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SUBNORMAL INDEPENDENT RANDOM VARIABLES AND
LEVY’S PHENOMENON FOR ENTIRE FUNCTIONS

A. Kuryliak. Subnormal independent random variables and Levy’s phenomenon for entire fun-
ctions, Mat. Stud. 47 (2017), 10-19.

Suppose that (Z,,) is a sequence of real independent subnormal random variables, i.e. such
that there exists D > 0 satisfying following inequality for expectation E(e*?+) < P for
any k € N for all A\g € R. In this paper is proved that for random entire functions of the form
f(z,w) = 32725 7, (w)a,z™ Levy’s phenomenon holds.

1. Introduction. By the classical Wiman-Valiron theorem ([1]-[4]), for every non-constant

entire function f(z) = 7 a,2" and any ¢ > 0 there exist a set £ = E(f) C (1,+0c0)

of finite logarithmic measure ([, dInr < +o0) such that for all r € [ro(e);+00) \ E the
inequality ( Wiman’s inequality)

My (r) < pug(r) In'2* g (r) (1)

holds, where My (r) = max{|f(2)| : |2| = r}, ps(r) = max{|a,|r" : n > 0}. Note that the
constant 1/2 cannot be replaced in general by a smaller number. Indeed, for entire function
f(2) = € we have ([3], p. 177) M (r) ~ v/2mp(r) In*2 iy () (r — +00).

In the class of entire functions f represented by gap power series of the form

+00

f(z) = az™, ny €Ly, (2)

k=0

inequality (1) can be improved (for example see [5, 6]). In particular, from one result ([5])
obtained for entire Dirichlet series it follows that under the condition

(3A € (0;400))(3p € [1/2;1))(ID > 0) :  |n(t) — At?| < D (t > ty), (3)
ere n(t) = 1 is counting function of the sequence (ny)), the inequality
h <t f f th h |
My (r) < pup(r) n®P =024 g (1), (4)

holds for any € > 0 and all r € [ry(e); +00) \ E1, where E; is a set of finite logarithmic
measure (for p = 1 from inequlity (4) we get the classical Wiman’s inequality). From other
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result ([6], see also [7]) obtained for entire Dirichlet series it follows that under condition (3)
there exists an entire function f of the form (2) such that

M;(r)

— 400 (r — +00). 3
g (r) 02 g () ( ) ©)
From relation (5) for p = 1 it follows that there exists entire function f(z) = 3" a,2"
such that \
f1</2) — 400 (r — +00).
pup(r) = g (r)

On the other hand (see, for example, [8]-[11]) almost surely (a.s.) on the Steinhaus
probability space (€2, A, P) exponent 1/2 in inequality (1) can be replaced by 1/4, and
in inequality (4) (see [7]) a.s. exponent (2p — 1)/2 can be replaced by (2p — 1)/4 (Levy’s
phenomenon). Here 2 = [0;1], A is the o-algebra of Borel’s subsets of [0;1] and P is the
Lebesque measure (see [12, p. 9]). Note, that similar results for random entire functions
of two complex variables we find in [13]-[15], and for random entire functions of several
variables in [16, 17].

Let N/ = (ng) be a sequence integer numbers such that ng = 0, ny < ngy1 (k> 0), power
series of the form (2) be an entire function, and (X, (w)) be a multiplicative system (MS),
i.e. the sequence of real random variables on Steinhaus probability space such that

for any i1 < iy < ... <1, k> 1, where E¢ is the expectation of a random variable &, i.e.

E¢ = [, {(w)P(dw). We denote

~—

lC(f,ZJ\/'):{f(z,t):Zaka(t)z"k:tE[0,1]}, (6

where Z = (Z;(t)) is a sequence of complex-valued random variables.
In [7] we find the following theorem.

Theorem 1 ([7]). Let a sequence N' = (ny) satistfy condition (3), f be a non-constant
entire function of the form (2), a sequence complex valued variables Z = (Z},) be such that
(Re Zy(t)) € MS, (Im Zy(t)) € MS and |Zy,(t)] = 1 a.s. (k > 0). Then for every € > 0 a.s.
in K(f, Z,N) there exists a set E := F(e,t, f) C [1,+00) of finite logarithmic measure such
that the inequality

My (r,t) := max{|f(z,0)] = |2] = r} < pup(r)(pup(r)) @m0/ (7)
holds for r € [1;4+00) \ E.

