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Âèêëàäåíî îñíîâíi ïîëîæåííÿ òåîði¨ íàáëèæåííÿ çâè÷àéíèõ äè-
ôåðåíöiàëüíèõ îïåðàòîðiâ iíøèìè çâè÷àéíèìè äèôåðåíöiàëüíèìè
îïåðàòîðàìè. Íàáëèæóþ÷èé i íàáëèæóâàíèé îïåðàòîðè çáiãàþòüñÿ
íà çàäàíié ñèñòåìi ôóíêöié (ôóíêöiîíàëüíèõ âóçëiâ).

1. ÂÑÒÓÏ

1.1. Ïîñòàíîâêà ïðîáëåìè. Òåîðiÿ íàáëèæåííÿ ôóíêöié îäíi¹¨ òà áà-
ãàòüîõ çìiííèõ âêëþ÷à¹ â ñåáå � ÿê âàæëèâèé ÷àñòèííèé âèïàäîê �
òåîðiþ iíòåðïîëÿöi¨. Îïåðàòîðè Lnu(x) iíòåðïîëÿöi¨ ôóíêöi¨ u(x) âiäíîâ-
ëþþòü (âçàãàëi êàæó÷è, íàáëèæåíî) öþ ôóíêöiþ ìiæ çàäàíèìè òî÷êà-
ìè x0, x1, . . . , xn, ÿêùî âiäîìi çíà÷åííÿ öi¹¨ ôóíêöi¨ àáî çíà÷åííÿ äåÿêî¨
ñèñòåìè îïåðàòîðiâ (çàçâè÷àé äèôåðåíöiàëüíèõ àáî iíòåãðî-äèôåðåíöi-
àëüíèõ) âiä u(x) ó âêàçàíèõ òî÷êàõ:

Bk,su(xk) = γk,s, 0 ≤ s ≤ ρk − 1, 0 ≤ k ≤ n, ρ0 + . . . + ρn = M.

Ïðè öüîìó âèìàãà¹òüñÿ, ùîá íàáëèæóþ÷èé (iíòåðïîëÿöiéíèé) îïåðàòîð
Lnu(x) ìàâ òàêi æ âëàñòèâîñòi ó âêàçàíèõ òî÷êàõ, ùî é íàáëèæóâàíà
ôóíêöiÿ Bk,sLnu(xk) = γk,s, 0 ≤ k ≤ n, 0 ≤ s ≤ ρk − 1. Äëÿ ôóíêöié
äâîõ òà áiëüøî¨ êiëüêîñòi çìiííèõ ïîíÿòòÿ iíòåðïîëÿöi¨ çíàéøëî ñâî¹
óçàãàëüíåííÿ ó âèãëÿäi îïåðàòîðiâ iíòåðëiíàöi¨ òà iíòåðôëåòàöi¨, ó ÿêèõ
iíôîðìàöiÿ ïðî íàáëèæóâàíó ôóíêöiþ çàäà¹òüñÿ íà ñèñòåìi ëiíié àáî
ïîâåðõîíü (ÿêùî çìiííèõ áiëüøå äâîõ). Öi îïåðàòîðè ìàþòü âàæëèâi
çàñòîñóâàííÿ [4, 5].

ÓÄÊ 519.6; MSC 2000: 47E05
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Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ íàñòóïíà çàäà÷à. Äåÿêèé çâè÷àéíèé
äèôåðåíöiàëüíèé îïåðàòîð A : U → Γ (âçàãàëi êàæó÷è, íåâiäîìèé) çà-
äà¹òüñÿ íàñòóïíèìè iíòåðïîëÿöiéíèìè äàíèìè:

Auβ(x) = γβ(x), 0 ≤ β ≤ n,

äå ôóíêöiîíàëüíi âóçëè uβ(x) i ôóíêöi¨ γβ(x), 0 ≤ β ≤ n, ââàæàþòüñÿ çà-
äàíèìè åëåìåíòàìè äåÿêèõ ôóíêöiîíàëüíèõ ïðîñòîðiâ U , Γ âiäïîâiäíî.
Çà äîïîìîãîþ öi¹¨ iíôîðìàöi¨ ïîòðiáíî ïîáóäóâàòè iíøèé äèôåðåíöiàëü-
íèé îïåðàòîð (ëiíiéíèé àáî íåëiíiéíèé çàäàíî¨ ñòðóêòóðè), ÿêèé ìà¹ òàêi
æ iíòåðïîëÿöiéíi âëàñòèâîñòi.

1.2. Àíàëiç ëiòåðàòóðè. Ó äàíié ðîáîòi ç òåðìiíîì ½òåîðiÿ iíòåð-
ïîëÿöi¨ îïåðàòîðiâ� áóäåìî ïîâ'ÿçóâàòè òåîðiþ íàáëèæåííÿ îïåðàòîðiâ
øëÿõîì ðîçâ'ÿçàííÿ íàñòóïíî¨ îñíîâíî¨ çàäà÷i. Äëÿ çàäàíîãî îïåðàòîðà
Au(x) i íàáîðó ôóíêöiîíàëüíèõ âóçëiâ uβ , 0 ≤ β ≤ n, ïîáóäóâàòè íàáëè-
æóþ÷èé îïåðàòîð Anu(x) iç âëàñòèâîñòÿìè Anuβ(x) = γβ(x) := Au(x),
0 ≤ β ≤ n. Äåÿêi âàæëèâi ðåçóëüòàòè, ÿêi ñòîñóþòüñÿ ïîáóäîâè ïîëi-
íîìiàëüíèõ íàáëèæóþ÷èõ îïåðàòîðiâ ó âèãëÿäi îïåðàòîðíèõ ïîëiíîìiâ
Pn ñòåïåíÿ n, âèçíà÷åíèõ íà ìíîæèíi ôóíêöié u ∈ X çi çíà÷åííÿìè â
ïðîñòîði Y (X, Y � äåÿêi ëiíiéíi ïðîñòîðè), íàâåäåíi ó ïðàöÿõ [2,8�11].
Ñèìâîë Pn îçíà÷à¹ îïåðàòîð

