obtain

1

§Mkl(t) < WNM (T‘(k’l) (t), t) < ASNM (’f‘(k’l) (t)) 1n1/2 Nkl-
Now for r*0 = r(ED (1) we get

2 (r(kD (k)
SR (D) < g (P m (r D) < ) e 00 ks B0

~ - T%k,l))l_i_(; 1_ rgk,z)

So, for t € Iy and all k > ko(t), I > ly(t), we obtain

1 () e

g (e kil

SN(T(’“’Z)) < Mf(r(k’l))< (k1) o = (k1) In 7“5 )> : (14)
]_ — rl ’ 1 - Tl ’

It follows from (10)—(12) that dy(r*!) > d(r) for r € G3,. Then fort € Fy,r € F (t)NG3,
(k1) € I, k> ko(t),l > lo(t) we get

M) < > anmlr P+ W, () <) awm|rirs + Mi(2).

n+m>2dy (rk.D) n+m>2d(r)
Finally for t € Fy, r € FMt) NGy, 1 > 1o(t) and k > ko(t) we obtain

Mf(r(k’l),t) < ,uf(r(k’l)) +2ASN,, (T(k’l)) In'2 N, < ,uf(r(k’l))—i-
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. k1) 1/2+45/2
+2Auf(r(k’l))<1 (M)l py(r7) In r(kl)> X

1 —r(kl)

<l 12 362+5 0 344 €2Mf<r(k,l))
N ST B U
h 1

So, we get for t € Fy, r € F"(t) N Gyp,s k > ko(t) and 1 > 1y(t)

py(r) 1al/2+46 s () 1/4+6
My(r,t) < A=z In T In To

Therefore inequality (15) holds almost surely (¢ € Fy, P(F;) = 1) for all

re ( U (G;;lmFA(t))mG;l)\E* —(TNGH\(B*UG*UE) =T\ By,

(keI

where
400 +o0

G;l: UUGM’ E2:E1UG*UE*7 G*: U (GZZ\FA<t))

i=k j=l (k1)el

127

(15)

It remains to remark that v(G”) satisfies v(G*) = >_; o (vu(Gry) — vu(F"(t))) = 0.

Then for all (k,1) € I we obtain

va(Gy \ F\(1)) = meazéfszz \ F)A( )

drd
meas(Gy; \ F (¢ // S B—)

1 — 7”1 T2
G \F(t)

=0,

]

4. Sharpness of Theorem 2. We will prove that no one of powers 1/2+§ in inequality (5)

cannot be replaced by smaller number than 1/2.

Theorem 3. Let Z be a sequence of random variables such that |Z,,,| > 1 for almost all
€ [0;1]. Then for there exist an analytic function f € A?, a constant C > 0 and ry € T,

such that almost surely in t for all r € A,, we get

Cuy(r) 1/2 pus(r)
M(r.t) > ——£ -1 —

Proof. Consider the functions

foo m I pvm/2
9(z1,22) = Z 72?251’ f(z1,22) = Z /nl 27y,
n+m=0 n+m=0 n:

(16)
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Remark, that for all » € T' we have

2 2 eV +
pg(ry,r3) = max {Wz’fzg” :(n,m) € Zs } =
2

= max { (%Z?ZT) t(n,m) € Z?} = (ps(r1,72))

Using Parseval’s equality, we get for almost all ¢

“+o0o 6\/5
My(r}13) < D7 |Zum P — 225" =
n+m=0 :
2 27
1 . A
== 4_7T2 d@/ |f(7‘1€26,7“261¢7t)|2d()0 S (Mf(Tl,TQ,t))Q.
0

There exist o € T ([5]) a set ro € T such that for r € A,

Cﬂg(ﬁ, 7“2) n ,Ug(ﬁ, 7’2)

M, >
g(r177n2> 1—7’1 1_r1
C 2 2 2 2
(Mf(r17r2,t))2 > Mg(T’l,Tg) > #9(7‘172742) n M9<T1,22)
1 _Tl ]_ —rl
= Criplri,ra) n pi(risms) > Q#%(Tl,ﬁ) In (3 (r1,72)
(1—T1)(1—|—T1) (1—7’1)(1+T1) -2 1-r 1—r

and
1/2

2 2 /
M(r ) > gﬂf(Thm) In Mf(hﬂ’z) S C g(ry,ra) 1L/ ,uf(rl,rg).
2 1 — T 1 — T

- 2 J1—mr 1—r
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