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Ó äåêàðòîâîìó äîáóòêó ÷àñîâîãî âiäðiçêà òà ïðîñòîðîâîãî áà-
ãàòîâèìiðíîãî òîðà äëÿ ñòðîãî ãiïåðáîëi÷íîãî ðiâíÿííÿ äîâiëüíîãî
ïîðÿäêó çi çìiííèìè êîåôiöi¹íòàìè äîñëiäæåíî óìîâè ðîçâ'ÿçíî-
ñòi çàäà÷i iç çàãàëüíèìè áàãàòîòî÷êîâèìè íåëîêàëüíèìè óìîâàìè.
Çà äîïîìîãîþ ìåòðè÷íîãî ïiäõîäó âñòàíîâëåíî iñíóâàííÿ òà ¹äè-
íiñòü ðîçâ'ÿçêó, à òàêîæ éîãî ãëàäêiñòü ó øêàëi ïðîñòîðiâ Ñîáî-
ë¹âà. Äîâåäåíî òåîðåìó ïðî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ÿêi
âèíèêàþòü ó ïðîöåñi ïîáóäîâè öüîãî ðîçâ'ÿçêó.

1. Ïîñòàíîâêà çàäà÷i. Ïîçíà÷åííÿ. Â îáëàñòi Dp = [0, T ] × Ωp
2π,

äå T > 0, Ωp
2π = (R/2πZ)p � p-âèìiðíèé òîð (R/2πZ)p, ðîçãëÿäà¹òüñÿ

áàãàòîòî÷êîâà çàäà÷à äëÿ ãiïåðáîëi÷íîãî ðiâíÿííÿ

L(t, Dt, D)u ≡ Dn
t u +

n∑

j=1

Aj(t,D)Dn−j
t u = 0 (1)

lu ≡
M∑

α=1

n∑

j=1

Bjα(D)Dn−j
t u

∣∣
t=tα

= ϕ, (2)

äå 0 ≤ t1 < · · · < tM ≤ T , Dt = ∂/∂t.
ÓÄÊ 517.946+511.37, MSC 2000: 35L20, 35B10
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Êîåôiöi¹íòè Aj(t,D) ðiâíÿííÿ (1) � äèôåðåíöiàëüíi îïåðàòîðè âè-
ãëÿäó Aj(t,D) =

∑
|s|≤jl

ajs(t)Ds, äå ajs(t) � íåïåðåðâíî äèôåðåíöiéîâíi

íà [0, T ] êîìïëåêñíîçíà÷íi ôóíêöi¨, ïðè÷îìó A0
j (t, D) =

∑
|s|=jl

ajs(t)Ds,

A1
j (t,D) =

∑
|s|≤(j−1)l

ajs(t)Ds, Ds = Ds1
1 · · ·Dsp

p , D1 = −i∂/∂x1, . . . , Dp =

−i∂/∂xp, s = (s1, . . . , sp), |s| = s1 + · · · + sp. Ñòðîãà ãiïåðáîëi÷íiñòü ðiâ-
íÿííÿ (1) îçíà÷à¹, ùî êîðåíi λ1(t, ξ), . . . , λn(t, ξ) ðiâíÿííÿ

λn +
n∑

j=1

A0
j (t, ξ)λ

n−j = 0 (3)

¹ óÿâíèìè òà ðiçíèìè äëÿ âñiõ (t, ξ) ∈ [0, T ] × Rp \ {0}. Òîìó öi êîðåíi ¹
íåïåðåðâíî äèôåðåíöiéîâíèìè ôóíêöiÿìè çà çìiííîþ t òà ãëàäêèìè çà
çìiííîþ ξ, à ôóíêöiÿ

∏
1≤i<j≤n

∣∣λi(t, ξ)− λj(t, ξ)
∣∣2 ¹ äîäàòíîþ. Îïåðàòîðè

Bjα(D) � öå ñòîâïöi âèãëÿäó: Bjα(D) =
∑
|s|≤jl

BjαsD
s, äå Bjαs ∈ Cn.