Pnu =
n∑

k=0

Lku
k,

äå L0u
0 = L0 ∈ Y , Lku

k = Lk (u, u, . . . , u)︸ ︷︷ ︸
k

� k-èé îïåðàòîðíèé ñòåïiíü,

îòðèìàíèé ç ïîëiëiíiéíîãî ñèìåòðè÷íîãî îïåðàòîðà Lk(v1, v2, . . . , vk) :
Xk → Y , k = 1, . . . , n, ïðè v1 = . . . = vk = u, vi ∈ X, i = 1, . . . , n. Äëÿ
äåÿêîãî îïåðàòîðà F ïîòðiáíî çíàéòè òàêèé îïåðàòîðíèé ïîëiíîì Pn,
ÿêèé çàäîâîëüíÿ¹ iíòåðïîëÿöiéíi óìîâè

Pn(uβ(x)) = A(uβ(x)) = γβ(x), 1 ≤ β ≤ m,

äå {uβ(x)}m
β=1 � çàäàíà ñèñòåìà âóçëiâ uβ(x) ∈ X. Ó öèòîâàíèõ ðîáîòàõ

[2, 8�11] çíà÷íó óâàãó ïðèäiëåíî òîìó âèïàäêó, êîëè

Pnu = k0(t) +
∫

Ω1

k1(t, z1)du(z1) +
∫

Ω1

∫

Ω1

k2(t, z1, z2)du(z1)du(z2) + . . . +

+
∫

Ω1

. . .

∫

Ω1

kn(t, z1, . . . , zn)du(z1) · · · du(zn),
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äå k0(t) ∈ R, kp(t, z1, . . . , zp), p = 1, . . . , n, � íåïåðåðâíi òà ñèìåòðè÷íi
ôóíêöi¨ ñâî¨õ çìiííèõ. Âiäçíà÷èìî îêðåìî ðîáîòó [12], ó ÿêié êëàñè-
÷íi ïîëiíîìè Ëàãðàíæà i Åðìiòà óçàãàëüíåíî íà âèïàäîê îïåðàòîðíîãî
iíòåðïîëþâàííÿ. Îäíàê ó öèòîâàíèõ ðîáîòàõ íàáëèæóþ÷èé îïåðàòîð ¹
îïåðàòîðíèì ïîëiíîìîì, à íå äèôåðåíöiàëüíèì îïåðàòîðîì, íàâiòü ÿêùî
íàáëèæóâàíèé îïåðàòîð A ¹ äèôåðåíöiàëüíèì îïåðàòîðîì.

Ó ïðàöÿõ àâòîðà [6,7] âïåðøå ðîçãëÿíóòî âàæëèâèé ç ïðàêòè÷íî¨ òî÷-
êè çîðó âèïàäîê, êîëè íàáëèæóâàíèé i íàáëèæóþ÷èé îïåðàòîðè ¹ äèôå-
ðåíöiàëüíèìè îïåðàòîðàìè (çâè÷àéíèìè àáî ç ÷àñòèííèìè ïîõiäíèìè).
Äàíà ïðàöÿ ïðèñâÿ÷åíà äîâåäåííþ äåÿêèõ òâåðäæåíü ðîáîòè [6]. Âiäçíà-
÷èìî, ùî âñÿ òåîðiÿ íàáëèæåííÿ ôóíêöié ñâiä÷èòü, ùî âðàõóâàííÿ êëàñó
íàáëèæóâàíèõ ôóíêöié äîçâîëÿ¹ îòðèìàòè áiëüø òî÷íå íàáëèæåííÿ äî
íèõ. Çîêðåìà, òåîðiÿ íàáëèæåííÿ, ó ÿêié íà ìíîæèíi íàáëèæóâàíèõ åëå-
ìåíòiâ çíàéäåòüñÿ òàêèé, ùî òî÷íî ìîæå áóòè íàáëèæåíèé, ïîâèííà ðîç-
ãëÿäàòèñü ÿê áiëüø ÿêiñíà òåîðiÿ íàáëèæåííÿ ïîðiâíÿíî ç òåîði¹þ, ùî
íå ìà¹ öi¹¨ âëàñòèâîñòi. Ñêàçàíå öiëêîì ñòîñó¹òüñÿ íàáëèæåííÿ äèôåðåí-
öiàëüíèõ îïåðàòîðiâ. Íàïðèêëàä, òåîðiÿ ðîçäiëåíèõ ðiçíèöü ÿêíàéêðàùå
çàðåêîìåíäóâàëà ñåáå ïðè íàáëèæåííi äèôåðåíöiàëüíèõ îïåðàòîðiâ. Àëå
ó öié òåîði¨ íå iñíó¹ òàêî¨ ðîçäiëåíî¨ ðiçíèöi, ÿêà á òî÷íî çîáðàæóâàëà
ïîõiäíó õî÷à á îäíîãî ïîðÿäêó. Â òîé æå ÷àñ iñíóþòü ïðàêòè÷íi çàäà-
÷i, ó ÿêèõ íàáëèæóâàíèé íåëiíiéíèé äèôåðåíöiàëüíèé îïåðàòîð äîöiëü-
íî çàìiíèòè iíøèì äèôåðåíöiàëüíèì îïåðàòîðîì ïðîñòiøî¨ êîíñòðóêöi¨
(íàïðèêëàä, ëiíiéíèì ÷è ïîëiíîìiàëüíèì).

Âiäçíà÷èìî, ùî ó âèðàçi A(x,D)u(x), D = d/dx, äëÿ íàáëèæåííÿ îïå-
ðàòîðà A(x,D) ìîæíà âèêîðèñòîâóâàòè àáî íå âèêîðèñòîâóâàòè ôóíê-
öiþ u(x). Ïåðøèé âèïàäîê ïîëÿãà¹ ó íàáëèæåíîìó âiäíîâëåííi îïåðàòî-
ðà A(x,D) ç óìîâ (1), âèçíà÷åíèõ íèæ÷å. Äðóãèé âèïàäîê ïîâ'ÿçàíèé
ç íàáëèæåííÿì ôîðìóëè A(x,D) äåÿêîþ iíøîþ ôîðìóëîþ, ÿêó ìîæíà
ðîçãëÿäàòè ÿê ôóíêöiþ çìiííî¨ x, ùî çàëåæèòü âiä ïàðàìåòðà D.