In the case n,, = k (i.e. N = Z,; := NU{0}) Theorem 1 implies corresponding result from
paper [10] (see also [11]), and when in addition we suppose that Z =R, Z=H or Z =S,
then we obtain corresponding results from [8], [9] and [18] (see also [19]), respectively, where
R = (Rk(t)) is the Rademacher sequence, i.e. a sequence of independent random variables,
such that P{t: Ry(t) = —1} = P{t: Rx(t) = 1} = 0,5 (k € N), and H = (Hy(t)) is the
Steinhaus sequence, i.e. a sequence independent random variables Hy(t) = exp{2min(t)},
where {nx(t)} is a sequence independent uniformly distributed on [0;1] random variables,
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S = (exp{2miby, - t}), where () is the sequence of integers numbers such that 6y.1/6) >
q > 2, k > 0. We remark that (cos(2m6t)) € MS, (sin(2m6;t)) € MS in this case (in [18]
qg>1).

In general, the exponent (2p — 1)/4 in inequality (7) cannot be replaced by a smaller
number. It follows from such a statement.

Theorem 2 ([7]). If a sequence N = (ny,) satisfies condition (3), a sequence of complex
valued variables Z = (Zy) € MS and |Z(t)] = 1 a.s. (k > 0), then there exists an entire
function f of the form (2) such that

M t
lim s(r,1)

= g () I gy () P07~

a.s. in K(f, Z,N).

Note, that in the paper [9] it the following assertion is proved:
For entire function f(z) = e* and every € > 0 the relation

; Mf(T’, t)
r=tos 1y (r) In'/ 48 g (r)

holds a.s. in K(f,R,Zy) and in K(f,H,Z). Theorem 2 (for p = 1 in condition (3)) implies
that there exists entire function f such that relation (8) holds with ¢ = 0.

Remark, that in statements cited above (Theorem 1 from [7] and others similarly results)
the expectation of random variables is equal to zero. In connection with this prof. M. M. She-
remeta posed the following question: Can one obtain the sharper Wiman’s inequality for
classes of random entire functions of the form f(z) = Z:OE Zr(t)agz™ and BEZ, = a # 0
(k > 0)? Negative answer to this question one can find in [10].

Also in these statements a sequence of random variables is almost surely uniformly
bounded. In connection with this prof. O. B. Skaskiv posed the following question: Does
Levi’s phenomenon hold in the case of unbounded random variables?

In this paper we give partial positive answer for this question in the case of a sequence
of independent subnormal random variables.

= 400 (8)

2. Auxiliary lemmas. For » > 0 and an entire function

—+00

fz) =) an" (9)

n=0

denote by v¢(r) = max{n: |a,|r"™ = pus(r)} the central index,

+oo +o00 N
My(r) =D lanlr™, S70r) = lanlr™, S3(r) =D lan’r*", Inyz = Inlna.
n=0 n=0 n=0

We need the following elementary statement (see also |20, 21]).
Proposition 1. If a sequence of random variables (Z,(w)) satisfies the condition
(Ba > 0)(3ng € N):  sup{E|Z,|*: n > ng} < +o0, (10)

then a.s.
(AN, (W) > no)(Vn > Ni(w)): | Zn(w)] < nt/In*“n.
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Indeed, by Markov’s inequality and condition (10) we have

+o0 —+00

E|Z,(w)|*
E P{w: ano‘>nln2n<2 — < +0o0.
= { [ Zn(@)I” 2 }_n:no nln®n

Therefore, the First Lemma of Borel-Cantelli implies the statement of Proposition 1.
By condition (10) the radius of convergence of a series of form (6) R(f;) = +o0 a.s.
Also we need the following statement.