Êîìïîíåíòè âåêòîðiâ Bjαs ∈ Cn ââàæà¹ìî ïàðàìåòðàìè çàäà÷i (1), (2).
Íàòóðàëüíå ÷èñëî l õàðàêòåðèçó¹ ðiñò êîðåíiâ λj(t, ξ) ïðè ξ →∞.

Çàäà÷à (1), (2) ðîçãëÿäàëàñÿ â ðîáîòi [1] äëÿ ñèñòåì íåîäíîðiäíèõ
áåçòèïíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, à òàêîæ äëÿ âèïàäêó äâîòî÷êîâèõ
óìîâ â ðîáîòàõ [2,3]. Âñòàíîâëåíî ðîçâ'ÿçíiñòü çàäà÷ ó ïðîñòîðàõ Eh,l =
Eh,l(Ω

p
2π), h, l ∈ R, ïåðiîäè÷íèõ âåêòîð-ôóíêöié ψ(x) =

∑
k

ψ̂ke
i(k,x), ÿêi ¹

ïîïîâíåííÿì ìíîæèíè òðèãîíîìåòðè÷íèõ ìíîãî÷ëåíiâ çà íîðìîþ

‖ψ;Eh,l(Ω
p
2π)‖ =

( ∑

k∈Zp

exp(2hk̃ l)ψ̂∗kψ̂k

)1/2
,

äå x = (x1, . . . , xp) ∈ Ωp
2π, k = (k1, . . . , kp) ∈ Zp, (k, x) = k1x1 + · · ·+ kpxp,

k̃ = (1 + k2
1 + · · · + k2

p)
1/2, à ñèìâîë ½∗“ ïîçíà÷à¹ îïåðàöiþ åðìiòîâî-

ãî ñïðÿæåííÿ. Öi ïðîñòîðè ñêëàäàþòüñÿ ç ôóíêöié, êîåôiöi¹íòè Ôóð'¹
ÿêèõ ìàþòü åêñïîíåíöiéíó ïîâåäiíêó. Òàêà âëàñòèâiñòü ¹ õàðàêòåðíîþ
îçíàêîþ íåëîêàëüíèõ çàäà÷ äëÿ áåçòèïíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõi-
äíèìè çi çìiííèìè êîåôiöi¹íòàìè. Äëÿ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè
çàäà÷i òèïó (1), (2) ìàþòü ðîçâ'ÿçêè [4, 5] ó øêàëi ïðîñòîðiâ Ñîáîë¹âà
{Hq(Ω

p
2π)}, äå ïðîñòið Hq(Ω

p
2π), q ∈ R, ¹ ïîïîâíåííÿì ìíîæèíè òðèãîíî-

ìåòðè÷íèõ ìíîãî÷ëåíiâ çà íîðìîþ

‖ψ;Hq(Ω
p
2π)‖ =

( ∑

k∈Zp

k̃ 2qψ̂∗kψ̂k

)1/2
.
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Ó ðîáîòàõ [6, 7] âñòàíîâëåíî, ùî ðîçâ'ÿçêè íåëîêàëüíèõ çàäà÷ äëÿ
ðiâíÿíü çi çìiííèìè êîåôiöi¹íòàìè ãiïåðáîëi÷íîãî òèïó (ñòðîãî ãiïåðáî-
ëi÷íèõ) äðóãîãî ïîðÿäêó çà çìiííîþ t, òàêîæ íàëåæàòü øêàëi ïðîñòîðiâ
Ñîáîë¹âà, ÿêùî öié øêàëi íàëåæàòü ïðàâi ÷àñòèíè çàäà÷. Íåëîêàëüíi çà-
äà÷i äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü òà ñèñòåì çi ñòàëèìè êîåôiöi¹íòàìè, ôà-
êòîðèçîâàíèõ òà äåÿêèõ iíøèõ ðiâíÿíü âèâ÷àëèñÿ òàêîæ ó ðîáîòàõ [8�11].

