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Çàïðîâàäæåíî ïîíÿòòÿ ñèëüíî ãåîäåçiéíî çâ'ÿçíîãî ïðîñòîðó;
ïîêàçàíî, ùî ðiâíîìiðíà ãðàíèöÿ âiäîáðàæåíü ïåðøîãî êëàñó Áåðà
çi çíà÷åííÿìè â ñèëüíî ãåîäåçiéíî çâ'ÿçíîìó ìåòðè÷íîìó ïðîñòîði
Y çi ñâî¹þ ãåîäåçiéíîþ ìåòðèêîþ % íàëåæèòü äî ïåðøîãî êëàñó
Áåðà, ÿêùî ïðîñòið (Y, %) ¹ ñêií÷åííî êîìïàêòíèì.

1. Ó ïðàöi [2] áóëî ââåäåíî ïîíÿòòÿ R-ïðîñòîðó i ïîêàçàíî, ùî ðiâ-
íîìiðíà ãðàíèöÿ âiäîáðàæåíü ïåðøîãî êëàñó Áåðà çi çíà÷åííÿìè â R-
ïðîñòîði çàëèøà¹òüñÿ ïåðøîãî êëàñó Áåðà. Íàãàäà¹ìî, ùî R-ïðîñòið �
öå òàêèé ìåòðè÷íèé ïðîñòið (X, d), â ÿêîìó äëÿ êîæíîãî ε > 0 iñíó¹
ε-ðåòðàêöiÿ, òîáòî íåïåðåðâíå âiäîáðàæåííÿ γε : X2 → X, òàêå, ùî
γε(x, y) = x ïðè d(x, y) ≤ ε i d(γε(x, y), y) ≤ ε äëÿ áóäü-ÿêèõ x, y ∈ X.

Òàêi ðåòðàêöi¨ ëåãêî áóäóâàòè íà íîðìîâàíîìó ïðîñòîði X, ïîêëàäà-
þ÷è γε(x, y) = x ïðè ‖x−y‖ ≤ ε i γε(x, y) = y+ ε

‖x−y‖(x−y) ïðè ‖x−y‖ ≥ ε.
Êðiì òîãî, â [2] áóâ ïîáóäîâàíèé ùå îäèí ñïåöiàëüíèé R-ïðîñòið Z, ÿêèé
ïiçíiøå â [3] äiñòàâ íàçâó ½ãiðëÿíäà� ÷åðåç ñâîþ ãåîìåòðè÷íó ñòðóêòóðó,
áî ñêëàäàâñÿ ç ïðÿìî¨ F ó ïðîñòîði R2n+2 i ïðè÷åïëåíèõ äî íå¨ êóëåïîäi-
áíèõ ìíîæèí Wn, äå n ∈ N. Íà ïðîñòîði Z ââîäèëàñÿ ïðèðîäíà ìåòðèêà
%, ÿêà, ÿê áóëî ïîìi÷åíî ïiçíiøå, áóëà òàêîþ, ùî %(u, v) � öå íàéêîðî-
òøà âiäñòàíü âiä òî÷êè u äî òî÷êè v ó ìåæàõ ïðîñòîðó Z, òîáòî äîâæèíà
ãåîäåçiéíî¨ ëiíi¨ â Z, ùî ç'¹äíó¹ u i v. Òàêèì ÷èíîì, ç'ÿñóâàëîñÿ, ùî ìå-
òðèêà % íà Z � öå äîáðå âiäîìà â ãåîìåòði¨ [4] ãåîäåçiéíà ìåòðèêà, i
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ïðèðîäíî ïîñòàëî ïèòàííÿ: êîëè ïðîñòið ç ãåîäåçiéíîþ ìåòðèêîþ ¹ R-
ïðîñòîðîì? Ó öié ñòàòòi ìè çàïðîâàäæó¹ìî ïîíÿòòÿ ñèëüíî ãåîäåçiéíî
çâ'ÿçíîãî ïðîñòîðó, ÿêèé õàðàêòåðèçó¹òüñÿ òèì, ùî áóäü-ÿêi éîãî òî÷êè
çâ'ÿçóþòüñÿ ëèøå îäíîþ ãåîäåçiéíîþ ëiíi¹þ, i ïîêàçó¹ìî, ùî ñèëüíî ãåî-
äåçiéíî çâ'ÿçíèé ìåòðè÷íèé ïðîñòið X çi ñâî¹þ ãåîäåçiéíîþ ìåòðèêîþ %
áóäå R-ïðîñòîðîì, ÿêùî ïðîñòið (X, %) ¹ ñêií÷åííî êîìïàêòíèì [1, c. 18].