Çàóâàæèìî òàêîæ, ùî ó ìàòåìàòèöi äî íåäàâíüîãî ÷àñó ó ñëîâîñïî-
ëó÷åííÿ ½iíòåðïîëþâàííÿ îïåðàòîðiâ� âêëàäàâñÿ iíøèé çìiñò [1, 3].

2. ÎÑÍÎÂÈ ÒÅÎÐI� IÍÒÅÐÏÎËßÖI� ÇÂÈ×ÀÉÍÈÕ ÄÈÔÅ-
ÐÅÍÖIÀËÜÍÈÕ ÎÏÅÐÀÒÎÐIÂ IÇ ÂÈÊÎÐÈÑÒÀÍÍßÌ
ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÂÓÇËIÂ

Ðîçãëÿíåìî ñïî÷àòêó iíòåðïîëÿöiþ çâè÷àéíèõ äèôåðåíöiàëüíèõ îïåðà-
òîðiâ çà ðåçóëüòàòàìè ¨õíüî¨ äi¨ A(x,D)uβ(x) = γβ(x), 0 ≤ β ≤ n, íà
ôóíêöiîíàëüíi âóçëè u(x) = uβ(x), 0 ≤ β ≤ n.
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2.1. Íàáëèæåííÿ ëiíiéíèìè äèôåðåíöiàëüíèìè îïåðàòîðà-
ìè. Ïðèïóñòèìî, ùî A(x, D) � äåÿêèé, âçàãàëi êàæó÷è, íåâiäîìèé çâè-
÷àéíèé äèôåðåíöiàëüíèé îïåðàòîð. Iíôîðìàöiÿ ïðî íüîãî çàäàíà òàêèì
÷èíîì:

A(x,D)uβ(x) = γβ(x), 0 ≤ β ≤ n, n ∈ N, (1)
n∑

β=0

|γβ(x)| 6= 0, x ∈ E = [0, 1].

Çàäà÷à ïîëÿãà¹ ó ïîáóäîâi çâè÷àéíîãî ëiíiéíîãî äèôåðåíöiàëüíîãî îïå-
ðàòîðà n-ãî ïîðÿäêó

Ln(x,D)u(x) =
∑

0≤α≤n

aα(x)Dαu(x), D0u(x) ≡ u(x), (2)

íåâiäîìi êîåôiöi¹íòè aα(x), 0 ≤ α ≤ n, ÿêîãî çíàõîäÿòüñÿ ç óìîâ

Ln(x,D)u(x) = γβ(x), 0 ≤ β ≤ n. (3)

Íèæ÷å âñòàíîâèìî óìîâè, ÿêèì ïîâèííà çàäîâîëüíÿòè ñèñòåìà ôóí-
êöié uβ(x), 0 ≤ β ≤ n, äëÿ òîãî, ùîá çàäà÷à (2)�(3) ìàëà ¹äèíèé ðîçâ'ÿ-
çîê, i çíàéäåìî ÿâíi àíàëiòè÷íi âèðàçè äëÿ îïåðàòîðà Ln(x,D)u(x). Íàâå-
äåìî àíàëiòè÷íi âèðàçè äëÿ íåëiíiéíèõ iíòåðïîëÿöiéíèõ îïåðàòîðiâ ïåð-
øîãî ïîðÿäêó An(x,D)u(x) =

n∑
α=0

aα(x)(Du(x))α, à òàêîæ iíòåãðàëüíi
çîáðàæåííÿ äëÿ çàëèøêiâ íàáëèæåííÿ îïåðàòîðiâ A(x,D), ùî çàäîâîëü-
íÿþòü óìîâó A(x,D)u(x) = A(x,Du(x)), çà äîïîìîãîþ íåëiíiéíèõ äèôå-
ðåíöiàëüíèõ îïåðàòîðiâ ïåðøîãî ïîðÿäêó An(x,D)u(x).

Òåîðåìà 1. Äëÿ òîãî ùîá íà iíòåðâàëi x ∈ E çàäà÷à (2)�(3) ìà-
ëà ¹äèíèé ðîçâ'ÿçîê a0(x), . . . , an(x), íåîáõiäíî é äîñèòü, ùîá ñèñòåìà
ôóíêöié uβ(x), 0 ≤ β ≤ n, çàäîâîëüíÿëà óìîâó

∆ = detW (x) 6= 0, x ∈ E, (4)

äå W (x) = ‖Dαuβ(x)‖n
α,β=0. Ïðè öüîìó øóêàíèé îïåðàòîð Ln(x,D)u(x)

ìîæíà çîáðàçèòè ó âèãëÿäi

Ln(x,D)u(x) = Γ(x)W−1(x)‖I, D, . . . , Dn‖T u(x), (5)

äå I � òîòîæíié îïåðàòîð, Γ(x) = ‖γ0(x), γ1(x), . . . , γn(x)‖.
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Äîâåäåííÿ. ßêùî âðàõóâàòè âèðàç (2) äëÿ øóêàíîãî îïåðàòîðà, òî
ðiâíîñòi (3) ìîæíà çàïèñàòè ó âèãëÿäi

n∑

α=0

aα(x)Dαuβ(x) = γβ(x), 0 ≤ β ≤ n. (6)

Çàóâàæèìî, ùî óìîâà (4) îçíà÷à¹ âiäìiííiñòü âiä íóëÿ âèçíà÷íèêà Âðîí-
ñüêîãî detW (x), òîáòî ëiíiéíó íåçàëåæíiñòü ñèñòåìè âóçëiâ uβ(x), 0 ≤
β ≤ n. Ââåäåìî ïîçíà÷åííÿ: a = a(x) = ‖a0(x), . . . , an(x)‖. Òîäi ñèñòåìó
(6) ìîæíà ïåðåïèñàòè ó íàñòóïíié ìàòðè÷íié ôîðìi

aW = Γ. (7)

