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Ó áàíàõîâié àëãåáði B ç îäèíèöåþ I ðîçãëÿäà¹òüñÿ öiëà ôóíêöiÿ
F , ùî äi¹ çà ôîðìóëîþ F (A) = sinA +

∫ 1

−1
f(t) exp (iAt) dt, äå f ∈

L1((−1, 1),B). Âèâ÷à¹òüñÿ àñèìïòîòèêà òèõ íóëiâ ôóíêöi¨ F , ÿêi
áëèçüêi äî πnI, n ∈ Z.

Íåõàé B � áàíàõîâà àëãåáðà ç îäèíèöåþ I i íîðìîþ ‖·‖. Äîìîâèìîñÿ
÷åðåç Lp ñêîðî÷åíî ïîçíà÷àòè ïðîñòið Lp((−1, 1),B), p ∈ [1,∞), à ÷åðåç
Fp � êëàñ óñiõ öiëèõ ôóíêöié F : B → B, ùî äiþòü çà ôîðìóëîþ

F (A) := Ff (A) := sinA +
∫ 1

−1
f(t) exp (iAt) dt, A ∈ B, (1)

äå f ∈ Lp. Çàóâàæèìî, ùî Fp ⊂ Fr ⊂ F1 ïðè p ≥ r ≥ 1. Åëåìåíò
B ∈ B íàçâåìî íóëåì ôóíêöi¨ F ∈ Fp, ÿêùî F (B) = 0. Ìåòà äàíî¨
ðîáîòè ïîëÿãà¹ â òîìó, ùîá äîñëiäèòè àñèìïòîòè÷íó ïîâåäiíêó òèõ íóëiâ
ôóíêöi¨ F , ÿêi áëèçüêi äî πnI, n ∈ Z.

Íàñêiëüêè âiäîìî àâòîðàì, äîñi ôóíêöi¨ âèãëÿäó (1) íå ðîçãëÿäàëèñÿ.
Ïîòðåáà ó ïîñòàíîâöi òà âèðiøåííi òàêî¨ çàäà÷i âèíèêëà ïiä ÷àñ ñïðî-

áè îòðèìàòè äîáðó àñèìïòîòèêó äëÿ âëàñíèõ çíà÷åíü ìàòðè÷íîãî îïåðà-
òîðà Øòóðìà�Ëióâiëëÿ íà âiäðiçêó. Çàóâàæèìî, ùî íà ñüîãîäíi öåé îïå-
ðàòîð íåäîñòàòíüî âèâ÷åíèé [3�5]. Íà äóìêó àâòîðiâ, ôóíêöi¨ êëàñó Fp ¹
çðó÷íèì iíñòðóìåíòîì ïðè ðîçâ'ÿçóâàííi ïðÿìèõ òà îáåðíåíèõ çàäà÷ äëÿ
ìàòðè÷íîãî îïåðàòîðà Øòóðìà�Ëióâiëëÿ. Êðiì òîãî, âîíè ¹ âåêòîðíèì
àíàëîãîì äîáðå âiäîìèõ ÷èñëîâèõ öiëèõ ôóíêöié òèïó ñèíóñ [6]. Êåðóþ-
÷èñü öèìè ìiðêóâàííÿìè, ìè i âçÿëèñÿ çà íàïèñàííÿ äàíî¨ ðîáîòè.

ÓÄÊ 517.547.2; MSC 2000: 30D99
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Îñíîâíèìè ðåçóëüòàòàìè ñòàòòi ¹ äâi òåîðåìè, ñôîðìóëüîâàíi íèæ÷å.
Òåîðåìà 1. Íåõàé F ∈ F1. Äëÿ âñiõ n ∈ Z, çà âèíÿòêîì, ìîæëèâî,

ñêií÷åííî¨ êiëüêîñòi, ó êóëi Kn = {A ∈ B | ‖A− πnI‖ ≤ 1} ¹ ðiâíî îäèí
íóëü An = An(F ) ôóíêöi¨ F . Êðiì òîãî,

An = πnI + o(1), n →∞. (2)

Àñèìïòîòèêó (2) ìîæíà óòî÷íèòè. Íåõàé f̂ � ïåðåòâîðåííÿ Ôóð'¹
ôóíêöi¨ f ∈ L1, òîáòî

f̂(n) =
∫ 1

−1
e−iπntf(t) dt, n ∈ Z.