2. Íåõàé (X, d) � ìåòðè÷íèé ïðîñòið i a, b ∈ X. Íåïåðåðâíå âiäîáðà-
æåííÿ ω : [α, β] → X, äëÿ ÿêîãî ω(α) = a i ω(β) = b, íàçèâà¹òüñÿ øëÿõîì
â X, ÿêèé ç'¹äíó¹ òî÷êè a i b. Êîæíîìó ðîçáèòòþ T : to = α < t1 < · · · <
tn = β ñïiâñòàâèìî ÷èñëî

λ(ω, T ) =
n∑

k=1

d(ω(tk−1), ω(tk)).

Òî÷íà âåðõíÿ ìåæà ìíîæèíè òàêèõ ÷èñåë λ(ω, T ), äå T ïðîáiãà¹ ñóêóï-
íiñòü âñiõ ðîçáèòòiâ âiäðiçêà [α, β] íàçèâà¹òüñÿ äîâæèíîþ øëÿõó ω i
ïîçíà÷à¹òüñÿ ñèìâîëîì `(ω). ßêùî `(ω) < +∞, òî øëÿõ íàçèâà¹òüñÿ
ñïðÿìíèì [1, c. 33].

Êîæíèé ñïðÿìíèé øëÿõ ω äîïóñêà¹ åêâiâàëåíòíó íàòóðàëüíó ïà-
ðàìåòðèçàöiþ ωo : [0, `(ω)] → X, ó ÿêî¨ ïàðàìåòðîì ñëóæèòü äîâæè-
íà s = λ(t) = `(ω|[α,t]). Âîíà ïîâ'ÿçàíà çi øëÿõîì ω ñïiââiäíîøåííÿì
ωo ◦ λ = ω, ÿêèì âèçíà÷à¹òüñÿ îäíîçíà÷íî, i íàçèâà¹òüñÿ ñòàíäàðòíèì
çîáðàæåííÿì ñïðÿìíîãî øëÿõó ω [1, c. 36]. Ñïðÿìíi øëÿõè ω1 i ω2, ÿêi
ìàþòü îäíå i òå æ ñòàíäàðòíå çîáðàæåííÿ íàçèâàþòüñÿ åêâiâàëåíòíèìè,
à êëàñ ω̂ åêâiâàëåíòíèõ äî øëÿõó ω øëÿõiâ � ñïðÿìíîþ êðèâîþ. Îñêiëüêè
åêâiâàëåíòíi øëÿõè ìàþòü îäíàêîâó äîâæèíó, òî ôîðìóëîþ `(ω̂) = `(ω)
âèçíà÷à¹òüñÿ äîâæèíà ñïðÿìíî¨ êðèâî¨ ω̂ [1, c. 39].

Ñóêóïíiñòü óñiõ ñïðÿìíèõ øëÿõiâ, ùî ç'¹äíóþòü òî÷êè a i b, ïîçíà-
÷èìî ÷åðåç S(a, b). Øëÿõ ωo ∈ S(a, b) íàçèâà¹òüñÿ ãåîäåçiéíèì, ÿêùî
`(ωo) ≤ `(ω) äëÿ êîæíîãî ω ∈ S(a, b). Ñóêóïíiñòü âñiõ ãåîäåçiéíèõ øëÿ-
õiâ ç a ó b ïîçíà÷èìî ÷åðåç So(a, b).