Lemma 1 ([22]). For non-constant entire function f(z) and every § > 0 there exists a set
E(5) C (1,4+00) of finite logarithmic measure such that for all r € (1;+00)\E we have

ve(r) <Inpg(r) ln§+6uf(7‘), (11)

W € B): lenl” < i) o0\~ ey 02

where k =n — v(r).
Define

N(r) = min{ng: (Yn > ng > Inpg(r))|a,|r" < 1},
N.(r) = N(re®) = min{ng: (Vn > ng > Inps(re))|a,|r"e™ < 1} =

1
=min{ng: (Vn > ng > Inps(re?))|a,|r" < e ™}, e = RIS v > 0.

Remark that by the definition of N.(r) we have N (r) > In ps(r).
Similarly as in [23| one can prove such a statement.

Lemma 2. For every § > 0 there exists a set E(0) C (1,400) of finite logarithmic measure
such that for all r € (1;+00)\E

N(r) <In? () Ing ™ pg(r).

Proof. Remark that if n = k4 wv(r),k > 0 then (12) implies that for some dyp > 0 and r ¢ E
we get

(n — Vf(r))2

n <L _  J 7

lan ™ < pg(r) exp{ BT }

Choose no(r) = 41n s (r) Iny ™ ps(r). Then

n 91n® puy (r) 3%y (r)
1n(|an0|r 0) <In :uf(r) - 1400 ! 1.,.5?) ! 1+00 >
Aln g (r) g™ pup (r) I (dngup (r) Ing™ g (1))

9
<lInps(r)— glnuf(r) <0.

Therefore for n > ng(r) we get |a,|r™ < 1. Finally, for 6 = 2pdy and r € E we obtain

N(r) < 2A4In s (r) Ing v pp(r)? < Io? g (r) Inb ™ pus(r).
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Lemma 3 (|24]). Suppose that L(r) is a positive increasing function of r for r > ro. If v > 0
and |h| < L™7(r) then
|L(re") — L(r)] < yL(r)

for all r outside some set of finite logarithmic measure.

Remark that function N(r) satisfies conditions of Lemma 2 and, therefore, for r — +o0
(r ¢ FE) we get

N(r) < No(r) < (L+7)N(r) < (1490 prp () 5™ pag(r) < 10° pup () Ing ™ g (). (13)
For an entire function f(z) and sequence of a random variables Z,(t) we denote

Gn = gn(r,0) = a,r"em? = Gn(r,0) + ipn(r 0),
G =G(r,0,t) = Q(r,0,t) +iP(r,0,1) Zz )gn(r, 0),

1Glloo = max [G(r,0,1)], |Qflec = max \RGG(T,W)!? HPHooZOggﬂ\ImG(Tﬁ,t)lv

N 1/2
Sy = Sn(r (Z lgn(r,0)| ) (Z |an|2r2">
n=0

Lemma 4 ([12], p. 75). If Q(0) = 3. b, cos(nf +6,), N > 2, 6, € R, then there exists
a segment I such that its measure is equal to 1/N? and for § € I we have

The similar statement holds for P(r,0) = ijzo a,r"sin(né + 6,).

Lemma 5. If P(0) = SN b,sin(nf +6,), N > 2, 6, € R, then there exists a segment [
such that its measure is equal to 1/N? and for § € I we have

IP(6)] = 5 max |P(6)].

It is enough consider 6,,+7 instead of 0. If 6,, = 0, +7, then P(r,0) = Z;]:[:() a,r"™ cos(nf+
¢'). It remains to apply the inequality of Lemma 4.

Suppose that (Z,,) is a sequence of real independent subnormal random variables, i.e.
such that there exists D > 0 such that for any £ € N and all A\g € R we have

E (%) < P, (14)

The class of such random variables is denoted by =. Remark that any sequence of random
variables {Z,,} € = satisfies conditions of Proposition 1 with o = 2 and random power series

of form (6) is a. s. entire.
For Z € = we have ([12, Exercise 7.8, p.81 |) for any k£ € N: E(Z;) = 0 and

sup E(Z?) = sup D(Z) < 2D, (15)
keN keN

where D(Z},) := E(Z}) — (EZ;)? is the variance of random variable Zj.
We prove the following analogue of the Salem-Zygmund theorem ([12], [25]).
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Lemma 6. Let Z € =, N = N.(r). Then there exist an absolute constant C' > 0 and set E
of finite logarithmic measure such that