Ðîçãëÿäóâàíi çàäà÷i ¹ íåêîðåêòíèìè çà Àäàìàðîì, à ¨õ ðîçâ'ÿçíiñòü
ïîâ'ÿçàíà ç ïðîáëåìîþ ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü â ðÿäàõ Ôóð'¹,
ùî çîáðàæàþòü ôîðìàëüíi ðîçâ'ÿçêè. Äëÿ îòðèìàííÿ îöiíîê çíèçó ìà-
ëèõ çíàìåííèêiâ âèêîðèñòîâó¹òüñÿ ìåòðè÷íèé ïiäõiä [12, 13]. Iñíóâàííÿ
ðîçâ'ÿçêó âñòàíîâëþ¹òüñÿ äëÿ âñiõ çàäà÷ çà âèíÿòêîì ìíîæèíè çàäà÷
ìàëî¨ ìiðè â ïðîñòîði êîåôiöi¹íòiâ êðàéîâèõ óìîâ.

Ó ðîáîòi ïîêàçàíî, ùî ìàéæå âñi çàäà÷i (1), (2) ðîçâ'ÿçíi â ïðîñòîðàõ
Ñîáîë¹âà, ïîäiáíî äî íåëîêàëüíèõ çàäà÷ äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç
÷àñòèííèìè ïîõiäíèìè çi ñòàëèìè êîåôiöi¹íòàìè. Âñòàíîâëåíî ãëàäêiñòü
¨õ ðîçâ'ÿçêiâ òà çàëåæíiñòü ãëàäêîñòi âiä êîåôiöi¹íòiâ íåëîêàëüíèõ óìîâ.

Ðîçâ'ÿçîê çàäà÷i (1), (2) øóêà¹ìî â áàíàõîâîìó ïðîñòîði Hn
l,q(Dp), äå

HN
l,q(Dp), l, q ∈ R, N ∈ N, � ïðîñòið ôóíêöié u = u(t, x) òàêèõ, ùî Dj

t u ∈
C

(
[0, T ],Hq−lj(Ω

p
2π)

)
äëÿ êîæíîãî j = 0, 1, . . . , N ; íîðìà âèçíà÷à¹òüñÿ

ôîðìóëîþ ‖u;HN
l,q(Dp)‖ =

( N∑
j=0

‖Dj
t u;C

(
[0, T ],Hq−lj(Ω

p
2π)

)‖2
)1/2

.

ßêùî U j ∈ C
(
[0, T ],Hq(Ω

p
2π)

)
äëÿ j = 1, . . . , n, òî ââàæà¹ìî, ùî

âåêòîð-ôóíêöiÿ U = col(U1, . . . , Un) íàëåæèòü äî ïðîñòîðó Hq(Dp) i ìà¹
íîðìó ‖U ;Hq(Dp)‖2 =

n∑
j=1

‖U j ;C
(
[0, T ],Hq(Ω

p
2π)‖2.

Äëÿ ïîñëiäîâíîñòi êîìïëåêñíèõ ÷èñåë F (k) ââåäåìî ïñåâäîäèôåðåí-
öiàëüíèé îïåðàòîð F (D) çà ôîðìóëîþ F (D)ψ(x) =

∑
k∈Zp F (k)ψ̂ke

ikx, äå
ψ(x) =

∑
k∈Zp

ψ̂ke
ikx. ßêùî ïîñëiäîâíiñòü |F (k)| îáìåæåíà çâåðõó (çíèçó),

òî îïåðàòîð F (D) (îïåðàòîð F−1(D)) ¹ îáìåæåíèì ó øêàëi {Hq(Ω
p
2π)}.

Ïîñëiäîâíiñòü k̃ , ùî âèêîðèñòîâó¹òüñÿ ó âèçíà÷åííi íîðìè â Hq(Ω
p
2π),

âèçíà÷à¹ îïåðàòîð D̃, äëÿ ÿêîãî ‖ϕ;Hq(Ω
p
2π)‖ = ‖D̃q1ϕ;Hq−q1(Ω

p
2π)‖.

2. Ñòàëi êîåôiöi¹íòè â ãîëîâíié ÷àñòèíi ðiâíÿííÿ. Íåõàé ðiâ-
íÿííÿ (1) ìà¹ ñòàëi êîåôiöi¹íòè â ãîëîâíié ÷àñòèíi: A0

j (t,D) = A0
j (D).