Äëÿ äîâiëüíîãî F ∈ F1 ÷åðåç ∆F ïîçíà÷èìî ìíîæèíó âñiõ òèõ n ∈ Z,
äëÿ ÿêèõ ïåðåòèí Kn ∩ F−1(0) ¹ îäíîåëåìåíòíîþ ìíîæèíîþ.

Òåîðåìà 2. Íåõàé f ∈ L1, F = Ff , f1(t) = itf(t) i

αn := (−1)n+1f̂(n) + f̂1(n)f̂(n), ρn := ‖f̂1(n)‖+ ‖f̂(n)‖, n ∈ Z. (3)

Òîäi
An = πnI + α−n + o(ρ2

−n), ∆F 3 n →∞. (4)

Iç òåîðåìè 2 âèïëèâà¹ òàêå òâåðäæåííÿ.
Íàñëiäîê 1. Íåõàé F ∈ F2 i Ãn = An − πnI, n ∈ ∆F . Òîäi

∑

n∈∆F

‖Ãn‖2 < ∞.

Çàóâàæåííÿ 1. Ó ñêàëÿðíîìó âèïàäêó òâåðäæåííÿ íàñëiäêó 1 �
äîáðå âiäîìå [1].

Çàóâàæåííÿ 2. Ïîñëiäîâíiñòü íóëiâ (An)n∈∆F
ñêëàäà¹ ëèøå ÷àñòèíó

íóëiâ ôóíêöi¨ F . Îäíàê çà âëàñòèâîñòÿìè öi¹¨ ïîñëiäîâíîñòi çíà÷íîþ
ìiðîþ ìîæíà ñóäèòè i ïðî âëàñòèâîñòi ôóíêöi¨ F .

Äîâåäåííÿ òåîðåìè 1 ðîçïî÷íåìî ç äîïîìiæíèõ òâåðäæåíü. Ñïî÷àòêó
ñôîðìóëþ¹ìî àíàëîã ëåìè Ðiìàíà�Ëåáåãà, äîâåäåííÿ ÿêîãî ïîâòîðþ¹
äîâåäåííÿ ëåìè â [2, ðîçäië 1, �3].

Ëåìà 1. Íåõàé g ∈ L1((−a, a),B), a > 0. Òîäi
∥∥∥∥
∫ a

−a
eiλxg(x) dx

∥∥∥∥ = o
(
ea| Im λ|

)
, C 3 λ →∞.
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×åðåç K(δ) ïîçíà÷èìî çàìêíåíó êóëþ â B ðàäióñà δ ∈ (0, 1] ç öåíòðîì
â íóëi.

Ëåìà 2. Íåõàé A,B ∈ K(δ). Òîäi âèêîíó¹òüñÿ íåðiâíiñòü

‖A− sinA−B + sin B‖ <
3δ

5
‖A−B‖.

Äîâåäåííÿ. Íåõàé A,B ∈ K(δ). Ëåãêî ïåðåâiðèòè, ùî

‖Ak −Bk‖ ≤ kδ‖A−B‖, k ∈ N, k ≥ 2. (5)

Ðîçâèâàþ÷è ñèíóñ çà ôîðìóëîþ Òåéëîðà i âðàõîâóþ÷è íåðiâíîñòi (5),
îòðèìó¹ìî

‖A− sinA−B + sin B‖ =

∥∥∥∥∥
∞∑

k=1

(−1)k+1(A2k+1 −B2k+1)
(2k + 1)!