Ïðîñòið X íàçâåìî ãåîäåçiéíî çâ'ÿçíèì, ÿêùî So(x, y) 6= ∅ äëÿ áóäü-
ÿêèõ òî÷îê x, y ∈ X. Íà ãåîäåçiéíî çâ'ÿçíîìó ïðîñòîði X ôîðìóëîþ
ρ(x, y) = `(ω), äå ω ∈ So(x, y), êîðåêòíèì ÷èíîì âèçíà÷à¹òüñÿ ìåòðèêà,
ÿêà íàçèâà¹òüñÿ ãåîäåçiéíîþ.

Ïåðåâiðèìî íåðiâíiñòü òðèêóòíèêà äëÿ ôóíêöi¨ ρ. Íåõàé x, y, z ∈ X
i ïîçíà÷èìî ÷åðåç ωi ïðè i = 1, 2, 3 ãåîäåçiéíi øëÿõè ω1 ∈ So(x, y),
ω2 ∈ So(y, z) i ω3 ∈ So(x, z). Áóäåìî ââàæàòè, ùî ïàðàìåòð êîæíî¨ ãåî-
äåçiéíî¨ ïðîáiãà¹ âiäðiçîê [0, 1]. Ðîçãëÿíåìî øëÿõ ω : [0, 1] → X, ÿêèé
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âèçíà÷à¹òüñÿ ôîðìóëàìè ω(t) = ω1(2t) ïðè t ∈ [0, 1
2 ] i ω(t) = ω2(2t − 1)

ïðè t ∈ [12 , 1]. Òîäi
ρ(x, y) + ρ(y, z) = `(ω1) + `(ω2) = `(ω) ≥ `(ω3) = ρ(x, z).

Iíøi âëàñòèâîñòi ìåòðèêè î÷åâèäíi.
Çàóâàæèìî, ùî äëÿ äîâiëüíèõ x, y ∈ X ìà¹ìî d(x, y) ≤ ρ(x, y), îò-

æå, òîïîëîãiÿ, ùî ïîðîäæó¹òüñÿ ìåòðèêîþ ρ ñèëüíiøà çà òîïîëîãiþ, ùî
ïîðîäæó¹òüñÿ ìåòðèêîþ d, ïðè÷îìó ìîæå âèÿâèòèñÿ i ñòðîãî ñèëüíiøîþ.

3. Ìåòðè÷íèé ïðîñòið íàçèâà¹òüñÿ ñêií÷åííî êîìïàêòíèì [1, c. 18],
ÿêùî â íüîìó êîæíà çàìêíåíà êóëÿ ¹ êîìïàêòíîþ ìíîæèíîþ. Ãåîäåçiéíî
çâ'ÿçíèé ïðîñòið X íàçèâà¹òüñÿ ñèëüíî ãåîäåçiéíî çâ'ÿçíèì, ÿêùî ìíî-
æèíà Ŝo(x, y) = {ω̂ : ω ∈ So(x, y)} ñêëàäà¹òüñÿ ç îäíîãî åëåìåíòà ω̂x,y.
Ïðè öüîìó áóäåìî ââàæàòè, ùî ïàðàìåòð øëÿõó ωx,y � íàòóðàëüíèé.
Âèçíà÷èìî âiäîáðàæåííÿ γ : X ×X × [0, 1] → X ôîðìóëîþ

γ(x, y, t) = ωx,y(tρ(x, y)),

äå x, y ∈ X, t ∈ [0, 1].
Òåîðåìà. Íåõàé X � ñèëüíî ãåîäåçiéíî çâ'ÿçíèé ìåòðè÷íèé ïðî-

ñòið, ρ � éîãî ãåîäåçiéíà ìåòðèêà i ïðîñòið (X, ρ) ñêií÷åííî êîìïà-
êòíèé. Òîäi

a) âiäîáðàæåííÿ γ : X×X×[0, 1] → X íåïåðåðâíå âiäíîñíî ãåîäåçiéíî¨
ìåòðèêè ρ;

á) (X, ρ) ¹ R-ïðîñòîðîì.
Äîâåäåííÿ. à) Ðîçãëÿíåìî íà ïðîñòîði C([0, 1], X) âñiõ íåïåðåðâíèõ

ôóíêöié ω : [0, 1] → X ìàêñèìóì-ìåòðèêó
δ(ω′, ω′′) = max

0≤t≤1
ρ(ω′(t), ω′′(t)).