Ïîçíà÷èìî µj(k) = −ik̃ −lλj(k) ïðè k 6= 0, µj(0) = 0, j = 1, . . . , n,

Uk(t) = col
(
U1

k (t), . . . , Un
k (t)

)
= col

(
k̃ (n−j)lu

(j)
k (t)

)n−1

j=0
, (4)

äå uk(t) � êîåôiöi¹íòè Ôóð'¹ ðîçâ'ÿçêó u çàäà÷i (1), (2). ßêùî âåêòîð-
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ôóíêöiÿ U = col(U1, . . . , Un) =
∑

k∈Zp

Uk(t)eikx, òî

DtU = iD̃lA(t,D)U, A(t, D) = A0(D) + A1(t,D), (5)

äå A0(D) i A1(t, D) � îïåðàòîð-ìàòðèöi ïîðÿäêó n ç åëåìåíòàìè A0
ij(D)

òà A1
ij(t,D), ïðè÷îìó A1

i,i+1(t, 0) = A0
i,i+1(k) = 1 ïðè k 6= 0, i = 1, . . . , n−1,

A0
nj(k) = −i−jA0

j (k/k̃ l), A1
nj(t, k) = −(ik̃ l)−jA1

j (t, k), âñi iíøi åëåìåíòè
A0

ij(k) òà A1
ij(t, k) ¹ íóëÿìè. Iç çàìiíè (4) âèïëèâà¹, ùî u ∈ Hn

l,q(Dp),
ÿêùî U ∈ Hq−nl(Dp).

×èñëà µj(k), k 6= 0, ¹ ïðîñòèìè êîðåíÿìè ìíîãî÷ëåíà

L0(µ, k) = µn +
n∑

j=1

A0
nj(k)µn−j =

n∏

j=1

(
µ− µj(k)

)
(6)

ç îáìåæåíèìè íà [0, T ]×Zp êîåôiöi¹íòàìè A0
nj(k), j = 1, . . . , n, òîìó âîíè

òàêîæ îáìåæåíi çâåðõó:
max
j,k

|µj(k)| ≤ µ̃, (7)

äå µ̃ çàëåæèòü òiëüêè âiä |ajs|, |s| = jl, j = 1, . . . , n, à ïîõiäíà L̇0(µ, k), k 6=
0, çà çìiííîþ µ ìíîãî÷ëåíà (6) íà éîãî êîðåíÿõ âíàñëiäîê ãiïåðáîëi÷íîñòi
îáìåæåíà çíèçó, òîìó

max
j,k

|L̇0(µj(k), k)| = max
j,k

n∏

j=1,j 6=α

∣∣µj(k)− µα(k)
∣∣ ≥ d. (8)

Âèêîíà¹ìî çàìiíó
Uk(t) = R(k)G(t, k)Zk(t), (9)

äå âåêòîðè Zk(t) = col
(
Z1

k(t), . . . , Zn
k (t)

)
� íåâiäîìi, R(0), G(t, 0) � îäè-

íè÷íi ìàòðèöi, R(k) =
(
µα−1

j (k)
)n

α,j=1
, G(t, k) = diag

(
exp(ik̃ lµj(k)t)

)n

j=1

äëÿ íåíóëüîâèõ âåêòîðiâ k. Òîäi ôóíêöiÿ Z =
∑

k∈Zp

Zk(t)eikx, çàäîâîëüíÿ¹
ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

DtZ = iD̃lG−1(t,D)R−1(D)A1(t, D)R(D)G(t,D)Z. (10)

Åëåìåíòè iD̃lA1
ij(t, D) ìàòðèöi iD̃lA1(t,D) ¹ îáìåæåíèìè îïåðàòîðàìè,

ÿê i åëåìåíòè ìàòðèöü R(D), G(t,D), R−1(D) òà G−1(t,D).
Òåîðåìà 1.ßêùî Z çàäîâîëüíÿ¹ ñèñòåìó ðiâíÿíü (10), Z ∈ Hq1(Dp),

q1 ∈ R, òî U = R(D)G(t,D)Z ∈ Hq1(Dp) i çàäîâîëüíÿ¹ ñèñòåìó (5).