∥∥∥∥∥ <

<
∞∑

k=1

δ‖A−B‖
(2k)!

<
3δ

5
‖A−B‖.

Ëåìà 3. Íåõàé f ∈ L1 i A,B ∈ K(δ). Òîäi iñíó¹ nδ ∈ N òàêå, ùî
∥∥∥∥
∫ 1

−1
eiπntf(t)

(
exp (iAt)− exp (iBt)

)
dt

∥∥∥∥ <
δ

5
‖A−B‖, n ∈ Z, |n| ≥ nδ.

Äîâåäåííÿ. Âèáåðåìî m ∈ N, äëÿ ÿêîãî
∞∑

k>m

‖f‖L1

(k − 1)!
<

δ

10
. (6)

Ïîçíà÷èìî ÷åðåç fk, k ∈ N, ôóíêöi¨ ç L1, ÿêi çàäàíi ôîðìóëàìè

fk(t) = (it)kf(t), t ∈ (−1, 1),

i çàóâàæèìî, ùî
‖f̂k(n)‖ ≤ ‖f‖L1 , n ∈ Z. (7)

Ç ëåìè 1 âèïëèâà¹, ùî iñíó¹ nδ ∈ N òàêå, ùî

‖f̂k(n)‖ <
δ

10e
, |n| ≥ nδ, k ≤ m. (8)
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Âðàõîâóþ÷è (5), îòðèìó¹ìî
∥∥∥∥
∫ 1

−1
eiπntf(t)

(
exp (iAt)− exp (iBt)

)
dt

∥∥∥∥ =

=

∥∥∥∥∥
∫ 1

−1
eiπntf(t)

∞∑

k=1

(it)k(Ak −Bk)
k!

dt

∥∥∥∥∥ =

=

∥∥∥∥∥
∞∑

k=1

f̂k(−n)(Ak −Bk)
k!

∥∥∥∥∥ ≤
∞∑

k=1

‖f̂k(−n)‖
(k − 1)!

‖A−B‖.

Ç îãëÿäó íà íåðiâíîñòi (6), (7) òà (8) ïðè |n| ≥ nδ ìà¹ìî
∞∑

k=1

‖f̂k(−n)‖
(k − 1)!

=
m∑

k=1

‖f̂k(−n)‖
(k − 1)!

+
∞∑

k>m

‖f̂k(−n)‖
(k − 1)!

<

<
δ

10e

m∑

k=1

1
(k − 1)!

+
δ

10
<

δ

5
.

Òîìó
∥∥∥∥
∫ 1

−1
eiπntf(t)

(
exp (iAt)− exp (iBt)

)
dt

∥∥∥∥ <
δ

5
‖A−B‖.

Äîâåäåííÿ òåîðåìè 1. Çàôiêñó¹ìî äîâiëüíå δ ∈ (0, 1] i äîâiëüíå
n ∈ Z òàêå, ùî |n| ≥ nδ, äå nδ � ÷èñëî ç ëåìè 3. Ç îãëÿäó íà ëåìó 1
ìîæåìî òàêîæ ââàæàòè, ùî

‖f̂(n)‖ < δ/10, |n| ≥ nδ. (9)

Ïîêàæåìî, ùî ðiâíÿííÿ

F (πnI + A) = 0, A ∈ K(δ), (10)

ìà¹ ¹äèíèé ðîçâ'ÿçîê. Äëÿ öüîãî âèêîðèñòà¹ìî ïðèíöèï ñòèñêóþ÷èõ âi-
äîáðàæåíü. Ç óðàõóâàííÿì (1) ðiâíÿííÿ (10) ìîæíà çàïèñàòè ó âèãëÿäi