Çãiäíî ç òåîði¹þ ëiíiéíèõ àëãåáðè÷íèõ ðiâíÿíü, äëÿ òîãî ùîá ñèñòåìà
(7) íà iíòåðâàëi x ∈ E ìàëà ¹äèíèé ðîçâ'ÿçîê íåîáõiäíî é äîñèòü, ùîá íà
öüîìó iíòåðâàëi âèêîíóâàëîñü ñïiââiäíîøåííÿ (4). Òàêèì ÷èíîì, óìîâó
(4) âñòàíîâëåíî. Ïðè öüîìó

a(x) = Γ(x)W−1(x), (8)

òîáòî ÿâíèé âèðàç äëÿ øóêàíîãî äèôåðåíöiàëüíîãî îïåðàòîðà ìîæíà
ïîäàòè ó íàñòóïíié ôîðìi

Ln(x,D)u(x) = a(x)‖I,D, . . . ,Dn‖T u(x) =

= Γ(x)W−1(x)‖I,D, . . . ,Dn‖T u(x).

Îòæå, i ôîðìóëó (5) äîâåäåíî.
Òåîðåìà 2. ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 1, òî iíòåðïîëÿ-

öiéíèé îïåðàòîð Ln(x,D)u(x) � ¹äèíèé.
Äîâåäåííÿ. Ïðèïóñòèìî, ùî iñíó¹ ùå îäèí îïåðàòîð L∗n(x, D)u(x) iç

âêàçàíèìè iíòåðïîëÿöiéíèìè âëàñòèâîñòÿìè

L∗n(x,D)uβ(x) = γβ(x), 0 ≤ β ≤ n.

Òîäi äèôåðåíöiàëüíèé îïåðàòîð Fn(x,D) = (Ln(x,D) − L∗n(x,D)) n-ãî
ïîðÿäêó áóäå çàäîâîëüíÿòè îäíîðiäíi iíòåðïîëÿöiéíi óìîâè

Fn(x,D)uβ(x) = 0, 0 ≤ β ≤ n.

Çà òåîðåìîþ 1 äëÿ òàêîãî îïåðàòîðà îòðèìó¹ìî, ùî Fn(x,D)u(x) = 0
äëÿ âñiõ u(x). Çâiäñè äiñòà¹ìî Ln(x,D)−L∗n(x,D) = 0, òîáòî Ln(x, D) =
L∗n(x,D). Ç îäåðæàíî¨ ñóïåðå÷íîñòi âèïëèâà¹ iñòèííiñòü òåîðåìè 2.
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Íèæ÷å äàìî iíøó ôîðìóëó äëÿ çîáðàæåííÿ îïåðàòîðiâ Ln(x,D)u(x),
åêâiâàëåíòíó ôîðìóëi (4).

Òåîðåìà 3. Îïåðàòîð Ln(x,D)u(x) ìîæíà çîáðàçèòè òàêîæ çà äî-
ïîìîãîþ ôîðìóëè

Ln(x, D)u(x) =
1
∆

∣∣∣∣∣∣∣∣

u0(x) . . . Dnu0(x) γ0(x)
. . . . . . . . . . . .

un(x) . . . Dnun(x) γn(x)
u(x) . . . Dnu(x) 0

∣∣∣∣∣∣∣∣
. (9)

Äîâåäåííÿ. Ðîçâèíåìî âèçíà÷íèê (9) çà åëåìåíòàìè (n+1)-ãî ðÿäêà

Ln(x,D)u(x) =
n∑

α=0

An+2,α(x)Dαu(x),

äå An+2,α(x) � àëãåáðè÷íi äîïîâíåííÿ åëåìåíòiâ âèçíà÷íèêà (9), ùî çíà-
õîäÿòüñÿ íà ïåðåòèíi îñòàííüîãî (n + 2)-ãî ðÿäêà i ñòîâïöÿ ç íîìåðîì α,
0 ≤ α ≤ n. Òàêèì ÷èíîì, ôîðìóëà (9) âèçíà÷à¹ çâè÷àéíèé ëiíiéíèé äè-
ôåðåíöiàëüíèé îïåðàòîð n-ãî ïîðÿäêó. Äëÿ òîãî, ùîá äîâåñòè, ùî öåé
îïåðàòîð çàäîâîëüíÿ¹ óìîâè (3), ïiäñòàâèìî ó ôîðìóëó (9) çàìiñòü ôóí-
êöi¨ u(x) ôóíêöiþ uβ(x). Ó ðåçóëüòàòi îòðèìà¹ìî

Lnuβ(x) = − 1
∆

∣∣∣∣∣∣∣∣

u0(x) . . . Dnu0(x) γ0(x)
. . . . . . . . . . . .

un(x) . . . Dnun(x) γn(x)
uβ(x) . . . Dnuβ(x) 0

∣∣∣∣∣∣∣∣
.

Âiäíiìàþ÷è âiä ðÿäêà ç íîìåðîì β, 0 ≤ β ≤ n, îñòàííié ðÿäîê i ðîçâèâà-
þ÷è îòðèìàíèé âèçíà÷íèê çà åëåìåíòàìè β-ãî ðÿäêà, îòðèìà¹ìî

Ln(x,D)uβ(x) =
γβ(x)(−1)β+n+2

∆

∣∣∣∣∣∣∣∣∣∣∣∣

u0(x) . . . Dnu0(x)
. . . . . . . . .

uβ−1(x) . . . Dnuβ−1(x)
uβ+1(x) . . . Dnuβ+1(x)

. . . . . . . . .
uβ(x) . . . Dnuβ(x)

∣∣∣∣∣∣∣∣∣∣∣∣

.