Çàäà÷à ç íåëîêàëüíèìè óìîâàìè äëÿ ãiïåðáîëi÷íèõ ðiâíÿíü 111

ßêùî ôóíäàìåíòàëüíà ìàòðèöÿ Φj(t,D) ñèñòåìè (10) íîðìîâàíà ðiâ-
íiñòþ Φj(tj , D) = G−1(tj , D)R−1(D), j = 1, . . . , n, òî

U = R(D)G(t,D)Φj(t, D)C ∈ Hq1(Dp), U(tj , ·) = C, (11)

äëÿ äîâiëüíî¨ âåêòîð-ôóíêöi¨ C ∈ Hq1(Ω
p
2π).

Äîâåäåííÿ. Îñêiëüêè iD̃lA0(D)R(D)G(t,D) = R(D)DtG(t,D) i âè-
êîíó¹òüñÿ ðiâíiñòü (10), òî DtU = iD̃lA(t,D)U . Âíàñëiäîê îáìåæåíîñòi
îïåðàòîðiâ R(D) òà G(t, D) iç óìîâè Z ∈ Hq1(Dp) âèïëèâà¹ âêëþ÷åííÿ
U ∈ Hq1(Dp).

Íåõàé A2(t, k) = ik̃ lG−1(t, k)R−1(k)A1(t, k)R(k)G(t, k), òîäi çàãàëü-
íèé ðîçâ'ÿçîê ðiâíÿííÿ Z ′k = A2(t, k)Zk ¹ òàêèì: Zk = Φj(t, k)Ck, äå Ck ∈
Cn, òîìó Z = Φj(t,D), U = R(D)G(t,D)Φj(t,D)C äëÿ C =

∑
k∈Zp

Cke
ikx, à

òàêîæ U(tj , ·) = R(D)G(tj , D)Φj(tj , D)C = C.
Îñêiëüêè Φ′j(t, k) = A2(t, k)Φj(t, k), òî ç ôîðìóë
(
tr

(
Φ∗j (t, k)Φj(t, k)

))′ = tr
(
Φ∗j (t, k)

(
A2∗(t, k) + A2(t, k)

)
Φj(t, k)

)
,

β1 ≤ tr
(
Φ∗j (t, k)

(
A2∗(t, k) + A2(t, k)

)
Φj(t, k)

)
/ tr

(
Φ∗j (t, k)Φj(t, k)

) ≤ β2,

äå β1 i β1 � íåçàëåæíi âiä t òà k äîäàòíi ñòàëi, îòðèìó¹ìî íåðiâíîñòi
(
e−β1t tr

(
Φ∗j (t, k)Φj(t, k)

))′ ≥ 0,
(
e−β2t tr

(
Φ∗j (t, k)Φj(t, k)

))′ ≤ 0.

Iíòåãðóþ÷è öi íåðiâíîñòi íà âiäðiçêó [tj , t], îòðèìó¹ìî âiäïîâiäíî ïðè
t < tj òà ïðè t ≥ tj îöiíêè

tr
(
Φ∗j (t, k)Φj(t, k)

) ≤ eβ1(t−tj) tr
(
R∗−1(k)R−1(k)

)
,

tr
(
Φ∗j (t, k)Φj(t, k)

) ≤ eβ2(t−tj) tr
(
R∗−1(k)R−1(k)

)
.

Îòæå, îïåðàòîðè Φj(t,D) i R(D)G(t,D)Φj(t,D) ¹ îáìåæåíèìè. Çâiäñè
ìà¹ìî, ùî U ∈ Hq1(Dp), ÿêùî C ∈ Hq1(Ω

p
2π). Òåîðåìó äîâåäåíî.

