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We study the local exactness of 0 operator in the unit ball of {2 for a particular class of
(0, 1)-forms w of the type w(z) = >, z;w'(2)dz;, z = (z;) in [2. We suppose each function w’(z)
of class C* in the closed unit ball of {2 of the form w'(z) = Y, w}, gzk), where N = JI; is a
partition of N, (cardly) < 400, and z* is the projection of z on C’*. We establish sufficient
conditions for exactness of w related to the expansion in Fourier series of the functions w,i.

1. Introduction. The study of local exactness of infinitely differentiable (0, 1)-forms was the
object of important work, in particular those of L. Lempert. This author gets local exactness
in the space [! and on any space of Banach when the forms are real analytical ([1], [2]).

In Hilbert spaces few results are known, however we must mention an important result
due to G.Coeuré: he gives an example of (0,1)-form w of class C' in the unit ball of an
infinite dimensional separable Hilbert space such that the equation 0f = w does not admit
any local solution around 0, (see Mazet [3]). No other example is known with w of the class
CP(1 < p < ).

In this paper, we study the local exactness of 0 in the Hilbert space [2, for a particular
class of (0,1)-forms of the type

w(z) = Zziwi(z)dzi, z=(z)in I

under the following assumptions (H;): B
i) Each function w’ is indefinitely differentiable on the closed unit ball of [? denoted B,

and of the form ' '
w(z) = wi(z¥) (1)
k

where the series (1) is supposed to be absolutely convergent, and where N = [ J I} is a
partition of N, with 2* standing for the projection of z on C’, and wi being a function of
class C* on the closed unit ball of C'* provided with the norm of /2.

ii) For all k, card Ij, noted |k| is finite.

The used method is based on the expansion in Fourier series of the indefinitely differenti-
able functions f on the closed unit ball of CV. In (|5], Theorem 2.1) we show that such
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functions admit necessarily a Fourier series expansion of the form

f) = > 2Ffaplf), with 2% = 202N
(@,B)E(NXN)N
and |2|2 = (|z1]%,. . ., |2n|?). This allows us to study the local exactness of d for a restricted

class of forms w which respond moreover to the additional assumption (Hs):

wi = Z (zk)awé,k(|zk|2), for all 7 and k.

aeNIkE
In [5] the following results was proved.

Theorem A. Let w be a closed (0,1)-form of the class C* on B of the type w(z) =
3" zw'(2)dz; and verifying the assumptions (H,) and (H,) . If there exists a positive integer
M such that the coefficients wihk are null for all |a| > M, all k and all i in I, then the series
Fy, and F converge and define indefinitely differentiable functions on B.

Theorem B. Let w be a closed (0, 1)-form of class C* on B according to the type

w(z) = Z ziw' (2)dZ;

and verifying the assumptions (Hy) and (Hs). We assume furthermore that the sequence
(|k|) is bounded and that the derivatives DPw' are uniformly bounded in i on the unit ball
of I? for 0 < p < 2. Then there exists a real number r > 0 and a function F of class C* on
the ball with radius r such that

OF =w and |F(2)] < C|z||* sup | DPu'| s for |z <7
i, 0<p<2

where C' is a constant and D designates the differentiation operator.

Here we study the local exactness of d when the sequence (|k|) is not bounded.

If z = (z;) is a finite or infinite sequence of numbers, we denote by #2z the number of
nonzero entries z;. For every integers 0 < n < N, let N¥ be the set of all multiindicies
a € NV such that #a = n. In section 3, we establish the following result which generalize
Theorem B.

Theorem 1. Let w be a closed (0,1)-form of the class C*° on the closed unit ball of [?
according to the type w(z) = Y zw'(z)dz; and verifying the assumptions (H,) and (Hy) .

Let (ny) be a sequence of integers such that 1 < ny < |k| for all k, and l]ifm inf 5& > 0. We
— 400

assume furthermore that for every k, the coefficients «, , are null if o € NI for all n < ny,
and all i in I},, and that the derivatives DPw' are uniformly bounded in i on the unit ball of

12 for 0 < p < 2. Then there exist a real number r > 0 and a function F of the class C*™ on
the ball of radius r such that

OF =wand |F(2)] <C sup ||DPw|s for ||z| <,
j 2

1, 0<p<

where C' is a constant and D designates the differentiation operator.
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2. Preliminaries.