2
IP’{||G||OOZC’SN1nQSN\/1nN}§m, r— 4o (r ¢ F). (16)

Proof. Using condition (14) we get

N
E<€>\Q(r,€,t)) _ E(gx\nZOann (r,0) ) <H A nan (1) >: H E e nan(r6)
n=0

By Lemma 3 there exists a set I = I(w) such that m(I) > 1 and for § € I we have
either

Q1o
2

or —Q(r,0)>
Then

E(MQl=/2) < N2E ( / (X0 4 e—AQW))de) < N2E<
I

é\‘\s
3

(X0 4 e—)\Q(r,G))d9>§

2 , N N
< NQ/ (H Ee?Zntn(r0) 4 H Ee‘AZ"q"(’"’e)>d9. (17)
0 n=0 n=0

Let us choose N = N;(r) and

2m
< N? / (B(eX07) + E(e0))df <
0

~ 3WhN
y’2l)fbvlngfﬁv'

For any k € N there exists D > 0 such that for all \y € R we have E(et?) < DA
Therefore, from (17) we obtain

2
0

n=0
1
_ 2 Q2

B(AI=/2 PSR ) <ot

i.e. ) .
E(exp{ (HQHOO 2DAS}, — T In (2N4))})< 5

From this inequality for N > 4 follows

A 9 1

E(exp{E(HQHOO —2DAS? — X1nzv) })< -

By Markov’s inequality

P{IQll > 2DAS} + %lnN}— IP{%(HQHOO — 2DAS% — %mzv)z 0}=
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(||Q||oo 2DAS2 — %mv)}z 1}§

(||Q||oo 2DAS2, — %mzv)})g %

I

e
/—H
f“ﬂ
N> o) >

Finally,

Vin N V2DSy1
P{HQHoo >2D 3vin S2 4+ 9 Sy Ing Sy n
V2DSN1H2 SN 3\/@

IP’{||Q||OO > I, SN\/lnN}g —,
1
IP{“QHoo > 5V DSy Iny SN\/lnN}g e

Similarly we obtain

1
P{||P]lc > 5V DSy Iny SyVIn N} <

and
— — 2
[l

Lemma 7. Let Z € =, N = N.(r). There exist an absolute constant C' > 0 and a set E of
finite logarithmic measure such that

P{t: M;(r,t) > CSx(r)Iny Sy (r)VIn N} < % r — o0 (r ¢ E). (18)

Proof. Let us choose ¢ = N( ;. Forn € N(r) we consider events B, = {t: |Z,(t)] > n }
Then probabilities of these events we can estimate using Markov’s inequality and (15). W

obtain

DZ 2D
P(B,) = P{t: |Z,()]*> > n*} < L
(Bn) =P{t: | Zu()]" 2 07} < —= < —
<= 4D
Z ) <2D Z 4_3]\[3(>,7"—>+c>o.
TLZNE() n= NE )
Let B = N.(r) Bn- Then P(B) < 3]\2,52”, r — +oo. For t ¢ B we have using (13)
+00 “+o0o
rn 'm@ n 4 _—ne
ogé%(w Z Zpanr Z | Zn|an|r™ < Z nte " <
n=Nc(r n=Nc(r) n=Nc(r)
< ON2(r) <’ Mf( r)Ing pg(r) <’ pg(r) < Sy(r), r— +oo, (r & E).
Therefore,

1
F N = NE('F).

E Zannme

> SN}

{ © max
0<o<2mr
By (16) we have

]P){HGHOO > CSyIng SyvIn N } < — r—= 400 (7” ¢ E)

2
N2
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From two previous inequalities we deduce that

E Zannzne

3
m, N = NE(T).

> 205y Iny SyvVin N }g

{ . Inax
0<6<2m

Also we need the following lemma.

Lemma 8 ([|11], see also [10]). Let I(r) be a continuous increasing to +oo function on
(1;400), E C (1;400) be a set such that its complement contains an unbounded open set.
Then there is an infinite sequence 1 < 1 < ... <r, — +00 (n — 400) such that

(1) (VvneN): r, ¢ E;

(2) (VneN): Inl(r,) > 5;

(3) if (rn;Tn1) NVE # (Tn, Tng1), then U(rnqq1) < el(r,);
(4) the set of indices, for which (3) holds, is unbounded.