A = ψ(A), A ∈ K(δ),

äå
ψ(A) = A− sinA− (−1)n

∫ 1

−1
eiπntf(t) exp (iAt) dt.
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Ïåðåêîíà¹ìîñÿ, ùî âiäîáðàæåííÿ ψ ¹ ñòèñêîì ó êóëi K(δ). Ç ëåì 2 òà 3
âèïëèâà¹, ùî äëÿ äîâiëüíèõ A,B ∈ K(δ)

‖ψ(A)− ψ(B)‖ ≤ ‖A− sinA−B + sinB‖+

+
∥∥∥∥
∫ 1

−1
eiπntf(t)

(
exp (iAt)− exp (iBt)

)
dt

∥∥∥∥ <
4δ

5
‖A−B‖. (11)

Êðiì òîãî (äèâ. (9)),

‖ψ(0)‖ = ‖f̂(−n)‖ < δ/10.

Òîìó, âðàõîâóþ÷è (11), ìà¹ìî, ùî

‖ψ(A)‖ ≤ ‖ψ(A)− ψ(0)‖+ ‖ψ(0)‖ < 4δ/5 + δ/10 ≤ 9δ/10, A ∈ K(δ),

i, îòæå, ψ ¹ ñòèñêîì â K(δ). Íà îñíîâi ïðèíöèïó ñòèñêóþ÷èõ âiäîáðàæåíü
ðîáèìî âèñíîâîê, ùî äëÿ äîâiëüíîãî δ ∈ (0, 1] i äîâiëüíîãî n ∈ Z, |n| ≥
nδ, iñíó¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (10). Ç äîâiëüíîñòi δ ∈ (0, 1] âèïëèâà¹
àñèìïòîòèêà (2). Òåîðåìó 1 äîâåäåíî.

Äîâåäåííÿ òåîðåìè 2. Ïîêëàäåìî

Bn = A−n + πnI, (−n) ∈ ∆F .

Òîäi ðiâíiñòü F (A−n) = 0 ìîæíà çàïèñàòè ó âèãëÿäi

sinBn + (−1)n

∫ 1

−1
e−iπntf(t) exp (iBnt) dt = 0.

Âðàõîâóþ÷è, ùî

sinB =
∞∑

k=0

(−1)kB2k+1

(2k + 1)!
, exp (iBt) =

∞∑

k=0

(itB)k

k!
,

ç ïîïåðåäíüî¨ ðiâíîñòi îòðèìà¹ìî, ùî
(
I + (−1)nf̂1(n)

)
Bn = (−1)n+1f̂(n) + o(1)B2

n, n →∞. (12)

Çi ñïiââiäíîøåííÿ (12), çîêðåìà, âèïëèâà¹, ùî

(I + o(1))Bn = (−1)n+1f̂(n), n →∞,

i, îòæå,
Bn = (−1)n+1f̂(n) + o(‖f̂(n)‖), n →∞. (13)
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Äîìíîæèìî çëiâà îáèäâi ÷àñòèíè ðiâíîñòi (12) íà
(
I − (−1)nf̂1(n)

)
. Ó

ðåçóëüòàòi îòðèìó¹ìî (äèâ. (3)), ùî

Bn = αn + f̂1(n)2Bn + o(1)B2
n, n →∞. (14)

Çâiäñè, âðàõîâóþ÷è (13), îòðèìà¹ìî

Bn = αn + o(ρ2
n), n →∞.

Òåîðåìó 2 äîâåäåíî.
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ASYMPTOTICS OF ZEROS FOR SOME ENTIRE SINE-TYPE
FUNCTIONS ACTING IN A BANACH ALGEBRA

Yaroslav MYKYTYUK, Natalya TRUSH

Lviv National University,
1 Universytetska Str., Lviv 79000, Ukraine

In a Banach algebra B with unit I we consider the entire function F given
by the formula F (A) = sinA+

∫ 1
−1 f(t) exp (iAt) dt, where f ∈L1((−1, 1),B).

We study the asymptotics of zeros for entire function F that are close to πnI,
n ∈ Z.