2.1. Notations. In this work our main concern will be the Hilbert space /2, and so, unless
indicated otherwise, || || will denote the /2>-norm on /2 or on CV: if 2z = (2;) € I? or CV,
|z = > |z% B(r) and By(r) will denote the ball ||z|| < r in [ and CV respectively.
When r = 1, we simply write B and By for B(1) and By(1), respectively. ~ We shall make
extensive use of muti-indices. A multi-index o = («;)$2, for us is a sequence of integers a;; > 0
with a; = 0 for i sufficiently large. The length of « is |a| = Y77, a;. We let ol = [[2; as!,
where the usual convention 0! = 1 is observed. For a sequence of complex numbers z = (z;)2,
, we put 2% = [[2, 2", where 0° is defined to be 1.

i=1 z’

If z and w are in CV, the following notations will be used in the sequel: 2} = (21, 22, . . ., 2;);
2 = (21,241, -, 2n) (1= 1,2,...,N). When « is a multi-index of NV we simply write
2% for (z;)%. |22 = (|21 .., [en|?), 2w = (z1wy, ..., z2ywy). If @ is a vector of RY, then

VE = (VAT /7).

If fisin C*(By), in the sense of Frechet, then for each p € N, we put

I1DPflloe = sup [|IDPF(2)]);

z€BN

where ||DP f(z)|| denotes the norm of the pth differential operator.
2.2. A series in infinitely many variables. If z = (2;)2°; is in the unit ball of I?, we put

la|
ol ®
F%(Z):: 2{: —g};—z

#a>n

Lemma 1. Given 1 <n < N, and € € }O, %[, there is a real number p > 0 and a constant
C' > 0 such that if z € By(p), then

[Pa(2)] < C ()" Cx
C depends only on p and € but not on N.

Proof. Let us consider in C the entire function g(z) = > -, ai—(;Q For every € > 0, we have

2|
<
| Zea/Q /

Using the Cauchy-Schwarz inequality, we obtain

o 1/2 1/2

z «

)< (z) (z) |
a>1 a>1

Let 1 <n < N,q € N* and let z € CV, we have

(677 (677
« 1 ‘n
A 3 3 Fo L i (2)
§ : /2 oy /2 aaz‘n/Q'
aenlt! 101 < <in SN @iy ei, >0 Xy in

lal=q laf=q
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For any 1 <14y < ... <1, < N, we observe that the second sum in the right hand of (2)
is the homogeneous component of degree ¢ of the product g(z;,)...g(z;, ). It follows, when
z € By(4/q), the majorization

a; a; n
o A, < exp ( q > €
a;y /2 @am/Q € 1—c¢€ '
ail,...,ain>0 i1 in

la|=g

By homothety on the ball of radius p, we get
q n
< (L) exp <i> €
Va 2e 1—e€

and therefore, if p is sufficiently small, we get

ail Qi

Zil DY Z/L'n
: : aiy /2 Gy /2
ail,...,ain>0 ail ain
lal=q

qq/2 ( 1/2¢ )
DD " | ST
2| el g
lal=g

2.3. Fourier series expansion.
Theorem 2. If f is in C*® (B_N) , then it admits the Fourier series expansion
Fz) =Y 2 fallzP), (3)
acZN

where 2% = 2{" 252 .. 2% with 20 = (7))l if a; < 0.

The series (3) is normally convergent with its derivatives on By; the coefficients f, are C*®
on {z € RY;2 4+ ...+ zy < 1}, that satisfy

. , do
Va € ZV 5 2 fu(l2P) = / I
[0,2m] N
Where (& . 0) — sz\il ai0i7 6i9 = (eigl’ ey eieN)7 aﬂd (lergN = Cé_eﬂ} . d29_7]r\7

For the proof see (|5], Theorem 2.1).

3. Exactness of a class of (0,1)-forms. We study the local exactness of d in the Hilbert
space [% for a particular class of (0, 1)-forms of the type

w(z) = Zziwi(z)dz_i, z=(z)in [?

under the following assumptions (H;):
i) Each function w’ is indefinitely differentiable on the closed unit ball of /2, and it takes the

form
z) = Zw,’c(zk) (4)
k
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where the series (4) is supposed to be absolutely convergent, and where N = I is a
partition of N, with 2* standing for the projection of z on C’*, and w being a function of
class C* on the closed unit ball of C** provided with the norm of I2.
ii) For all k, card I} noted |k| is finite.

According to Theorem 2, for all i and k the function w} admits a Fourier series expansion
in the form wy(2*) = > cpm(27)w, 1 (|2¥]?), where the coefficients w, , are functions of
class C*, on the closed unit ball of C'*.

In what follows, we make the assumption (Hs):

wi (%) = Z (2")*wl £ (|z"]*) for all i and k in N.

aeNlk|

Following ([5], Theorem 3.2), w is O-closed if and only if the form @, = D ier, Wardti is

d-closed in the closed unit ball of R‘f‘ for each a and k. So we are led to integrate the
(0,1)-form @ = ), & such that

~ aaQC'h
() =D a | D () #(\Zk\z) dz;,

where (1, ; is an anti-derivative of the form ®, 4.

