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Without a priori assumptions on zero distribution we prove that if an entire function f of
noninteger order p has an asymptotic of the form log | f(re'?)| = r?h(6) + O(ﬁi))7 E Fre'? —
00, where h is the indicator of f, ¢ is an unbounded regularly growing function, and FE is an
appropriate exceptional set, then the counting function of zeros and the integrated counting
function of zeros in the angle {z : @ < arg z < 8} have similar asymptotic for almost all o < 3.
It complements results on functions of completely regular growth due to P. Agranovich and
V. Logvinenko, B. Vynnyts’kyi and R. Khats’.

1. Introduction and the main result. A function V': (0,00) — (0, 00) is called regularly
varying with the exponent p > 0 ([8]) if V(cr) ~ ¢*V(r) (r — o0), ¢ € (0,00). If p(r) is
a proximate order ([11]), p(r) — p, r — oo, the function V(r) = r°(") is increasing and
regularly varying with the exponent p. Conversely, given a regularly varying function V'
satisfying V(r) — oo as r — oo, there exists a proximate order p(r) such that V(r) ~ r°()
as 7 — 00. We denote D(z,r) ={(: | —z| <r}.

Let f be an entire function of proximate order p. The function

log | f(re”)]

h¢(8) = limsup )

T—00

is called the indicator of f. The indicator is a p-trigonometrically convex function (being
a constant for p = 0), see [11].

An entire function f is called an entire function of completely reqular growth (CRG) ([11])
if

log | F(re”)| = hy(B)r") + (e )0,
where g(re') tends to 0 uniformly outside E as re? — oo, and E is a Cy-set, i.e.
E C UD(Zk,Tk), where Z r =o(r), 1 — 0.
k

|zk|<r
A set E C Cis called a Cf-set, 0 < o < 2'if
EC UD(zk,rk), Z ry =o(r®), r— oo.
k |25 | <7
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Let Zy = {2z : f(2) = 0} be the zero set of f,
n(raaaﬁ) :#{Ck € ZfIOé<aI'ng SB? ’Ck| S?"}, OSO(<6 §27T,

be the counting function of zeros Z; in the angle {z: a < argz < 8, |z| < r}.
The set Z; is said to have the angular density for the exponent p(r) if for all a < 3,
except, perhaps, at most countable set there exists

A(a, f) = lim M.

r—00 rﬂ(f)

Theorem A (Main theorem of the theory of CRG functions [11]). An entire function
[ of proximate order p(r), p(r) — p € (0,00) \ N has completely regular growth if and only
if Z¢ has the angular density for the exponent p(r).

There is also a description of CRG functions of an integer order, those functions should
satisfy an additional Lindel6f’s condition ([11]). Here we restrict ourselves to the case of
noninteger p for simplicity.

Remark 1. V. Azarin obtained a counterpart of the theory of CRG functions for subharmonic
functions in C ([5]).

Remark 2. A. Kondratyuk generalized the theory of CRG functions for meromorphic functi-
ons in C (]10]).

P. Agranovich and V. Logvinenko considered the relation between the asymptotics for
zeros of the form

n(r,a, B) = Ai (o, B)r" + Ag(a, B)r?* + o(r, o, B) (1)
and the asymptotics for log |f| of the form
log | f(re”)| = Hy(0)r"* + Hy(0)r” + ¢(r, ), (2)
where H; is uniquely defined by A;.

Theorem B (Agranovich, Logvinenko, 1987). Let [p1] < ps < p1 and (1) hold, where
for some ¢ > 1 and any T > 0

a+T 2r
/ d@/wmmﬁWﬁ:dWﬁm r o 0.

Then (2) holds with 1) (r,0) = o(r*?) as re® — oo outside some C2-set. And CZ-set cannot
be replaced by a Cj ¢-set, ¢ > 0.

Theorem C (Agranovich, Logvinenko, 1985). Let either

1 1
[Pﬂ<02<P1<[P1]+§ or [P1]+§<P2<,01-

If all zeros are positive and (2) holds for § = 0, and for some q > 1

2r
J A e )
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then (1) holds and the reminder term ¢(-, o, 3) satisfies

2r
/ lolt, a, )| dt = o(r™*), 5 oo,

uniformly in o and S for every q > 1.