Iç âðàõóâàííÿì çàìiíè (4), óìîâè (2) ïåðåòâîðÿòüñÿ äî âèãëÿäó
M∑

α=1

Bα(D)U |t=tα = ϕ, (12)

äå Bα(D) =
(
D̃−nlBnα(D), D̃−(n−1)lBn−1,α(D), . . . , D̃−lB1α(D)

)
¹ îáìåæå-

íèìè îïåðàòîðàìè. Âèêîðèñòîâóþ÷è òåïåð çàìiíó (11), îòðèìà¹ìî ñèñòå-
ìó ðiâíÿíü äëÿ âèçíà÷åííÿ âåêòîð-ôóíêöi¨ C:

∆j(D)C = ϕ, (13)
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∆j(D) = Bj(D)+
M∑

α=1,α6=j

Bα(D)R(D)G(t, D)Φj(tα, D), j = 1, . . . , n. (14)

Òåîðåìà 2. ßêùî äëÿ äåÿêîãî j, 1 ≤ j ≤ n, iñíó¹ ∆−1
j (D), òî çàäà÷à

(5), (12) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó. Ïðè âèêîíàííi íåðiâíîñòåé

ϕ̂∗k∆
−1∗
j (k)∆−1

j (k)ϕ̂k ≤ β3k̃
2r, β3 > 0, r ∈ R, (15)

äëÿ âñiõ k ∈ Zp, äå ϕ̂k � êîåôiöi¹íòè Ôóð'¹ âåêòîð-ôóíêöi¨ ϕ, ðîçâ'ÿçîê
U iñíó¹, íàëåæèòü äî Hq−nl(Dp), äå q < nl − r − p/2, i ìà¹ âèãëÿä

U = R(D)G(t,D)Φj(t,D)∆−1
j (D)ϕ. (16)

Ïðè öüîìó iñíó¹ ¹äèíèé ðîçâ'ÿçîê u = D̃−nlU1 ∈ Hn
l,q(Dp) çàäà÷i (1), (2).

Äîâåäåííÿ. ßêùî Ũ òà ˜̃
U � ðiçíi ðîçâ'ÿçêè çàäà÷i (5), (12), òî

íåíóëüîâèé ðîçâ'ÿçîê U0 = Ũ − ˜̃
U îäíîðiäíî¨ çàäà÷i (5), (12) ìà¹ âè-

ãëÿä U0 = R(D)G(t,D)Φj(t,D)C, ÿê ó ôîðìóëi (11), i ∆j(D)C = 0, äå
C =

∑
k∈Zp

Cke
ikx, C 6= 0. Òîäi iñíó¹ k̄ ∈ Zp òàêå, ùî Ck̄ 6= 0. Îñêiëüêè

Ck̄ âèçíà÷à¹òüñÿ iç ñèñòåìè ëiíiéíèõ îäíîðiäíèõ àëãåáðè÷íèõ ðiâíÿíü
∆j(k̄)Ck̄ = 0, òî ìàòðèöÿ ∆j(k̄) ¹ âèðîäæåíîþ. Îòæå, ìàòðèöÿ ∆−1

j (k̄)
íå iñíó¹, ÿê i îïåðàòîð ∆−1

j (D), ùî ñóïåðå÷èòü ïðèïóùåííþ òåîðåìè.
�äèíiñòü ðîçâ'ÿçêó U äîâåäåíî.

Ç òåîðåìè 1 âèïëèâà¹ òàêà íåðiâíiñòü:

‖U ;Hq−nl(Dp)‖2 ≤ β4

∑

k∈Zp

k̃ 2(q−nl)ϕ̂∗k∆
−1∗
j (k)∆−1

j (k)ϕ̂k. (17)

Ç óìîâè (15) ïðè q < nl− r− p/2 îòðèìà¹ìî âêëþ÷åííÿ U ∈ Hq−nl(Dp),
îñêiëüêè ‖U ;Hq−nl(Dp)‖2 ≤ β3β4

∑
k∈Zp

k̃ 2(q−nl+r) < ∞. Íà ïiäñòàâi ôîðìó-

ëè (4) îòðèìó¹ìî ðiâíîñòi u = D̃−nlU1 i ‖u;Hn
l,q(Dp)‖ = ‖U ;Hq−nl(Dp)‖.