Each @, is a 0-closed (0, 1)-form of class C* on the closed unit ball of C'*.

Let Fip(2%) = Y anm (2F)*Quk(|2%?). Then F = Y77 Fy is a formal solution of the
equation OF = & and according to ([3], Appendix 3, Lemma 5) the problem is reduced to
the existence of a real number r € |0, 1[, and for every a and k an anti-derivatives €,  such
that the series F} converge and satisfies an estimate independent of k£ on the ball of radius
r of C'*. We give a positive response for two particular cases.

i) The polynomial case.

Theorem 3. Let w be a closed (0, 1)-form of class C™ on B of the type w(z) = 3 ziw'(2)dz;
and verifying the assumptions (H,) and (Hs) . If there exists a positive integer M such that
the coefficients w}, ; are null for all || > M, all k and all i in Iy, then the series Fy and F

converge and define indefinitely differentiable functions on B.

For the proof see ([5], Theorem 4.1).

ii)Non-polynomial case. Let (ny) be a sequence of integers such that 1 < n; < |k| for all k&,
and liminf %’“' > 0. If we suppose that for every k, the coefficients «, , are null if a € N/
for all n < ng, and all ¢ in I, then we shall prove that there exists » > 0 such that for &
sufficiently large the series Fj, and F' converge and define indefinitely differentiable functions
on B(r).

The proof of Theorem 1 is a direct consequence of the forthcoming proposition.

Proposition 1. Let w be a closed (0, 1)-form of the class C* on the closed unit ball of [?
according to the type w(z) = Y. zw'(z)dz; and verifying the assumptions (H,) and (Hy) .

Let (ng) be a sequence of integers such that 1 < ny < |k| for all k, and llim inf%’“| > 0. We
—+00

suppose moreover that for each k, the coefficients wgvk are null if & € NIl for all n < ny, and
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all i in I}, and that the derivatives DPw® are uniformly bounded in i on the unit ball of I? for
0 < p < 2. Then there exists r > 0 and A > 0 such that for k sufficiently large and z € B(r),
the series F}, converge and defines a 0-antiderivates of @y, of class C™ on B‘k|( r) for which

|Fu (")) < C (12517 + 2™ sup [|DPw]|o (5)
0<p<2

where C' is a constant independent of k.

Proof. We recall that @, designates the closed form in lel defined by @, = Zle I fo pdti.
Its anti-derivative is given by Q,x(]2"]? f ®,, k., and the path v defined below joins the
point |2*|? to a fixed point of the closed unit ball of R'fl. B

We also recall that we can take the function Fj, for a d-antiderivates of @;, conditioned
by its series convergence.

Given 0 < r < 1 and z € B(r), the path 7 is the union in Rf' of the adjacent segments
[M™ M™ ] (m =0,...,|k|), defined by M° = |2*|?, and for m € {1,2,...,|k| + 1},

o if i<m
M™ = N\ 2
(&) it izm

Let

M'm+1

Z:}: / by, m=0,..., |k

n>nk EN'M

Since Fy, = ZW F™, it will be enough to prove that, for allm = 0,.. ., |k|, the series F}"
converges and satlsﬁes an estimate independent of k.
Let us start with the case m = 0.

Z Z/ Zw (u|2F %) - |2 du

n>nyg 6N\kl 1€},
1/r2  p2m ' do
- Z/ / q+1 (@(VuzFe?), 2M)e ’“’92 du.
q>ng

By making two integrations by parts relatively to # in each term of the above sum, we

obtain
|FP(2M)] < CﬂZkHQSggIU?p@Ham (6)
p<

where C' is a constant independent of k. Now, let us consider the series F}" for m > 1. We
can write

m—+1 / 1 " "
Z M ’og‘ zk)am(a:n) amr|am+1|wm <\/Eew) —ila]o dedt
@3 (tnfa) ool F

aEN‘kl
n>ng

An easy computation shows that

Mm+1

| dt,,
o (VEm)om

|2

< Crom,
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where C' is a constant.
If we choose r sufficiently small, then an application of Lemma 1 shows that

|F,§”(zk)] < C2lF sup Hw"HOOT"’“.
i

for every z € B(r) and m > 1.

Since llim inf % > 0, there exists a real number A > 0 such that ny > A|k| for k sufficiently
—+00

large, hence we are led to the majorization

||
DL ()] < €)M sup o] (7)

m=1

for all z € B(r), where r is choosen sufficiently small, and C'is a constant independent of k.
Now, (6) and (7) implies the required estimate (5). O
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