Ñïiâñòàâèìî âiäîáðàæåííþ γ àñîöiéîâàíå ç íèì âiäîáðàæåííÿ ϕ : X2 →
C([0, 1], X), ÿêå âèçíà÷à¹òüñÿ ôîðìóëîþ ϕ(x, y) = γ(x, y, ·). Äîâåäåìî,
ùî âiäîáðàæåííÿ ϕ íåïåðåðâíå âiäíîñíî ìåòðèêè δ.

Íåõàé x, y ∈ X, xn
ρ→ x i yn

ρ→ y. Ïîçíà÷èìî ωn = ϕ(xn, yn) äëÿ êî-
æíîãî n ∈ N i ω = ϕ(x, y). Äîâåäåìî, ùî ωn

δ→ ω, òîáòî, ùî δ(ωn, ω) → 0
ïðè n →∞. Íåõàé öå íå òàê. Òîäi äëÿ äåÿêîãî ε > 0 âèêîíó¹òüñÿ íåðiâ-
íiñòü δ(ωn, ω) ≥ ε äëÿ âñiõ n ç äåÿêî¨ íåñêií÷åííî¨ ìíîæèíè I ⊆ N.

Ïîêàæåìî, ùî ñiì'ÿ (ωn)n∈N ìà¹ ãðàíè÷íó òî÷êó â C([0, 1], X). Äëÿ
öüîãî çàñòîñó¹ìî òåîðåìó Àñêîëi [5, c. 647]. Çàóâàæèìî, ùî äëÿ äîâiëü-
íèõ t′ i t′′ ç [0, 1]

ρ(ωn(t′), ωn(t′′)) = `(ωn)|t′ − t′′| = ρ(xn, yn)|t′ − t′′|. (∗)
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Îñêiëüêè xn
ρ→ x i yn

ρ→ y, òî ρ(xn, yn) → ρ(x, y). Òîìó ïîñëiäîâíiñòü
÷èñåë %(xn, yn) îáìåæåíà, îòæå,

ρ(ωn(t′), ωn(t′′)) ≤ L|t′ − t′′|

äëÿ äåÿêî¨ êîíñòàíòè L > 0 i âñiõ n ∈ N, t′, t′′ ∈ [0, 1]. Çâiäñè âèïëèâà¹,
ùî ïîñëiäîâíiñòü (ωn)∞n=1 � îäíîñòàéíî ðiâíîìiðíî íåïåðåðâíà. Äàëi

ρ(x, ωn(t)) ≤ ρ(x, xn) + ρ(xn, ωn(t)) =

= ρ(x, xn) + ρ(ωn(0), ωn(t)) ≤ ρ(x, xn) + Lt ≤ r

äëÿ äåÿêîãî r > 0 i äîâiëüíèõ n ∈ N i t ∈ [0, 1]. Òàêèì ÷èíîì, âñi òî-
÷êè ωn(t) ïîïàäàþòü ó êóëþ K = {u : ρ(u, x) ≤ r}. Îñêiëüêè ïðîñòið
(X, ρ) � ñêií÷åííî êîìïàêòíèé, òî êóëÿ K � êîìïàêòíà. Îòæå, ìíî-
æèíà {ωn(t) : n ∈ N} � âiäíîñíî êîìïàêòíà â (X, ρ) äëÿ êîæíîãî t.
Çíà÷èòü, çà òåîðåìîþ Àñêîëi ìíîæèíà {ωn : n ∈ N} âiäíîñíî êîìïàêòíà
â C([0, 1], X). Òîìó ñiì'ÿ (ωn)n∈I ìà¹ ãðàíè÷íó òî÷êó ω∗ â C([0, 1], X).
ßñíî, ùî ω∗(0) = x i ω∗(1) = y. Ïåðåõîäÿ÷è ó ôîðìóëi (*) äî ãðàíèöi
äëÿ âiäïîâiäíî¨ ïiäïîñëiäîâíîñòi, îòðèìà¹ìî, ùî