Òåîðåìó äîâåäåíî.
Íåõàé ϕ � äîâiëüíà ôóíêöiÿ iç Hq1(Ω

p
2π), òîäi ç îáìåæåíîñòi åëåìåí-

òiâ ìàòðèöi ∆j(D) âèïëèâà¹ íåðiâíiñòü

ϕ̂∗k∆
−1∗
j (k)∆−1

j (k)ϕ̂k ≤ β5ϕ̂
∗
kϕ̂k/|det∆j(k)|2, (18)

äå ñòàëà β5 íå çàëåæèòü âiä k òà âiä ϕ.
Òåîðåìà 3. ßêùî ϕ íàëåæèòü äî ïðîñòîðó Hq−nl−r(Ω

p
2π) i äëÿ äå-

ÿêî¨ ïîñëiäîâíîñòi {j(k)}, äå 1 ≤ j(k) ≤ n, âèêîíó¹òüñÿ óìîâà

| det∆j(k)(k)| ≥ β6k̃
r, β6 > 0, k ∈ Zp, (19)
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òî çàäà÷à (1), (2) ìà¹ ¹äèíèé ðîçâ'ÿçîê u iç ïðîñòîðó Hn
l,q(Dp).

Äîâåäåííÿ. Îöiíêà ‖U ;Hq−nl(Dp)‖2 ≤ β4β5
∑

k∈Zp

k̃ 2(q−nl)ϕ̂∗kϕ̂k

| det∆j(k)(k)|2 âè-

ïëèâà¹ ç íåðiâíîñòåé (17), (18). Òîäi ç óìîâè (19) i òåîðåìè 2 îòðèìó¹ìî,
ùî u ∈ Hn

l,q(Dp), îñêiëüêè ‖u;Hn
l,q(Dp)‖ ≤ √

β4β5β
−1
6 ‖ϕ;Hq−nl−r(Ω

p
2π)‖.

Òåîðåìó äîâåäåíî.
3. Îöiíêè ìàëèõ çíàìåííèêiâ. Âèðàçè ∆j(k) ¹ ïîëiëiíiéíèìè ôóí-

êöiÿìè åëåìåíòiâ ìàòðèöü B1(k), . . . , Bn(k) i íåëiíiéíî çàëåæàòü âiä åëå-
ìåíòiâ ìàòðèöi A0(k) òà ìàòðèöi A1(t, k). Âîíè, âçàãàëi, ¹ ìàëèìè çíàìåí-
íèêàìè çàäà÷i (1), (2), ÿêi ìîæóòü òàêîæ îáåðòàòèñÿ â íóëü äëÿ äåÿêèõ
çíà÷åíü ¨¨ êîåôiöi¹íòiâ.

Áóäåìî âèêîðèñòîâóâàòè ìåòðè÷íèé ïiäõiä äëÿ îòðèìàííÿ îöiíîê
çíèçó çíàìåííèêiâ |∆j(k)|, ââàæàþ÷è ôiêñîâàíèì ðiâíÿííÿ (1). Åëåìåí-
òè âåêòîðiâ Bjαs iç óìîâè (2) íàëåæàòü îäèíè÷íîìó êðóãó O ç öåíòðîì ó
ïî÷àòêó êîîðäèíàò êîìïëåêñíî¨ ïëîùèíè, òîáòî Bjαs ∈ On. Öå íå îáìå-
æó¹ çàãàëüíîñòi i îòðèìó¹òüñÿ íîðìóâàííÿì óìîâè (2).

Ïîçíà÷èìî ÷åðåç δ(k) ìàòðèöþ ∆j(k)(k). Ïîñëiäîâíiñòü j(k) âèáåðåìî
òàê: j(k) = 1, ÿêùî |k1| = max{|k1|, . . . , |kp|}, iíàêøå j(k) = 2, ÿêùî |k2| =
max{|k1|, . . . , |kp|} òîùî. Íåõàé b(m−1)n+j = Bζ(m−1)n+j

1αms(m−1)n+j , äå j = 1, . . . , n,
m = 1, . . . , p, s(m−1)n+j = (0, . . . , 0︸ ︷︷ ︸

m−1

, θ(m−1)n+j , 0, . . . , 0︸ ︷︷ ︸
p−m

), 0 ≤ θ(m−1)n+j ≤ jl,

ïðè÷îìó {α1, . . . , αp} ∈ {1, . . . , M}p, {ζ(m−1)n+1, . . . , ζmn} = {1, . . . , n}.
Âèçíà÷èìî ÷èñëî θ i âåêòîð b ôîðìóëàìè