Áåçïîñåðåäíiìè ïiäðàõóíêàìè ìîæíà âïåâíèòèñü ó òîìó, ùî

Ln(x, D)uβ(x) = γβ(x)(−1)n−β(−1)β+n+2∆/∆ = γβ(x), 0 ≤ β ≤ n.
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Òàêèì ÷èíîì, îáèäâi ôîðìóëè (5) i (9) äàþòü çâè÷àéíi ëiíiéíi äèôå-
ðåíöiàëüíi îïåðàòîðè n-ãî ïîðÿäêó, ÿêi çàäîâîëüíÿþòü óìîâè (3). Çãiäíî
ç òåîðåìîþ 2, öi äâà îïåðàòîðè ñïiâïàäàþòü. Òåîðåìó 3 äîâåäåíî.

2.2. Iíòåðïîëÿöiÿ çà äîïîìîãîþ íåëiíiéíèõ îïåðàòîðiâ. Òåî-
ðåìè 1�3 ïîâíiñòþ ðîçâ'ÿçóþòü çàäà÷ó ïðî ïîáóäîâó iíòåðïîëÿöiéíîãî
çâè÷àéíîãî ëiíiéíîãî äèôåðåíöiàëüíîãî îïåðàòîðà ç âëàñòèâîñòÿìè (3).
Àëå çàäà÷à îïåðàòîðíîãî iíòåðïîëþâàííÿ, ÿê i çàäà÷à ôóíêöiîíàëüíî-
ãî iíòåðïîëþâàííÿ, ìà¹ íå ¹äèíèé ðîçâ'ÿçîê. Ó íàñòóïíié òåîðåìi 4 äëÿ
äèôåðåíöiàëüíèõ îïåðàòîðiâ A(x,D), ÿêi çàäîâîëüíÿþòü óìîâi

A(x,D)u = A(x,Du), (10)
âñòàíîâëåíî çîáðàæåííÿ äëÿ îïåðàòîðà Lnu(x) â iíøié ôîðìi Anu(x),
ùî íå âèìàãà¹ çíàõîäæåííÿ îáåðíåíî¨ ìàòðèöi W−1(x) i îá÷èñëåííÿ äå-
òåðìiíàíòà ∆. Öi îïåðàòîðè Anu(x), âçàãàëi êàæó÷è, ¹ íåëiíiéíèìè i
çáiãàþòüñÿ ç îïåðàòîðàìè Lnu(x, D) ïðè n = 1.

Òåîðåìà 4. Îïåðàòîð Anu(x) = An(x,Du(x)) :=
n∑

α=0
aα(x)(Du(x))α,

ÿêèé âèçíà÷à¹òüñÿ ôîðìóëîþ

Anu(x) =
n∑

β=0

γβ(x)
n∏

µ=0, µ 6=β

Duµ(x)−Du(x)
Duµ(x)−Duβ(x)

, (11)

çàäîâîëüíÿ¹ óìîâè (3), òîáòî Anuβ(x) = γβ(x), 0 ≤ β ≤ n, ÿêùî ñèñòå-
ìà ôóíêöié uβ(x), 0 ≤ β ≤ n, çàäîâîëüíÿ¹ óìîâè

∀x ∈ E Duµ(x)−Duβ(x) 6= 0, µ 6= β, 0 ≤ µ, β ≤ n. (12)

Äîâåäåííÿ. Áåçïîñåðåäíüîþ ïåðåâiðêîþ ìîæíà âñòàíîâèòè, ùî ïðè
âèêîíàííi óìîâ (12) îïåðàòîðè

`βu(x) =
n∏

µ=0, µ 6=β

Duµ(x)−Du (x)
Duµ(x)−Duβ(x)

(13)

ìàþòü íàñòóïíi âëàñòèâîñòi
`βuν(x) = δν,β, 0 ≤ ν, β ≤ n, (14)

äå δν,β � ñèìâîë Êðîíåêåðà, δν,β = 0, ν 6= β, δν,ν = 1. Çàñòîñîâóþ÷è
îïåðàòîð (11) äî ôóíêöi¨ uν(x), 0 ≤ ν ≤ n, i âðàõîâóþ÷è ñïiââiäíîøåííÿ
(14), îòðèìà¹ìî

Anuν(x) =
n∑

β=0

γβ(x)`βuν(x) =
n∑

β=0

γβ(x)δβ,ν = γν(x), 0 ≤ ν ≤ n.
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Ó íàñòóïíié òåîðåìi çíàéäåìî iíòåãðàëüíå çîáðàæåííÿ äëÿ çàëèøêó

RnAu(x) = ((A(x,D)−An(x,D))u(x) (15)

íàáëèæåííÿ äèôåðåíöiàëüíîãî îïåðàòîðà A(x,D) íåëiíiéíèì äèôåðåí-
öiàëüíèì îïåðàòîðîì ïåðøîãî ïîðÿäêó iíòåðïîëÿöiéíîãî òèïó An(x,D),
ÿêèé ¹ ïîëiíîìîì ñòåïåíÿ n çà ñòåïåíÿìè (Du)α.

Òåîðåìà 5. Íåõàé ôóíêöiÿ A(x, t) çìiííî¨ t íàëåæèòü äî êëàñó
Cr(R), 1 ≤ r ≤ n + 1, i äëÿ îïåðàòîðà A(x, D) âèêîíó¹òüñÿ ñïiââiä-
íîøåííÿ (10). Òîäi äëÿ çàëèøêó íàáëèæåííÿ RnAu(x) ñïðàâåäëèâå ií-
òåãðàëüíå çîáðàæåííÿ

Rn,rAu(x) =
n∑

β=0

n∏

µ=0, µ 6=β

Duµ(x)−Du(x)
Duµ(x)−Duβ(x)

×

×
∫ Du(x)

Duβ(x)

∂rA(x, t)
∂tr

(Duβ(x)− t)r−1

(r − 1)!
dt. (16)

Äîâåäåííÿ. Ç ðiâíîñòåé A(x,D)uβ(x) = γβ(x), 0 ≤ β ≤ n, ç ôîðìóëè
(16) ïðè r = 1 âèïëèâà¹, ùî

Rn,1Au(x) =
n∑

β=0

n∏

µ=0, µ 6=β

Duµ(x)−Du(x)
Duµ(x)−Duβ(x)

∫ Du(x)

Duβ(x)

∂A(x, t)
∂t

dt =

=
n∑

β=0

n∏

µ=0, µ 6=β

Duµ(x)−Du(x)
Duµ(x)−Duβ(x)

(A(x,Du(x))−A(x,Duβ(x))) =

=
n∑

β=0

n∏

µ=0, µ 6=β

Duµ(x)−Du(x)
Duµ(x)−Duβ(x)

(A(x,D)u(x)− γβ(x)) =

= A(x,D)u(x)−An(x,D)u(x).