ρ(ω̃(t′), ω̃(t′′)) = ρ(x, y)|t′ − t′′|

äëÿ äîâiëüíèõ t′ i t′′. Çâiäñè çà îçíà÷åííÿì äîâæèíè øëÿõó ìàòèìåìî, ùî
`(ω̃) = ρ(x, y). Îòæå, ω̃ ∈ So(x, y). Àëå δ(ωn, ω) ≥ ε äëÿ êîæíîãî n ∈ N,
îòæå, i δ(ω̃, ω) ≥ ε. Òîìó ω̂∗ 6= ω̂, ùî ñóïåðå÷èòü óìîâi |Ŝo(x, y)| = 1.

Ç íåïåðåðâíîñòi ϕ ëåãêî âèïëèâà¹ íåïåðåðâíiñòü γ. Ñïðàâäi, íåõàé
ε > 0 i (xo, yo, to) ∈ X × X × [0, 1]. Iñíó¹ òàêå δ1 > 0, ùî äëÿ äîâiëü-
íî¨ òî÷êè (x, y) ∈ X2 ç óìîâ %(x, xo) < δ1 i %(y, yo) < δ1 âèïëèâà¹, ùî
δ(ϕ(x, y), ϕ(xo, yo)) < ε/2. Çàóâàæèìî,ùî

%(γ(x, y, t), γ(xo, yo, to)) ≤ %(γ(x, y, t), γ(xo, yo, t))+

+%(γ(xo, yo, t), γ(xo, yo, to)) ≤ δ(ϕ(x, y), ϕ(xo, yo))+

+%(ωxo,yo(t), ωxo,yo(to)) = δ(ϕ(x, y), ϕ(xo, yo)) + `(ωxo,yo)|t− to|
äëÿ äîâiëüíèõ x ∈ X, y ∈ X i t ∈ [0, 1]. Òîìó äëÿ ÷èñëà

δ = min
{

δ1,
ε

2(`(ωxo,yo) + 1)

}

áóäåìî ìàòè, ùî %(γ(x, y, t), γ(xo, yo, to)) < ε, ÿêùî òiëüêè %(x, xo) < δ,
%(y, yo) < δ i |t− to| < δ.
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á) Äëÿ âñiõ x, y ∈ X i äîâiëüíîãî ε > 0 ïîêëàäåìî

γε(x, y) =





x, ÿêùî ρ(x, y) ≤ ε,

γ

(
x, y, 1− ε

ρ(x, y)

)
, ÿêùî ρ(x, y) ≥ ε.

Ïîêàæåìî, ùî âiäîáðàæåííÿ γε : X ×X → X � íåïåðåðâíå. Ðîçãëÿíåìî
ìíîæèíè F1 = {(x, y) ∈ X2 : ρ(x, y) ≤ ε}, F2 = {(x, y) ∈ X2 : ρ(x, y) ≥ ε}
i âiäîáðàæåííÿ f1(x, y) = x, f2(x, y) = γ

(
x, y, 1− ε

ρ(x,y)

)
.

Ìíîæèíè F1 i F2 � çàìêíåíi â X ×X, à âiäîáðàæåííÿ f1 : F1 → X
òà f2 : F2 → X � íåïåðåðâíi çà ñóêóïíiñòþ çìiííèõ. Îñêiëüêè X ×X =
F1 ∪ F2, òî çãiäíî ç [5, c. 119] äîñèòü ïåðåâiðèòè, ùî f1|F1∩F2 = f2|F1∩F2 .
ßêùî (x, y) ∈ F1 ∩ F2, òî ρ(x, y) = ε. Òîäi

f1(x, y) = x i f2(x, y) = γ(x, y, 0) = ωx,y(0) = x.
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GEODESIC CONNECTED SPACES AND UNIFORM LIMIT
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We introduce the strongly geodesic connected spaces and show that the
uniform limit of the Baire one functions with values in strongly geodesic
connected metric space Y with its geodesic metric % remains be of the �rst
Baire class, when the space (Y, %) is �nitely compact.