3. Main result.

Theorem 3. Let Z € =. Then there exists a set E(0) of finite logarithmic measure such
that for all r € (ro(t), +00)\F almost surely in K(f, Z) we have

My (r,t) < pup(r) @m0 () 35 (). (19)
Proof. Choose k(r) = ps(r), a set E and a sequence {rj} from Lemma 7. Let
Fo = {t: My(ri,t) > CSn.(ry) (%) In2 Sn. () (71) v/ I N (71) }-
By Lemma 7 and by the definition of N.(r) we get

“+oo —+00
1

1
P(F) < < [ —
Z k Z NEZ — ln2 qu(rk) — k2

Then by Borel-Cantelli’s lemma for almost all ¢ € [0, 1] for k& > ky(t) we obtain

My(ri,t) < CSn,(r) (Tr) Ing SN () (T8) v/ I Ne (7).
Using inequalites Sy, (1) < My(r)ps(r) and No(r) < In” pug(r) Ing ™ pr(r), (r ¢ E) we get

My (ry, t) < Cf Iy (ri) s (rie) o (Mg (ri) g (re) )/ 2 o g (r) <

< Cpp(re) M™% 1y () - 31z pup (rg) /2 Iz g (i) <
< 5C Uy (rg) M=/ (1) lng/2 pr(re).

Let 7 > 7y, be an arbitrary number outside set the E, r € (r,,7p41). By Lemma 8
pp(rper) < 6uf(rp) < epus(r). Therefore for almost all ¢ € [0; 1] and r > ry(t) outside a set
of finite logarithmic measure £ we have

My(r,t) < My(rpi1,t) < 5Cpg(rp1) I~ 1/ fif(rp1) lng/Q pf(rp1) <
- 3/2 - 3/2+5
< 5Cepp(r) P~ ey (r) Iy (epug () < g (r) P70 () 325 g ().
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In the case of complex random variables we get such a statement.

Corollary 1. Let ReZ € =, Im Z € =. Then there exists a set E(0) of finite logarithmic
measure such that for all r € (ro(t), +00)\E almost surely in IC(f, Z) we have

My(r,t) < pup(r) =D e (0) nd > s (). (20)

4. Some examples. There exists Z ¢ = such that EZ,, = 0, sup,, DZ,, = 400 and inequality
(19) does not hold. It follows from the following statement.

Theorem 4. For any o > 0 there exist a sequence of real independent random variables
satisfying for alln € 7,
EZ,=0, supDZ, = +00,
entire function f(z) and a constant C' > 0 such that almost surely in K(f,Z)
My (r, t)= max{| f(z,8)|: [2] = r} > Cps(r) ™ g (r), v > ro(t).

Proof. We choose
+o0

f<z) Znanl’ g - _an

and a sequence of independent random variables (Z,) such that

1

P{t: Z,(t) = —n"} =P{t: Z,(t) =n"} = 2
Then
o al 2a1 2&1 2
EZ,=-n">+n 5207 DZ,=n §+n §=n , supDZ,, = +o0.
Denote
+o0 o
ZZ nanl ;Rn(t)ﬁ = g(z,t),

My (r,t) = maX{If(z,t)\- 2| <7} =max{|g(z, )] |z[ <7} = My(r,1),

where {R,(t)} is a sequence of the Rademacher random variables. By Theorem 2 for p = 1
we conclude that for g(z,t) and some C' > 0

My(r,t) = My(r,t) > Cg(r) In"* py(r), 7 — +oc.
Remark that

n

,r.n
pg(r) = max{—}: max{na
neZy L n! neZy nen!

and vy(r) > r/2=1InMy(r)/2, r — +o0. Therefore

b= v ()

o) > o My () My(r) > S My(r) In® ag(r) > o My(r) 0 g ().
Finally, almost surely in K(f, Z) we get

Mg(r,t) > Cpug(r)In nt/4 pg(r) > C1 My (r) In® pus(7) 1n1/4(]\/[f(r) In® pis(r)) >
> Cupg (r) Int 5 g (r).
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