Òóò âðàõîâàíî, ùî
n∑

β=0

n∏

µ=0, µ 6=β

Duµ(x)−Du(x)
Duµ(x)−Duβ(x)

A(x,D)u(x) = A(x,D)u(x),

îñêiëüêè
n∑

β=0

n∏

µ=0, µ 6=β

Duµ(x)−Du(x)
Duµ(x)−Duβ(x)

= 1.
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Òàêèì ÷èíîì, òåîðåìó 5 äîâåäåíî äëÿ r = 1.
ßêùî r = 2, òî çà äîïîìîãîþ iíòåãðóâàííÿ ÷àñòèíàìè ìîæíà çàïè-

ñàòè íèçêó ðiâíîñòåé

Rn,2Au(x) =
n∑

β=0

n∏

µ=0, µ 6=β

Duµ(x)−Du(x)
Duµ(x)−Duβ(x)

∫ Du(x)

Duβ(x)

∂2A(x, t)
∂t2

(Duβ − t)dt =

=
n∑

β=0

n∏

µ=0,µ 6=β

Duµ −Du

Duµ −Duβ


∂A(x, t)

∂t
(Duβ − t)

∣∣Du

t=Duβ
+

Du∫

Duβ

∂A(x, t)
∂t

dt


 =

=
n∑

β=0

n∏

µ=0,µ=β

Duµ −Du

Duµ −Duβ

∫ Du

Duβ

∂A(x, t)
∂t

dt = Rn,1Au = (A−An)u.

Òóò âðàõîâàíî, ùî
n∑

β=0

n∏

µ=0,µ6=β

Duµ −Du

Duµ −Duβ
(Duβ − t)r−1

∣∣Du

Duβ
= 0, r = 2, . . . , n + 1,

i, çîêðåìà, ïðè r = 2, r ≤ n + 1,
n∑

β=0

n∏

µ=0, µ 6=β

Duµ −Du

Duµ −Duβ
(Duβ −Du) = 0.

Òîìó äëÿ r = 2 òåîðåìó òåæ äîâåäåíî. Ïîâòîðþþ÷è àíàëîãi÷íi ìiðêóâà-
ííÿ äëÿ r = 3, . . . , n, n + 1, îòðèìó¹ìî äîâåäåííÿ òåîðåìè 5.

Íàñëiäîê. ßêùî A(x,Du) ÿê ôóíêöiÿ äâîõ çìiííèõ ìà¹ íåïåðåðâíó
ïîõiäíó ïîðÿäêó (n+1) çà äðóãîþ çìiííîþ, òî äëÿ çàëèøêó Rn,n+1Au(x)
âèêîíó¹òüñÿ çîáðàæåííÿ

Rn,n+1Au(x) =
n∏

µ=0

(Duµ(x)−Du(x))
∂n+1A(x, t)

∂tn+1

∣∣∣∣
t=θ(Du)

1
(n + 1)!

, (17)

äå θ(Du(x)) = θ(Du0(x), . . . , Dun(x), Du(x)).

3. IÍÒÅÐÏÎËßÖIß ÇÂÈ×ÀÉÍÈÕ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ
ÎÏÅÐÀÒÎÐIÂ Ç ÂÈÊÎÐÈÑÒÀÍÍßÌ ÑËIÄIÂ
ÎÏÅÐÀÒÎÐÀ Ó ÂÓÇËÀÕ ÀÐÃÓÌÅÍÒÓ

Ïðèïóñòèìî, ùî íà iíòåðâàëi E ⊂ R çàäàíà ñèñòåìà âóçëiâ � çíà÷åíü
àðãóìåíòó x: x0 < x1 < . . . < xn òà ñëiäè A(xβ, D) = Aβ(D), 0 ≤ β ≤ n,
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ó öèõ âóçëàõ äåÿêîãî äèôåðåíöiàëüíîãî îïåðàòîðà A(x,D), ùî äi¹ íà
ôóíêöi¨ u(x) ∈ X. Ñàì îïåðàòîð A(x,D) ìîæå áóòè íåâiäîìèì. Çàäà-
÷à ïîëÿãà¹ ó ïîáóäîâi äèôåðåíöiàëüíîãî îïåðàòîðà An(x, D), ÿêèé ìà¹
íàñòóïíi âëàñòèâîñòi An(xβ, D) = Aβ(D), 0 ≤ β ≤ n.