Remark 3. ¢(t,0) = o(t*?) as te?’ — oo outside some exceptional set does not imply
o(t,a, B) = o(t?) as t — +oc.

Remark 4. Agranovich and Logvinenko relaxed slightly the restriction that zeros are located
on a ray in [4] (see also [1], [6].)

B. Vynnytskyi and R. Khats’ introduced the following concept ([13]).

Definition 1. An entire function f is said to be a function of refined regular growth ([13])
if for some p € (0,00) there exist p, € (0,p) and a set £ C |J, D(zk, %) with >, r, < 00
such that

log |f(re’®)| = rPh(0) + o(r??), E #re? — oo, (4)

Theorem D (Vynnyts’kyi, Khats’, 2005). Let f be an entire function of noninteger
order p with zeros on a ray (a finite system of rays). The function f is of refined regular
growth if and only if there exist p; € (0,p) and A > 0 such that

n(t) :=n(t,0,2m) = At’ + o(t™), t — oo. (5)

This result has the following disadvantages. Firstly, the restriction on zero location is
very strong. Secondly, it is not clear how p; and p, are connected, though one can try to
find this connection following the proof from [13].

One can consider equalities (4) and (5) as closeness of the subharmonic functions log | f(re®)]
and 7”hs(0) and the counting functions of their Riesz measures, respectively. Necessary and
sufficient conditions for the relation

ui(2) —us(2) = O(|2]°), 020,22 ¢ E,

for subharmonic functions of order p and an exceptional set E were established by R. Yulmu-
khametov [14]. B. Khabibullin indicated ([9]) that for integer ¢ sufficiency of Yulmukhame-
tov’s theorem fails to hold and gave another sufficient conditions providing u;(z) — ua(z) =
O(|z|7log |z|), 0 >0, z ¢ E.

We note that exceptional sets in the results of Yulmukhametov, Khabibullin, Vynnyts'kyi
and Khats’ are essentially smaller than C§-sets, in general. To the best of our knowledge, the
first results stating that a function of completely regular growth has regular distribution of
zeros are due to A. Pfluger ([12]). We are interested in assertions of such type, that we shall
call Pfluger-type theorems, in the case where an entire function has an asymptotic stronger
than that of a function of completely regular growth. More precisely, the aim of this paper
is to relax the assumption that zeros are located on a finite system of rays. Also we try to
control the rate of the error term. Exceptional sets that appear in out result are similar to
C§-sets and related to magnitude of the error term.
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Theorem 1. Let f be an entire function of noninteger order p, f(0) # 0, 6 be an increasing
unbounded regularly varying function with the exponent T € [0, min{1, p}) and such that

1
k
Suppose that there exists a set E C |, D(ax, si) such that
r
> =0()
lak|<r o(r)
and

rP

1og|f<reW)|::rphf(9)4-c)(5<r)

), E #re - oo.

Then for almost all {«, 5} C [0,27], a < 3

N(r,a, ) == /OT n(t,fz,ﬁ) dt = Sf;:[’)f)rp + O( 76;27“)>7 (7)
n(r,a, f) = —Sf;i’pﬁ)rp + O(%), r — 00, (8)

where

9
sp(a,B) :=5(8) — 5(r), 5(0) =h' (0) + ,02/0 h(p)de.

Remark 5. The condition (6) could be probably relaxed using the arguments similar to
that from [11]. It allows us to choose 6(r) = 7, ¢ € (0, min{1, p}), 6(r) = log®r, s > 1, but
not s < 1.

Remark 6. Assumption (6) implies that the function 6(r) is unbounded.
2. Proof of the theorem.