θ = min
j=1,...,p

n∑

σ=1

θ(j−1)n+σ, b = col(b1, . . . , bpn). (20)

Ââàæà¹ìî, ùî åëåìåíòè ìàòðèöi δ(k), k ∈ Zp, çàëåæàòü âiä êîìïîíåíò
b1, . . . , bpn âåêòîðà b ∈ Opn; iíøi êîìïîíåíòè âåêòîðiâ Bjαs ôiêñó¹ìî. Ïðè
öüîìó ìàòðèöÿ δ(0) = ∆1(0) íå çàëåæèòü âiä b1, . . . , bpn, òîìó ôiêñîâàíi
êîåôiöi¹íòè âèáèðà¹ìî òàê, ùîá det δ(0) 6= 0.

Ëåìà 1. Äëÿ äîâiëüíèõ ÷èñåë r òà ε, äå r < θ − n(p + (n + 1)l)/2,
0 < ε < 1, òà äëÿ âñiõ âåêòîðiâ b ∈ Opn \Bε, measBε ≤ ε, âèêîíó¹òüñÿ
íåðiâíiñòü (19), äå

β6 = εn/2 min



| det δ(0)|/εn/2, n−n/2π−n2p/2

(∑

k 6=0

k̃ 2(r−θ)/n+(n+1)l
)−n/2



 .
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Äîâåäåííÿ ïðîâîäèòüñÿ òàê, ÿê äîâåäåííÿ ëåìè 2 â ðîáîòi [6].
Iç ëåìè 1 i òåîðåìè 3 âèïëèâà¹ îñíîâíèé ðåçóëüòàò ðîáîòè.
Òåîðåìà 4.ßêùî 0 < ε < 1, r > n(p+(n+1)l)/2, ϕ ∈ Hq−nl−θ+r(Ω

p
2π),

òî äëÿ âñiõ âåêòîðiâ b ∈ Opn\Bε, äå measBε ≤ ε, iñíó¹ ¹äèíèé ðîçâ'ÿçîê
u ∈ Hn

l,q(Dp) çàäà÷i (1), (2) i âèêîíó¹òüñÿ íåðiâíiñòü εn‖u;Hn
l,q(Dp)‖2 ≤

β7‖ϕ;Hq−nl−θ+r(Ω
p
2π)‖2, äå β7 � äîäàòíà ñòàëà.

4. Âèñíîâêè. Îòæå, çàäà÷à iç çàãàëüíèìè áàãàòîòî÷êîâèìè íåëî-
êàëüíèìè óìîâàìè äëÿ ñòðîãî ãiïåðáîëi÷íèõ ðiâíÿíü âèñîêîãî ïîðÿäêó
ç íåïåðåðâíèìè çà t êîåôiöi¹íòàìè ¹ ðîçâ'ÿçíîþ ó øêàëi ïðîñòîðiâ Ñîáî-
ë¹âà ïåðiîäè÷íèõ çà çìiííîþ x ôóíêöié, ãëàäêiñòü ðîçâ'ÿçêó çàëåæèòü
âiä êîåôiöi¹íòiâ êðàéîâèõ óìîâ.

Îòðèìàíi ðåçóëüòàòè ìîæíà ïîøèðèòè íà âèïàäêè çìiííèõ êîåôiöi-
¹íòiâ ó ãîëîâíié ÷àñòèíi ðiâíÿííÿ òà íà ãiïåðáîëi÷íi ñèñòåìè.
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NONLOCAL MULTI-POINT PROBLEM FOR HIGH ORDER
STRONG HYPERBOLIC EQUATION
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We consider the problem with nonlocal multi-point boundary conditions
for high order in time strictly hyperbolic equation with variable coe�cients
in Cartesian product of the time interval and the spatial multidimensional
torus. We establish the solvability of this problem in the Sobolev spaces
scale for almost all (except for the set of a given small measure) vectors of
coe�cients in the nonlocal conditions. We prove the metric theorem of the
lower estimation of small (nonlinear) denominators of the problem.