Òåîðåìà 6. Îïåðàòîð

An(x,D) =
n∑

α=0

n∏

j=0, j 6=α

x− xj

xα − xj
Aα(D) (18)

ìà¹ íàñòóïíi âëàñòèâîñòi:

An(xβ, D) = Aβ(D), 0 ≤ β ≤ n. (19)

Äîâåäåííÿ. Ç âëàñòèâîñòåé `n,α(xβ) = δα,β , 0 ≤ α, β ≤ n, áàçîâèõ
ïîëiíîìiâ Ëàãðàíæà `n,α(x) =

n∏
j=0, j 6=α

x−xj

xα−xj
ïðè ïiäñòàíîâöi x = xβ ó

ôîðìóëó (18) îòðèìà¹ìî ðiâíîñòi

An(xβ, D) =
n∑

α=0

`n,α(xβ)Aα(D) = Aβ(D), 0 ≤ β ≤ n,

ÿêi é ïîòðiáíî áóëî äîâåñòè.
Ó íàñòóïíié òåîðåìi íàâåäåíî iíòåãðàëüíå çîáðàæåííÿ çàëèøêó íà-

áëèæåííÿ R∗
nA(x, D) = A(x,D) − An(x,D) äåÿêîãî êëàñó îïåðàòîðiâ

A(x,D) çà äîïîìîãîþ îïåðàòîðiâ An(x,D).
Òåîðåìà 7. Ïðèïóñòèìî, ùî A(x,D) ÿê ôóíêöiÿ çìiííî¨ x íàëå-

æèòü äî êëàñó Cr(E), 1 ≤ r ≤ n + 1, äëÿ äîâiëüíèõ çíà÷åíü ïàðàìåòðà
D. Òîäi äëÿ çàëèøêó R∗

nA(x,D) ñïðàâåäëèâå iíòåãðàëüíå çîáðàæåííÿ

R∗
n,rA(x,D) =

n∑

α=0

n∏

j=0, j 6=α

x− xj

xα − xj

∫ x

xα

∂rA(t,D)
∂tr

(xα − t)r−1

(r − 1)!
dt. (20)

Äîâåäåííÿ. Äëÿ r = 1 âèêîíó¹òüñÿ ðiâíiñòü

R∗
n,1A(x,D) =

n∑

α=0

n∏

j=0,j 6=α

x− xj

xα − xj

∫ x

xα

∂A(t,D)
∂t

dt =

=
n∑

α=0

n∏

j=0,j 6=α

x− xj

xα − xj
(A(x,D)−A(xα, D)) =
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= A(x,D)
n∑

α=0

n∏

j=0,j 6=α

x− xj

xα − xj
−

n∑

α=0

n∏

j=0,j 6=α

x− xj

xα − xj
A(xα, D) =

= A(x,D)−An(x,D).

Òàêèì ÷èíîì, äëÿ r = 1 òåîðåìó äîâåäåíî. Ïðèïóñòèìî, ùî òâåðäæåííÿ
òåîðåìè iñòèííå äëÿ äåÿêîãî r + 1, 1 ≤ r ≤ n, òîáòî ñïðàâäæó¹òüñÿ
òîòîæíiñòü

R∗
n,r+1A(x,D) =

n∑

α=0

n∏

j=0,j 6=α

x− xj

xα − xj

∫ x

xα

∂r+1A(t,D)
∂tr+1

(xα − t)r

r!
dt.

Iíòåãðóþ÷è ÷àñòèíàìè, îòðèìà¹ìî

R∗
n,r+1A(x,D) =

n∑

α=0

n∏

j=0, j 6=α

x− xj

xα − xj
×

×
(

∂rA(t,D)
∂tr

(xα − t)r

r!

∣∣∣∣
x

xα

−
∫ x

xα

∂rA(t,D)
∂tr

(xα − t)r−1

(r − 1)!
dt

)
=

=
n∑

α=0

n∏

j=0, j 6=α

x− xj

xα − xj

∫ x

xα

∂rA(t, D)
∂tr

(xα − t)r−1

(r − 1)!
dt = R∗

n,rA(x,D).

Òàêèì ÷èíîì, çãiäíî ç ïðèíöèïîì ìàòåìàòè÷íî¨ iíäóêöi¨, òâåðäæåííÿ
òåîðåìè iñòèííå äëÿ êîæíîãî r, 1 ≤ r ≤ n.

Íàñëiäîê. Ïðèïóñòèìî, ùî A(x,D) ÿê ôóíêöiÿ çìiííî¨ x íàëå-
æèòü äî êëàñó Cn+1(E) äëÿ äîâiëüíèõ çíà÷åíü ïàðàìåòðà D. Òîäi äëÿ
çàëèøêó R∗

nA(x,D) ñïðàâåäëèâå çîáðàæåííÿ

R∗
n,n+1A(x,D) =

1
(n + 1)!

n∏

j=0

(x− xj)
∂n+1A(t, D)

∂tn+1

∣∣∣t=θ(x) ,

äå θ(x) = θ(x0, . . . , xn, x), x0 < θ(x) < xn.

4. ÏÐÈÊËÀÄÈ

Ïðèêëàä 1. Íåõàé

A(x,D) = D2 = d2/dx2, n = 1, L1(x, u(x)) = a0u(x) + a1(x)Du(x),

u0(x) = 1, u1(x) = x, u2(x) = x2/2, x ∈ R.
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Òîäi γ0(x) = D2u0(x) = 0, γ2(x) = D2u2(x) = 1. Îòæå, äëÿ òîãî, ùîá
çàäîâîëüíèòè óìîâó

n∑
β=0

|γβ(x)| 6= 0, x ∈ R, ïðè n = 1 ìîæíà ç íàïèñàíèõ

òðüîõ ôóíêöiîíàëüíèõ âóçëiâ âèáðàòè ëèøå íàñòóïíi äâi ôóíêöi¨ � âóçëè
u0(x), u2(x) àáî u1(x), u2(x).

Ðîçãëÿíåìî ïåðøèé âèïàäîê, êîëè: u0(x) = 1, u1(x) = x2/2, γ0(x) = 0,
γ1(x) = 1. Ó öüîìó âèïàäêó ñèñòåìà (6) ìà¹ âèãëÿä

a0(x) · 1 + a1(x) · 0 = 0, a0(x) · x2/2 + a1(x) · x = 1.

Ïiäñòàâëÿþ÷è ¨¨ ðîçâ'ÿçîê a0(x) = 0, a1(x) = 1/x ó îïåðàòîð L1u(x),
îòðèìà¹ìî

L1u(x) = x−1Du(x).