Proof. Multiplying the function §(r) by a constant if necessary, we may assume that

Z s, < i%, T — 400. (9)

lag|<r

Let F be the radial projection of F, i.e. F' = {|z] : z € E}. It follows from (9) and

properties of the function ¢ that for all r there exists r* € [r,r + %] \ F for r sufficiently
large. In fact, suppose on the contrary, that

r

%T+am

}C F= UHak’ — Sk, |ax| + skl
K

Note that [[ak| — sk, lax|+se] N [r, 7+ 5755] # @ implies a, — s, < r, and, in view of Remark 6,
lag| <74 sx = (14 0o(1))r (r — o00). Therefore,
r r(1+o(1)) r

S 2 S snmeny < 7

k:lag|—si<r
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that is a contradiction.
Hence we can choose a sequence (r) with the properties: ry 1 0o (k — c0),

Tng, Tngrk(leé(?l“k)) (10)

Lemma 1. For almost all ¢ € [0,27) one has

‘ p
log | f(re*?)| = rPh(y )+O< i ) T — 00 (11)
o(r)
uniformly in ¢ provided that (6) holds.
Proof of Lemma 1. 1t follows from (9) and (6) that
- 55 2s; =1
DD IICIES SR S B s
k=1 2k~1<|a;| <2k k=1 2k—1<|q;|<2* k=1

Then, for arbitrary € > 0 there exists Ry > 0 such that the angular measure circular
projection of E N {z : |z] > Ry} is smaller than ¢, i.e. for all 6 there exists ¢ such that
o — 0] <e/2and EN{re" :r > Ry} = &. Thus (11) holds on the ray {re’ :r > Ro}. O

Lemma 2. For all ¢ € [0,27) one has
log | f(re'®)| < r°h(¢) + O( 5~
uniformly in .

Proof of Lemma 2. By (9) for every z = re' there exist 7 € (0, ﬁ) such that

Oq

OD(z,7)={w:|lw—z|=7}NE=2.

Choose w satisfying | — z| = 7 and | f(0)| = max{|f(w)| : w € 0D(z,7)}. By the maximum
modulus principle

In 7 re)| < | £(@)] = [alPh(0) + O 5 <

< (r+ 509) MO+ o(%) <r(14 %)”h@) +0() =

= r°h(6) + r*(h(0) — h(0)) + 0(%)»

By [10, Lemma 8.1|, h satisfies the Lipschitz condition, thus |[h(f) — h()| < < &, Finally,

T — OQ.

In|f(re®)| < rPh(6) + O(%),
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Lemma 3. If f(0) # 0, then for almost all a, 5, o < 8 < « + 2,
sy(a, B)

27 p?

rP

N(r,a,B) = W

p—i—O( ), r — 00.

Proof of Lemma 3. Let R be the set of ¢ € [0,27) such that (11) holds. It is known that
h'(0) exists outside at most countable set, moreover the function

0
s(0) = h',(0) +p2/ h(p) dy
o
is nondecreasing for arbitrary fixed 6y. Therefore, there exists

s'(0) = W' () + p*n(0), 6 €0,27)\ Ro,

where mes(Ry) = 0.
Let ¢ € R\ Ry, i.e. there exists h”(¢) and the assertion of Lemma 1 holds. Note that
mes(R \ Ro) = 2m. We then follow the arguments from [11, Chapter III] (cf. [13]).

Let Ji(p) = fot M du. By the generalized Jensen formula ([11, Chap. III})

N = — | — Jt - o | Jt +
(T7 Oé,ﬁ) o'r |:dg0 /0 f<90) t :|QD=/3 2m |id§0 /(; f(gp) t :|<p=a+

B )
+%/a In|f(re™)| de. (12)

It follows from Lemmas 1, 2, and properties of the function ¢ that uniformly in ¢ € R

Jff(w):/oln'f(se N g _—h +0</ 5t du>:

v
il )+0(5(t)), t— 0. (13)
Following the proof of Theorem 3 (|11]) we integrate (12)

B+a a+q2 Jf(ﬂ—i-%) J}(ﬁ) dt
E / N(r,a* 5)dadﬁ—2w/ il

0 ¢ t
1 Jf(a+Q2) — Ji(@)at /M /W /ﬁ* 4
- — + In|f(re*)| doda*ds*. 14
QWl[; - e [ wiseendpdota a)

Assume that «, 8 € R\ Ro. Then

h”(ﬁ)qQ
2

hB+q) =h(B)+ 1 (B)g+ +o(q?), q—0; (15)

the same holds for a instead of 3. Correlations (13) and (15) imply

"B a) = (B dt [T h(B+ i) — h(B) dt r’
/O q1 t _/0 p q1 t +O<q15(7’))

= 30(5) +0(@) + O
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and similarly

/OrJ}(&—FQQ)—J}(Oz)d %(h'( )+O(qQ))+O( rP >, .