Îïåðàòîð A1u(x) = A1(x,D)u(x) â öüîìó âèïàäêó ìà¹ âèãëÿä

A1u(x) = γ0(x)
Du1(x)−Du(x)
Du1(x)−Du0(x)

+ γ1(x)
Du0(x)−Du(x)
Du0(x)−Du1(x)

=
1
x

Du(x),

òîáòî L1 = A1. Ó äðóãîìó âèïàäêó, êîëè u0(x) = x, u1(x) = x2/2, γ0(x) =
0, γ1(x) = 1, ñèñòåìà (6) ìà¹ âèãëÿä

a0(x) · x + a1(x) · 1 = 0, a0(x) · x2/2 + a1(x) · x = 1.

Ïiäñòàâëÿþ÷è ¨¨ ðîçâ'ÿçîê a0(x) = −2/x2, a1(x) = 2/x ó îïåðàòîð L1(x),
îòðèìà¹ìî

L1u(x) = −2x−2u(x) + 2x−1Du(x).

Â öüîìó âèïàäêó îïåðàòîð A1u(x) ìà¹ âèãëÿä

A1u(x)= γ0(x)
Du1(x)−Du(x)
Du1(x)−Du0(x)

+ γ1(x)
Du0(x)−Du(x)
Du0(x)−Du1(x)

=
1−Du(x)

1− x
.

Ïðèêëàä 2. Íåõàé A(x,D)u = (Du)3, A2(x,D)u = a0 + a1Du +
a2(Du)2, u0(x) = 1, u1(x) = x, u2(x) = x2/2, γ0 = 0, γ1 = 1, γ2 = x3. Òîäi,
ïiñëÿ ðîçâ'ÿçàííÿ ñèñòåìè (6), îòðèìà¹ìî a0 = 0, a1 = −x, a2 = 1 + x.
Òîìó A2(x,D)u = −xDu + (1 + x)(Du)2. Ïðè öüîìó, âðàõîâóþ÷è, ùî
∂3A(x, t)/∂t3 = 6, äëÿ çàëèøêó R2A(x,D)u = A(x,D)u−A2(x,Du) îòðè-
ìó¹ìî ðiâíiñòü

R2A(x,Du) =
2∑

k=0

l2,k(x,Du)
∫ Du(x)

Duk(x)
6
(Duk(x)− t)2

2!
dt,
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äå

l2,0(x,Du) =
(1−Du)(x−Du)

x
, l2,1(x, Du) =

(Du)(x−Du)
x− 1

,

l2,2(x,Du) =
(Du)(Du− 1)

x(x− 1)
.

Ëåãêî ïåðåâiðèòè, ùî R2A(x,Du) = (Du)3 −A2(x,D)(Du)3.
Ïðèêëàä 3. Áóäåìî íàáëèæóâàòè íåëiíiéíèé îïåðàòîð A(x,Du) =

(Du)3 çà äîïîìîãîþ ëiíiéíîãî

L1(x,D)u =
Du1 −Du

Du1 −Du0
(Du0)3 +

Du0 −Du

Du0 −DU1
(Du1)3.

Ïðè öüîìó îñíîâíó óâàãó ïðèäiëèìî ïåðåâiðöi ôîðìóëè (16) äëÿ çàëè-
øêó, ÿêó ìîæíà çàïèñàòè ó âèãëÿäi

R1A(x,D)u =
Du1 −Du

Du1 −Du0

∫ Du

Du0

d2t3

dt2
Du0 − t

1!
dt +

Du0 −Du

Du0 −Du1
×

×
∫ Du

Du1

d2t3

dt2
Du1 − t

1!
dt =

Du1 −Du

Du1 −Du0

∫ Du

Du0

6t
Du0 − t

1!
dt+

+
Du0 −Du

Du0 −Du1

∫ Du

Du1

6t
Du1 − t

1!
dt = 3(Du)2L1Du− 3L1(Du)3−

−2(Du)3 + 2L1Du3 = Du3 − L1(Du)3.

Çàóâàæåííÿ. Óçàãàëüíåííÿ îòðèìàíèõ ó ðîáîòi òâåðäæåíü ìîæíà
ïðîâåñòè iç âèêîðèñòàííÿì òåõíiêè ðîçäiëåíèõ ðiçíèöü, à òàêîæ óçàãàëü-
íåíèõ äèôåðåíöiàëüíèõ îïåðàòîðíèõ àíàëîãiâ ïîëiíîìà Íüþòîíà, ÿêi áó-
äóþòüñÿ çà äîïîìîãîþ ðîçäiëåíèõ ðiçíèöü. Çàóâàæèìî, ùî òóò ìîæëèâi
äâà ìåòîäè ïîáóäîâè óçàãàëüíåíèõ äèôåðåíöiàëüíèõ îïåðàòîðíèõ ïîëi-
íîìiâ Íüþòîíà. Ïåðøèé ïîâ'ÿçàíèé ç ðîçäiëåíèìè ðiçíèöÿìè, ùî âè-
êîðèñòîâóþòü âóçëè x = xβ , 0 ≤ β ≤ n, ÿêi ¹ çíà÷åííÿìè àðãóìåíòó
ôóíêöi¨ u(x); äðóãèé ïîâ'ÿçàíèé ç ðîçäiëåíèìè ðiçíèöÿìè, ùî âèêîðè-
ñòîâóþòü ôóíêöiîíàëüíi âóçëè u(x) = uβ(x), 0 ≤ β ≤ n. Ïîäàëüøå óçà-
ãàëüíåííÿ ïîâ'ÿçàíå ç ïîáóäîâîþ âiäïîâiäíî¨ òåîði¨ äëÿ äèôåðåíöiàëüíèõ
îïåðàòîðiâ ç ÷àñòèííèìè ïîõiäíèìè [7].
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THE INTERPOLATION OF THE ORDINARY
DIFFERENTIAL OPERATORS

Oleh LYTVYN

Ukrainian Engineering-Pedagogical Academy,
16 Universytetska Str., Kharkiv 61003, Ukraine

Basic statement of the theory of the approximation of the ordinary dif-
ferential operators by others ordinary di�erential operators is given. Appro-
ximated and approximating operators is equal on the given system of the
functions (functional knots).