42 t

For r = r;, we have

* a*

Then

B+a1  patqe
— / / In | f(ree™)| dp da*dB* =
4192
r

z /3+¢I1 a+q2 /7
@) dp da*ds* 4+ O =
Ch q2 / / 4 7 <5 (Tk) )

5* A 5*
/ln|f(rke“")|d90:r£/ h(gp)d90+0<5(7¥“k)>, k — oo.

a+q2/ o) de da* +O(5(:k)> :rz/cjlh(w> dSO—FO((S(r:k))

for some o/ between o and « + @2, 5 between 8 and 3 + ¢;. Since

/a h(p )dw‘ < Clgal, ‘/ dso‘ < Clail,

where C' is defined by the indicator, we have

B+ar  potqe
— / / In | f(ree™)| dpda*dB* =
4192

p

= rz(/j () dp + Olar) + 0la) + O (k). k= o0

Substituting (17)—(19) into (14) we obtain

B+q1 a+tI2
L / N(rp,a*, %) da*dB* —

4192
- 2;’;2 (@) -we+7 [ "))+

p

+O<q15(p )) +O( 5(rk)) +O(rflm |+ laa))) =

— % (5(5) —3(a) + O(q1) + O(ge) + O<qlétm)) + O(qlétm)»’

Choosing ¢ = —q1 = (6(r1)) /2 we deduce

a+(8(ry))~1/?

B
N(Tlma B < 5 Tk / / N(Tk,()é*,ﬁ*> da*dﬁ*
—(8(ry))"1/2

k — oo.
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"L (s(a ) + (60 7)).

:%

The choice —qy = q1 = (6(ry))~"/? yields the same lower estimate. Therefore

p

B s(a, B)ry T
N(ry, o, 8) = Tonp? + O( 5(T’k))7 k — oo.
Let r € [rg, 7k+1). Then
p
s(a, B) (7’(1 + ﬁ)) P
< < =
N(r.a.8) < N(ri, . 8) < 3 +0( =)

_ s(a, B)r? TP

C 2mp? + O( 5(7»))'

Lemma 3 and (7) is proved. O

We continue the proof of the theorem. Let n(r) = n(r,«, 8), N(r) = N(r,«, ). We use
the following known estimate (|7])

n(r)log R < N(R) — N(r) < n(R)log ?, l1<r<R. (20)

r

We choose R = r<1 + %) Then

2/8(r)

P 1 RP P rP
S(Oé,ﬁ)r <1+ A 6(r)> + ( 5(R)) " +O< 5(7“)) B
27 p? 1 1 N

/6(r) T O(\/(S(T))

s(a,8) P__,p P s(a,B)rP 1
_ ( 5(r) +O< 6<r>>> 2w (HO(‘* 6<r))> _

v 7w 1+0( )

V/6(r) * 5(r) * V()
p
_s(a,ﬂ)r (1—1-0( ! >), r — 00
2mp /0(T)
Analogously,
R+ 0O E-) - —1
iy > Y =NE) (o) + o) ~ o
. log & 27 p? 1 of —1 ) n
Vo(r) - 6(r)
e+ ge) (1=l
s(a,8)" T\ m Voo | O\ _
27 p? 1 O( 1 n
V() + 5(?“))
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s g OGR) 0 m)
T
= DE (o)) = S (o))

The latter estimates give the desired asymptotics for the n(r, «, 3). O

3. Further results. Theorem 1 allows the following generalizations.
1. One may assume that the asymptotic

7P(r)

o(r)

log | f(re™)| = " h(y) + O( >, r — 00

holds for some proximate order p(r) instead of a constant function p, p(r) — p € (0,00) \ N,
satisfying the additional hypothesis

/Ttp(t)ldt = L()<1 +0
0 p

—
|| =
d
=
~
~
-
1
8

and

which are needed in the proof of Lemma 3.
2. The assumption f(0) # 0 is technical. If it is not fulfilled, then (7) holds with

/T n(t,a, B) —n(0, a, )

; dt +n(0,a, 8)logr

instead of N(r,a, ).
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